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eLife Assessment

This manuscript presents a useful mean-field model for a network of Hodgkin-Huxley
neurons retaining the equations for ion exchange between the intracellular and
extracellular space. The mean-field model derived in this work relies on approximations
and heuristic arguments that, on the one hand, allow a closed-form derivation of the
mean-field equations, but also raise questions about their justifications and the degree to
which the results agree with experiments as well as direct numerical simulations. While
the revised manuscript is much improved, reviewers continue to question the
methodology for reducing model dimensionality and therefore the evidence for the utility
of this approach remains incomplete at present.

https://doi.org/10.7554/eLife.104249.2.sa3

Abstract

Whole-brain simulations are a valuable tool for gaining insight into the multiscale processes that
regulate brain activity. Due to the complexity of the brain, it is impractical to include all
microscopic details in a simulation. Hence, researchers often simulate the brain as a network of
coupled neural masses, each described by a mean-field model. These models capture the essential
features of neuronal populations while approximating most biophysical details. However, it may
be important to include certain parameters that significantly impact brain function. The
concentration of ions in the extracellular space is one key factor to consider, as its fluctuations can
be associated with healthy and pathological brain states. In this paper, we develop a new mean-
field model of a population of Hodgkin—Huxley-type neurons, retaining a microscopic perspective
on the ion-exchange mechanisms driving neuronal activity. This allows us to maintain biophysical
interpretability while bridging the gap between micro- and macro-scale mechanisms. Our model is
able to reproduce a wide range of activity patterns, also observed in large neural network
simulations. Specifically, slow-changing ion concentrations modulate the fast neuroelectric
activity, a feature of our model that we validated through in vitro experiments. By studying how
changes in extracellular ionic conditions can affect whole-brain dynamics, this model serves as a
foundation to measure biomarkers of pathological activity and provide potential therapeutic
targets in cases of brain dysfunctions like epilepsy.
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Introduction

Large-scale brain dynamics can be studied in silico with network models [1]. Local activity can be
represented by neural mass models [2], which coupled together through synapses, time delays,
and noise [3-6] allow the emergence of whole-brain activity that can be linked to empirical
neuroimaging data [7]. In the context of large-scale simulations, these models have been employed
for the study of resting-state brain activity (i.e., in the absence of any stimulus or task) in several
mammalian species [8-10], for the analysis and identification of chaos in brain signals [11, 12], the

At the mesoscopic level, the observable properties of a neuronal ensemble are generally explained
by statistical physics formalism of mean-field the-ory [19-22]. Mean-field models demonstrated a

statistical descriptions of neuronal networks [2, 19, 24-29], which can be used to address questions
related to network-level mechanisms [12, 24, 30]. In general, neural mass models have a low
enough number of parameters to be tractable and provide general intuitions regarding
mechanisms underlying complex neuronal activity [31-36]. For example, statistical population
measures, such as the firing rate, can be used to assess mesoscopic dynamics [1, 7, 31, 36-41].

Recently, a class of these models, called next-generation neural mass models [42], has been

derivation of mean field parameters for a population of quadratic integrate-and-fire (QIF)
neurons. These can be linked to EEG/MEG oscillations [43], including epipeltic seizures [44], and

Number of works dealt with the introduction of biologically realistic aspects in the mostly
phenomenological neural mass model derived in [25]. These included short-term synaptic

Although it is practically inconvenient to reproduce the entire complexity of a neural mass,
including all known biophysical parameters, it may be important to include parameters that can
have widespread and general effects on neuronal activity [34]. The concentrations of Na', K, Ca2+,

and Cl ions in the extracellular space are key parameters to consider. Extracellular ion
concentrations change dynamically in vivo as a function of the brain state, for example, between

central role. Transient changes in [K*1,,; can have large effects on cell excitability and
spontaneous neuronal activity [66-68], a result consistently reported in modeling studies [69-71].

and distribute it via their syncytium to prevent hyperexcitability [73-77]. The saturation or lack of
efficiency of these buffering mechanisms is often linked to a pathological state. Detailed single
neuron models demonstrate that continuous increases in [K*] ext can lead to different firing states,
from tonic to bursting, to seizure-like events and depolarization block [68, 78]. In such detailed
models, the buffering action of astrocytes is represented by a parameter named [K 1,4 [68, 73, 74,
78, 79]. This parameter may also account for the potassium concentration in the perfusion bath

registered in vitro. Our goal is to extend the use of ion-concentration variables at the neural mass
level, to be incorporated into whole-brain modeling.

In this study, we applied a mathematical formalism to estimate the mean-field behavior of a large
neuronal ensemble, taking into account the ion exchange between the intracellular and
extracellular space. Large networks of biophysically realistic neurons display complex behavior
and-likely—do not satisfy the typical conditions required for deriving the mean-field dynamics
(e.g., the Lorentzian Ansatz [80]). In this work, relying on approximations and heuristic

arguments, we derive a new neural mass model of a large population of an all-to-all coupled
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While the derivation is not exact, our model captures the mean-field behavior of connected
neuronal populations operating in a synchronous regime, also displaying emergent dynamics not
present in the single-neuron mode, as we show comparing our neural mass model outcome with
the simulated activity from a large number of connected neurons. Our model faithfully
characterizes the slow modulation of local field potential fluctuations depending on ion
concentrations, which we confirm through in vitro experiments. Considering different parameter
configurations, we identify the mesoscopic states of the connected neuronal population, in various
dynamical regimes that can be linked to different healthy and pathological states, and be of use in
large-scale brain simulations. This approach establishes a link between the biophysical description
at the cellular scale and the dynamics observable at the mesoscopic scale, enabling the study of the
influence of changes in extracellular ionic conditions on whole brain dynamics in health and
disease.

1 Results

1.1 Biophysically inspired mean-field model

In this work, we derived a mean-field model describing the activity of a neural mass regulated by
ion exchange mechanisms at the cellular level (Fig. 1%). This model establishes a computationally
accessible baseline that allows large-scale brain activity to be understood in terms of a few key
biophysical details regulating the micro-scale mechanisms. The mean-field model equations (38) &
were derived by approximating a locally homogeneous network of Hodgkin-Huxley (HH) type
neurons operating near synchrony, in the thermodynamic limit of an infinitely large population
(see Methods section). By locally homogeneous, we mean that all neurons in the population are
assumed to share the same extracellular and intracellular ionic environment and are connected
with identical coupling rules, allowing us to treat the population as uniform with respect to ion

dynamics and connectivity.

The single neuron equations (1) @ were previously derived in [78] as a simpli-fied version of HH
neurons which includes three compartments: an intracellular space (ICS), and extracellular space
(ECS) and an external bath (EB) in communication through ion-fluxes (Fig. 12, left). The

decoupled single-neuron equations exhibit a range of activity patterns including bursting
behavior, tonic spiking, seizure-like events, sustained ictal activity, and depolarization block (Fig.

these activity patterns, together with new complex behaviors emergent from the network
interactions at the neural mass level. The variables describing a single neuron are characterized
by a fast compartment, including membrane potential and gating variable fluctuations, and a slow
compartment, which includes the slow-fluctuating ion concentrations (Fig. 2.b). The mean-field

different neuron types. For example, excitatory or inhibitory neurons can be characterized by
tuning the reversal potential to high (e.g., Egy, = 0mV) and low (e.g., Esy, = -80mV) values,
respectively. It was previously established that a system of all-to-all coupled neuronal equations
can be solved exactly in the thermodynamic limit (i.e., infinite neurons limit) if the single neuron
membrane potential equation is a quadratic function and if the instantaneous distribution of
membrane potentials of neurons in a population is described by a Lorentzian [25]. In our case, for
any fixed value of the gating and potassium variables, the membrane potential equation
resembles a cubic function (Fig. 2.c@).

Therefore, to proceed with the mean-field reduction, we make several key assumptions: 1) the
cubic-like profile can be described by a step-wise quadratic function corresponding to two
parabolas with opposite curvature (Fig. 2.d @2); 2) The membrane potential distribution of HH type
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Fig. 1. Biophysically inspired neural mass model:

Schematic diagram of the ion channel mechanism in extracellular and intracellular space in the brain. A biophysical model of
a single neuron consists of three compartments (left panel): the intracellular space (ICS; in red), the extracellular space (ECS;
in dark gray), and the external bath (EB; in light gray). The ion exchange across the cellular space occurs through the ion
channels: Na* gets inside the ICS (yellow channel), K* gets out (green channel), the flow of CI” can be bidirectional (purple
channel); for the pump (blue), Na* gets out and K* gets into the ICS. A population of interacting neurons sharing the same
[K"]bm,7 concentration forms a local neural mass (middle panel), for which we model the mean-field equations in this work.

Brain network model (right panel) with the activity of each brain region represented by neural masses.
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Table 1. List of parameters and their values used for the single-neuron simulation.

Parameter

Membrane capacitance

Gating time constant

Chloride conductance

Maximal potassium conductance
Maximal sodium conductance
Potassium leak conductance

Sodium leak conductance

Intracellular volume

Extracellular volume
Intra/extra-cellular volume ratio
Conversion factor

Diffusion rate

Maximal Na/K pump current

Initial concentration of Extracellular K
Initial concentration of Intracellular K
Initial concentration of Extracellular Na
Initial concentration of Intracellular Na
Initial concentration of Extracellular CI
Initial concentration of Intracellular CI

Symbol

Cm
Tn
gci
9K
9dNa
9K,

9Na,l
Wy
Wegxt

f8 = wi/wemt

p
[K+]0,emt
[KT]0,int
[Na+]0,ezt
[Nat]o,int
[Cl_]O,ezt
[Cl™]0,int

Value
InF
4ms
7.5nS
22nS
40nS
0.12nS
0.02 nS
2160pm?
720um3
3
0.04 mol/C
0.001mHz
250pA
4.8 mmol/m3
130 mmol/m3
138 mmol /m3
16 mmol/m3
112 mmol/m?3
5 mmol /m3
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Fig. 2. Single Hodgkin-Huxley type neuron model:

(a) Different patterns of electrophysiological activities previously identified in [78] are also reproduced in our parameter
setting by varying the potassium concentration in the external bath [K*],4.,- The membrane potential V is measured in mV
and the ion concentrations in mmol/m3. (b) Phase space trajectory of the seizure-like event simulation ([K'Jq¢, = 15.5). Fast
oscillations occur in a fast sub-system identified by the membrane potential V and the gating variable n. The oscillations of
the slow subsystem, here captured by the potassium concentration in the extracellular space [K*],,; enable the transition to
bursting. (c) Fixing the value of the state variables n, A[K];,; and [K+]g as constants, the membrane potential equation
resembles a cubic function for different values of [K']p 4. We can model this function as a step-wise quadratic
approximation, corresponding to two parabolas with vertices at coordinates (c_, I_) and (c,, I,) and curvature R_and R,
respectively (d). The two parabolas meet at an intersection point V * where the membrane potential equation changes
curvature. (e) At each time, we assume that the membrane potential of a neuronal population is distributed according to a
Lorentzian centered at y = y(n, t) and with width x = x(n, t), for each value of the excitability n (Lorentzian Ansatz). In the case
depicted, the cubic function meets the zero for V<V *, the neuronal population is described by the Lorentzian distribution in
blue in the steady-state solution, and the neuronal dynamics is governed by the positive parabola according to the continuity
equation. In the case where the derivative of the membrane potential crosses zero for V>V * (e.g., if the cubic function is
shifted up by adding a constant current to the membrane potential derivative), the population is described by the red
distribution in the steady state, and the continuity equation is governed by the negative parabola equation. Cases where the
cubic function meets the zero in more than one point are not well described by this approximation (see Section Steady-state
solution and Lorentzian Ansatz

Neuroscience
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int) @and extracellular (through the buffering variable [K'] ¢), are homogeneous across the neuronal
population. This is justified physiologically by the rapid redistribution of ions through diffusion
and electrochemical gradients, which enforce near-instantaneous equilibration at the mesoscopic
scale. As such, assigning separate compartments to each neuron is neither practical nor
biologically meaningful in this context. We assume that the potassium concentrations, both
intracellular (A[K"1;,,) and extracellular (through the buffering variable [K] &), are homogeneous
across the neuronal population. This is justified physiologically by the rapid redistribution of ions
through diffusion and electrochemical gradients, which enforce near-instantaneous equilibration
at the mesoscopic scale. As such, assigning separate compartments to each neuron is neither
practical nor biologically meaningful in this context; 4) We assume that the gating variable n,
which governs potassium conductance, can be treated as a population-averaged variable. This
allows us to describe the neuronal ensemble using a reduced set of collective (mean-field)
variables.

Using these key approximations, we derived the primary result of this work: a closed form for the

1.2 Comparison with neural network simulations

The accuracy of the mean-field approximation is first validated by comparing it to the simulation
of a large network of coupled HH-type neurons. The simulation of Hodgkin-Huxley type single
neuron dynamics (Eq. (1) @) driven by an ion-exchange mechanism, has revealed that the

and width A = 1.

Using the mean-field equations Eq.(38) 2, we show that the mean-field model membrane potential
Vyr matches qualitatively the average membrane potential V), of the neuronal population (Fig.

3.b(3). We stress that V,;- was obtained by solving 5 coupled equations Eq.(38) &, while Vpop Was

shows that the mean-field model can be used to simulate several regimes of activity and emulate
the average dynamics of a large neuronal population in regimes where the membrane potentials’
distribution is unimodal and can be reasonably approximated by a Lorentzian. These regimes
include activities such as spike trains, tonic spiking, bursting, seizure-like events, status
epilepticus-like events, and depolarization block (such as in Fig. 3.b(%). Notice that in such regimes

compared to the single neuron dynamics (for example, the bursts in the [K']pqp, = 7.5 regime are
~3 times faster in the population Fi 7 than in the single neuron Fig

3.c@ we report the [K +]f){: {h values obtained via visual inspection of the match with the

Also note that the gating variable n is treated as microscopic in the neural network, while in the
derivations for the mean-field it is considered as a mesoscopic and identical for the whole
population. This is likely responsible for some of the discrepancies between the two modalities.

periodic behavior of the extracellular potassium concentration, with fast voltage bursts riding on
top (we used the parameters C,, = 16, 7,, = 8, € = 0.0001, y = 0.00025). A similar pattern is observed
in the in vitro recordings (Fig. 4.c(®2), although we emphasize that these are AC-coupled LFP traces.

As such, slower components of the membrane potential — including jumps during bursting — are

Rabuffo, Bandyopadhyay et al., 2025 eLife 14:RP104249. https://doi.org/10.7554/eLife.104249.2 6 of 68
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Fig. 3. Mean-field model versus Neuronal network across dynamical regimes:

Example raster plot of a population of N = 3000 all-to-all coupled HH-type neurons displaying sub- and supra-threshold
dynamics that can be well described by a Lorentzian distribution. (b) For several [K*]p,, values we simulated the activity of a
the mean membrane potential Vpop and external potassium [K*],, of such population (in blue) with the results obtained
using the mean-field model equations (in green). To properly match the slow timescale of the population, we defined an
effective value of the potassium concentration in the bath[Kﬂthfh, represented in panel (c) (the dashed line represents the

identity).
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filtered out and not visible in the LFP recordings. We do not attempt to classify the bursting
pattern in either data or simulations. To compare with experimental timescales, we also simulate a
network of N = 3000 HH-type neurons (Fig. 4.b%). The parameters were adjusted for
computational efficiency, yielding a shorter bursting period, but preserving the key qualitative
feature: modulation of fast activity by slow potassium dynamics. More complex patterns can
emerge in vitro as well. For example, in Fig. 4.d @, we observe a progressive slowing of the burst
frequency, which our deterministic model does not capture. We hypothesize that such behavior
may arise from slow parameter drifts or noise-driven transitions between metastable regimes —
effects that are not included in the present model, but could be explored by introducing noise or

shows an emergent regime from the mean-field model with isolated bursts in the up state,
qualitatively resembling some features of the in vitro activity.

1.4 Bifurcation analysis: emergent network states and
multistability

A previous study has established that varying the external potassium concentration ([K 1pqs)
induces significant changes in the dynamical behavior of the single neuron model [78]. Within a
specific range of [K"1pqp, the system exhibits multistability, a phenomenon crucially analyzed
using bifurcation analysis. This approach allows us to assess system stability and qualitative

behavior independently of initial conditions.

We here applied multiple-timescale bifurcation analysis to the neural mass model (38). Indeed, we
treated the variables A[K'];,,; and [K'] ¢ as slow compared to the other variables (due to the relative
magnitude of parameters ¢, y and w;) and we considered the so-called fast subsystem. This
corresponds to the limiting system in which slow variables’ dynamics are frozen and slow
variables become parameters that are varied to discover the corresponding bifurcation structure
(see Fig. 5.a (). This analysis unveiled complex regimes within the neural mass model, including
distinct regions of multistability. The oscillatory behavior observed in the fast subsystem occurs
within the range bounded by the Saddle-Homoclinic (SH), the Hopf2, and the Fold of Limit Cycles

FLC1 curves (grey area).

The qualitative dynamics, illustrated in Fig. 3.b (3, are influenced by temporal variations in the

slow variables and the specific bifurcations encountered in the fast subsystem diagram. They
occur in the surroundings of the Saddle-Node-Loop (SNL) point (marked with a yellow star in Fig.

shown that seizure-like events arise from transitions between fixed point and limit cycle dynamics
and vice versa through SN and SH bifurcations (REF). Similarly, in the neural mass model, seizure-
Throughout the burst phase, the slow variables remain constrained between the SN2 and SH
curves.

However, further away from the SNL point, the topological equivalence between single neuron
and neural mass models is broken. In summary, our neural mass model displays a richer
bifurcation structure than the single neuron one (Fig. 5.b 2, right versus left panels), with new

While these results confirm that the neural mass model is not simply mirroring the single neuron
one, a detailed numerical exploration of the activity regimes for a population of all-to-all coupled
HH-like neurons is required to confirm the accuracy of the neural mass model in representing
population behavior emerging from network interactions.

Rabuffo, Bandyopadhyay et al., 2025 eLife 14:RP104249. https://doi.org/10.7554/eLife.104249.2 8 of 68
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Fig. 4. Comparison of numerical results and in vitro experiments:

(a) Neural mass model showing slow periodic fluctuations in extracellular potassium concentration (green) with voltage
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bursts (blue) riding on top. (b) Network simulation of N = 3000 coupled HH neurons exhibiting a similar bursting pattern at a

shorter timescale (due to rescaled parameters). (c) In vitro recording showing LFP (blue, AC-coupled) and extracellular

potassium concentration (green), exhibiting slow periodic fluctuations and bursting activity. (d) In vitro trace showing more

complex dynamics — after a shift to a high-potassium state (marked by arrows), the burst frequency slows down

progressively. (e) Simulation from the mean-field model showing an emergent bursting regime with isolated events in the up

state, not seen at the single-neuron level.
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Fig. 5. Fast Subsystem Bifurcation Diagram in Two Parameters:

(a) The bifurcation diagram shows the behavior of the fast subsystem of system (38) to the slow variables A[K*];,; and [K+]g,
which are parameters in the fast-subsystem limit. Each curve represents parameter values for which specific bifurcations
occur, obtained through a numerical continuation algorithm. Saddle Node (SN) bifurcations are shown in blue, Saddle
Homoclinic (SH) bifurcations in black, Fold Limit Cycle (FLC) bifurcations in green, and Hopf bifurcations in red. Colored dots
indicate codimension-2 points. In particular, a Bogdanov-Takens (BT) point and a SNL point also identified in the single
neuron model, and epileptor model. Note that this diagram is quite involved and we do not claim that the present version is
complete, however it is representative of the complexity of the bifurcation structure of the mean-field model. (b1-b2)
Comparison of the fast subsystem bifurcation diagrams for the single neuron model and the neural mass model. The left side
shows a zoomed-in version of the diagram from panel (a) to facilitate comparison with the single neuron model diagram on
the right. Both diagrams use the same color coding as described above. This comparison highlights the similarities and
differences in the bifurcation structures of these two models and indicates emergent structures due to interactions within the
network.
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1.5 Coupled Neural Masses

Finally, we show that the presented mean-field model can be used to perform large-scale network
simulations of brain activity e.g., to be used in the context of brain stimulation or epilepsy. To do
so, we coupled six neural masses via long-range structural connections with random weights (Fig.
6.a ). Each population (network node) is described by the mean-field model derived in this

not show pathological bursts when decoupled from other external inputs. Node D is tuned to a
pathological regime, with [K "1, = 15.5. We run a simulation of the system by setting the global
coupling parameter to G = 0 (Fig. 6.b @) and G = 100 (Fig. 6.c®). In the first case, the system is
effectively decoupled and, as expected, the only node displaying pathological activity is node D.
However, in the second case, when G is increased, the system is coupled and the pathological
fluctuations of node D differentially affect the activity of all other nodes at the whole-network
level. The evoked activity in downstream regions is induced by a network reorganization

phenomenon, as the local parameters were not modified in these regions.

This simulation serves as a proof of concept to illustrate how local pathological activity can
propagate through a network depending on the strength of coupling. We used a single
representative realization of randomly weighted structural connectivity. While we did not
perform a systematic exploration of different realizations or coupling strengths, we observed that
the qualitative behavior — namely, the emergence of network-wide bursting beyond a critical
coupling threshold — remains robust across similar setups. The model is compatible with
empirical connectome data and can be readily extended to simulations using realistic brain
network architectures.

1.6 Limitations of the model

The mean-field model derived in this work relies on approximations and heuristic arguments that,
on the one hand, allow a closed-form derivation of the mean-field equations (38) &, and on the
other hand restrict its validity to a limited regime of activity corresponding to quasi-synchronous
neuronal populations. Therefore, rather than an exact mean-field representation, the model
provides a qualitatively realistic description of a mesoscopic population of connected neurons
driven by ion exchange dynamics. Moreover, the discrepancy between the two modalities would
have likely been smaller if for the neural network we also adopted a gating variable that is
mesoscopic and identical across the spiking neurons, as in similar works [49-51]. However, here
we demonstrate the validity of the mean-field approximation even for the more natural,

microscopic representation of the gating variable in the neural network.

The approximation of the membrane potential dynamics as a step-wise quadratic function and the
assumption of Lorentzian distributed membrane potential in the population allowed us to apply
the Ott-Antonsen Ansatz and to develop the mean-field approximation of a heterogeneous
network of biophysical neurons driven by ion-exchange dynamics coupled all-to-all via
conductance-based coupling. With these approximations, the mean-field equations do not show a
one-to-one correspondence with the neural network simulations, except in regimes where the
distribution of the membrane potentials of the neurons is well described by a Lorentzian (Fig.

formulation of the thermodynamic limit. For example, the distribution of the membrane potentials
resembles a Lorentzian only in some cases (e.g., when all the neurons are unimodally distributed
below or above the threshold; Fig. 4.b (4, bottom left), while it can deviate from it in other

moments (e.g., when a subpopulation of neurons transition suprathreshold while another
population remains subthreshold; Fig. 4.b @2, bottom right).

The mean-field model could be improved, for example by allowing for a bimodal distribution of
the membrane potential (e.g., a double-Lorentzian approximation), although this condition is not
guaranteed to allow a closed-form derivation of the mean-field equations. Furthermore, the
parabola coefficients c_, c,, R_, R, were fixed as constants, however, these coefficients could be
made functions of the slow variables and the gating variable, which might unveil new dynamical
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Fig. 6. Network simulation of structurally connected neural mass models and propagation of pathological
bursts:

(a) Structural connectivity for six all-to-all connected nodes A, B, G, D, E, F with random weight allocation. Each node is
described by a neural mass model derived as the mean-field approximation of a large population of HH type neurons. (b)
When decoupled (Global Coupling G = 0), all the nodes operate in a ‘healthy’ regime with the potassium concentration in
their bath set to low values [K]q:5, = 5.5, except for node D which is tuned into a pathological regime [K g, = 15.5
characterized by the spontaneous presence of bursts. (c) When the global coupling is sufficiently increased, the pathological
value of [K*]pq¢h in node D generates bursts that diffuse through the connectome mimicking the spreading of a seizure.
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regimes and extend the validity of the thermo-dynamic limit beyond the regimes described in this
work. Also, in the case of constant values, an in-depth exploration of the parameter space is
required to fully characterize the model and its bifurcation structure. Other limiting assumptions
are the moment closure condition (19) and the assumptions that the functions (3) averaged across
the neuronal population can be expressed as functions of the average membrane potential V and
gating variable n (which is only true in the cases where the functions (3) can be reasonably
approximated as linear functions in a range of V and n).

The definition of the firing rate in the thermodynamic limit was approximated assuming a firing
threshold for membrane potential going to infinity as in (25), however, more refined definitions
(e.g., accounting for a heterogeneous firing threshold) can be considered [82]. In this work, we
showed that the model can retrieve emergent network behaviors similar to those observed in
neuronal network simulations and in vitro. This correspondence is not quantitative because the
network size is finite, and, in experimental observations (in vivo/in vitro networks), the
connectivity profile is not all-to-all connected. Despite its simplicity, the model displays desired

properties such as bistability in healthy and pathological regimes (Fig. 5@ ) and sensitivity to

external coupling (Fig. 6 ). This approach, taking into account key biophysical details, offers a

first step in considering the role of the glia in neural tissue excitability. Following this direction,
other ions, such as calcium should be taken into consideration, as well as other effects such as
plastic synapses, random connectivity, noise, adaptation, spike-timing-dependent plasticity, as
already discussed in the Introduction.

Discussion

A quest of modern neuroscience is understanding and explaining how the brain operates for
healthy individuals, and how it deviates from its healthy state in case of different diseases and
disorders. Most brain imaging techniques register the collective electrical and metabolic
fluctuations of large neuronal populations. Because these fluctuations emerge from the
electrochemical interactions of many neural cells, they cannot be fully understood at the
microscopic level (e.g., as the mechanism of a single neuron). Instead, they must be studied at a
mesoscopic level, where the emergent behavior of the entire population can be observed. Also,
besides the recent progress [83], it is still not possible to compute the behavior of a few billion such
neurons (which comprises a mammalian brain), and even if it was, it remains debatable what
knowledge we would gain from such a complex system [84]. Hence, an appropriate way to model
recorded brain activities is to write mathematical descriptions for large neuronal populations [7],
using formalism from statistical physics and mathematics. In this case, one can measure
population properties such as the mean membrane potential, rather than the activity of an
individual neuron. Some of these observables acquire meaning only in the context of mean-field
analyses, for example, temperature or pressure in the case of molecular ensembles, order

theory to date can explain the behavior of a large population of neurons (brain areas) from the
perspective of the driving mechanism of the neuronal activities, that is the ion exchange and
transportation dynamics at the cellular level. Different pathological trials and experiments have
already revealed that changes in ion concentration in brain regions could result in different brain
dysfunctions but the pathway of these phenomena is still unclear.

In this study, we developed a biophysically inspired mean-field model for a network of all-to-all
connected, heterogeneous Hodgkin-Huxley type neurons, which are characterized by ion-
exchange mechanism across the cellular space. Unlike phenomenological or reduced models, the
Hodgkin-Huxley framework allows us to retain explicit ion exchange dynamics, which are
essential for linking membrane behavior to extracellular potassium fluctuations. This level of
biophysical detail is crucial for modeling pathological regimes such as seizure onset and
propagation.
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The intermediate approximation into the step-wise quadratic function allowed us to apply the
analytical formalism to the complex Hodgkin-Huxley type equations. The further assumption that
the membrane potentials of neurons in a large population are distributed according to a
Lorentzian (Lorentzian ansatz) makes the mean-field approximation analytically tractable. From
the simulation of the network behavior of such neurons, it is evident that the mean-field model
captures the dynamic behavior of the network when the population is highly synchronized. This
assumption might find applications in the study of seizure dynamics. Future work is needed to
explore the non-synchronous cases.

The bifurcation analysis reveals that the mean-field model is capable of qualitatively capturing
emergent neuronal network states observed in numerical simulations, as well as in vitro (e.g., Fig.

4). The significance of such qualitative analysis lies in its relevance to a recently proposed

classification of seizure dynamotypes, which categorizes seizures based on their observable
characteristics and dynamic composition [81]. This classification was supported by a model-based

complements the Epileptor by allowing the interpretation of parameters in terms of measurable
microscopic quantities, specifically ion concentrations, rather than phenomenological parameters.
Therefore, our model allows us to translate the classification of seizure dynamics from
electrophysiology recording with mesoscopic scale resolution (S/M/EEG) to experiments with
microscopic details, as we have shown invitro. While our study contributes to both the qualitative
agreement between our model and in-vitro seizure patterns and the improved interpretability of
phenomenological models, a full bifurcation analysis, beyond the one presented in this work is
required to align our results with the dynamical patterns of the Epileptor model.

The derived mean-field model relates the slow-timescale biophysical mechanism of ion exchange
and transportation in the brain to the fast-timescale electrical activities of large neuronal
ensembles. In fact, as demonstrated via brain imaging of different modalities [88], ionic regulation
acts on a relatively slow time scale on the fast electrical activity of neurons.

Analyzing the model, we found the potassium concentration in the external bath (parameter
[K"Tpaen) to be a significant determinant of the dynamics, monitoring the biophysical state of the
neuronal population (i.e., a brain region). For low ion concentrations in the external bath, the
mean-field model demonstrates the existence of healthy brain dynamics. Increasing the
excitability in terms of the ion concentration leads to the appearance of spike trains, tonic spiking,
bursting, seizure-like events, status epilepticus-like events, and depolarization block, similar to the
Epileptor model [31, 89, 90].

For several values of the potassium concentration in the external bath, or given an external input
current, we showed that our model can be tuned into a bistable regime characterized by the
coexistence of high and low firing rate states, which is the hallmark of many mean-field

mechanism for the dynamic occurrence of so-called up (high firing) and down (low firing) states,
as observed both in vitro [94, 95] and in vivo under several conditions such as quiet waking,

when bistable neural masses are coupled through a connectome and driven by a fine-tuned
stochastic input noise, the simulated activities in brain regions can spontaneously jump between
high and low firing rate states, which provides a mechanism for dynamic Functional Connectivity

Thus, the derived mean-field model links the presence of high and low firing rate states as well as
the spiking and bursting neuroelectric behaviors with the biophysical state of the neuronal
ensemble (brain regions) in terms of the ion concentrations across the cellular space. The effect of
constant stimulus current is also analyzed and it is observed that even within the healthy regime,
several stimulations, which could either correspond to external stimuli or inputs from some other
brain regions, could generate transient spiking and bursting activity (Fi 7). This result is
particularly interesting in the case of brain stimulation. For example, several kinds of brain
stimulation protocols in epileptic patients have already been found to generate epileptic seizures
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reproduced and tracked in a biophysical-inspired modeling approach. Therefore, we assume that
the derived model could potentially be applied to improve predictive capacities in several types of
brain disorders, particularly epilepsy.

Using conductance-based coupling between six neuronal masses we also demonstrated that a
hyper-excited population of neurons can propagate bursting and spiking behavior to otherwise
healthy populations. This could lead the path to understanding how brain signals propagate as a
coordinated phenomenon depending on the distribution of biophysical quantities and structural
as well as architectural heterogeneity on the complex network structure of the connectome. Until
now, mean-field models used in large-scale network simulations, like the Virtual Brain [7], did not
take into consideration the extracellular space. Our mean-field model is a first step towards the
integration of biophysical processes that may play a key role in controlling network behavior, as
shown at the spiking network level [104].

clearly established, seizures and spreading depression, which is assumed to underlie certain forms
of migraine [105, 106], are associated with large (>6 mM) and very large (>12 mM) concentrations

saturation of potassium buffering by the astrocytes. In fact, the extracellular concentration of K" is
tightly controlled by astrocytes [73, 74, 76]. Most large-scale simulations do not integrate glial cells,
which make up half of the brain cells [73, 76]. Their functions are altered in most, if not all, brain
disorders, in particular, epilepsy [75, 77]. Our approach indirectly accounts for the astrocytic

models. This paper serves as an introductory exploration of our novel approach, aiming to
establish its feasibility and potential applications for modeling large ensembles of biophysically
realistic neurons. A comprehensive and systematic investigation to address the limitations
discussed in Section ‘Limitations of the model’ and FigS1 will be undertaken in future studies.

To date, the Epileptor model [31] is a gold standard for inferring the location of the epileptogenic

phenomenological, and parameters (e.g., epileptogenicity) are non-interpretable in terms of
measurable quantities. By addressing the biophysical information at the neuronal level, our mean-
field formalism allows keeping biophysical interpretability while bridging between micro-to
macro-scale mechanisms. The mean-field model derived in this work aggregates a large class of
brain activities and repertoire of patterns into a single neural mass model, with direct
correspondence to biophysically relevant parameters. This approach could serve as a
computational baseline to address core questions in epilepsy research. In particular, how to
identify the multiscale mechanisms implicated in epileptogenicity and propagation of seizures.
This would eventually lead to establishing pathologically measurable bio-markers for large-scale
brain activities and consequently offering therapeutic targets for different brain dysfunctions.

2 Materials and Methods

2.1 Immature hippocampus in vitro preparation

All protocols were designed and approved according to INSERM and international guidelines for
experimental animal care and use. Experiments were performed on intact hippocampi taken from
FVB NG mice between postnatal (P) days 5 and 7 (PO was the day of birth). The immature mice
were decapitated rapidly, and the brain was extracted from the skull and transferred to
oxygenated (95% O, / 5% CO») ice cold (4 °C) artificial cerebrospinal fluid (aCSF) containing (in
mM): NaCl 126; KCl 3.5; CaCl, 2.0; MgCl, 1.3; NaHCO3 25; NaHPO,4 1.2; glucose 10 (pH = 7.3). After at
least 2 hours of incubation at room temperature in aCSF, hippocampi were transferred to the
recording chamber. To ensure a high perfusion rate (15 ml/min) we used a closed-circuit perfusion
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system with recycling driven by a peristaltic pump: 250 ml of solution was used per hippocampus
and per condition. The pH (7.3) and temperature (33 °C) were controlled during all experiments.
After 30 min baseline recording in Mg?* containing aCSF solution, the media was switched to one
without added Mg?* ion. In this condition, the extracellular concentration of Mg?* may be
influenced by other constituents of the aCSF, possibly near 0.08 mM [114]. Therefore, we use the
term low-Mg?* aCSF rather than zero-Mg?* aCSF.

2.2 Magnesium removal as a mean to influence the external
potassium dynamics

The model of epileptic discharges presented in our study was first introduced over 20 years ago
[115] and has since become a well-established paradigm for screening potential antiepileptic drugs

The membrane of hippocampal neurons is equipped with N-methyl-D-aspartate type glutamate
receptors (NMDARs). These receptors have a very high affinity for glutamate and can, in principle,
be activated by ambient glutamate present at low concentrations in the brain extracellular fluid
(ECF). Under normal physiological conditions, this activation does not occur because extracellular
magnesium ions (Mg2+) block the NMDAR channel at membrane potentials more negative than
about -50 mV; this voltage-dependent block prevents receptor activation at rest. When
extracellular magnesium is removed, the block is relieved, allowing NMDARs to be activated,
leading to neuronal depolarization toward the action potential threshold [117]. In addition, as a
divalent cation, Mg?" interacts with the negatively charged neuronal membrane, contributing to
the stabilization of the resting membrane potential. Lowering extracellular magnesium
concentration disrupts this effect, resulting in membrane depolarization [118].

Consequently, magnesium removal not only facilitates NMDAR-dependent depolarization, but also
directly depolarizes neurons. This depolarization increases the driving force for outward
potassium currents through K* channels, meaning that variations in Mg2+ can indirectly influence
external potassium dynamics during neuronal activity.

2.3 Electrical activity monitoring

Extracellular glass electrode filled with low Mg2+ aCSF was placed into the mid CA1 region of the
ventral hippocampus. Local field potentials (LFPs) were amplified with a MultiClamp700B
(Molecular Devices, San Jose, CA) amplifier for DC-coupled recording, then digitized with a
Digidata 1440 (Molecular Devices, San Jose, CA), stored on the hard drive of the personal computer
and displayed using PClamp 9 software (Molecular Devices, San Jose, CA).

2.4 External Potassium concentration Measurements

Potassium-selective microelectrodes were prepared using the method described by Heinemann
and Arens [119]. In brief, electrodes were pulled from double-barrel theta glass (TG150-4, Warner
Instruments, Hamden, CT, USA). The reference barrel was filled with 154 mM Nacl solution. The
silanized ion-sensitive barrel tip (5% trimethyl-1-chlorosilane in dichloromethane)was filled with
a potassium ionophore I cocktail A (60031 Fluka distributed by Sigma-Aldrich, Lyon, France) and
backfilled with 100 mM KCl. Measurements of [K'],,-dependent potentials were performed using
a high-impedance differential DC amplifier (kindly provided by Dr. U Heinemann [119]) equipped
with negative capacitance feedback control, which permitted recordings of relatively rapid
changes in [K']qy, (time constants 50-200 ms). The electrodes were calibrated before each
experiment and had a sensitivity of 42-63 mV/mM. The tip of the electrode was placed into the CA1
region of the ventral hippocampus at 200-300um distance from the LFP recording electrode at 150-

200 um depth that, at P5-P6 age, corresponds to the Stratum Radiatum.
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2.5 Biophysical neuron model

The membrane potential of a single neuron in the brain is related to an ion-exchange mechanism
in intracellular and extracellular space. The concentrations of potassium, sodium, and chloride in
the intracellular and extracellular space along with the active transport pump (Na*/K* pump) in
the cell membrane of neurons generate input currents that drive the electrical behavior in terms
of the evolution of its membrane potential. The ion-exchange mechanisms in the cellular
microenvironment, including local diffusion, glial buffering, ion pumps, and ion channels, have
been mathematically modeled based on conductance-based ion dynamics to reflect the ‘healthy’
and seizure behaviors in single neurons [68, 78, 79, 120]. Moreover, conductance-based couplings
between the spiking neurons have been already implemented in neural mass models [58, 59, 91,
93, 121], but without an extracellular exchange mechanism. The mechanisms of ion exchange in

the intracellular and extracellular space of the neuronal membrane are represented schematically
in Fig. 13.

This biophysical interaction and ion-exchange mechanism across the membrane of a neuronal cell
can be described as a Hodgkin-Huxley type dynamical process, represented by the following
dynamical system as described in [78].

dv 1
E: —C—(ICl +Ing+ I+ Ipump)
d’I’L_ noo(v) —-n
dt Tn
dA[K ], v v
—= —E(IK—QIPUIDP)
d[K+]g + +
T: 6([K ]bath - [K ]cxt)

This model represents the ion-exchange mechanism of a single conductance-based neuron in
terms of membrane potential V, the potassium conductance gating variable n, intracellular

potassium concentration variation A[K " 1;,;, and extracellular potassium buffering by the

external bath [K'] g This mechanism considers ion exchange through the chloride, sodium,

potassium, voltage-gated channels, intracellular sodium, and extracellular potassium
concentration gradients and leak currents. The intrinsic ionic currents, the sodium-potassium
pump current, and potassium diffusion regulate the different ion concentrations. The Nernst
equation was used to couple the neuron’s membrane potential with the concentrations of the
ionic currents. This mechanism gives rise to a slow-fast dynamical system in which the
membrane potential V and potassium conductance gating variable n constitute the fast
subsystem and the slow subsystem is represented in terms of the variation in the

intracellular potassium concentration A[K"];,; and extracellular potassium buffering by the

external bath [K'] g (Fig. 2.b ). In Eq. (1) the input currents due to different ionic

substances and pump are represented as follows [68, 78]:

Ine= (gNag + gNaMoo(V)D(n)) (V —26.64log (%)) )

Ix= (9x1+ ggn) (V — 26.641og <%)) ,

I= [Cli]ext
ca=gc | V + 26.641og [C? ,

] int
1 1

I ump=—
= P exp (105 — 0.5[Na+],,) 1+exp (5.5 — [K ]

ext) -

The gating functions for the conductance are modeled as
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1
(V)= )
Moo(V) 1+ exp (21)
1
(V)= ’ 3
oo 1+ exp (=21) ©
hn)= 1.1 — L

1+ exp(—8(n—04))"

Notice that, compared to [78], these equations were reparametrized to account for changes in

timescales (see also 1). In this model the concentration of chloride ions inside and outside of
the membrane is invariant. i.e., [Cl 1oy = [Cl ]g ey and [CT 14 = [CT 1 j- The extracellular

and intracellular concentrations of sodium and potassium ions are represented in terms of

A[Na™],,=—A[KT],,
A[Na*] .= —BA[Na*], .
A[K+]ezt_ —BA [KJr]mt
[K+]znt [K+]Oznt + A[K+]27Lt @)

[Naine= [Na"]g ;s + A[Na]
[Na ]ewt [Na+](),ezt +A [Na+]
(K], = [K7]

int
ext
0,ext + A[K+]ext + [KJr]g

The biophysically relevant values of the parameters could be obtained from several previous
studies, both from in vivo and in vitro experiments [68]. The parameters used for the single-

neuron simulations are shown in Table-1, and allow the reproduction of several bursting

2.6 Network of coupled biophysical neurons

We aim to develop a mean-field model for a heterogeneous population of the all-to-all coupled
biophysical neurons described by Eq. (1) &. Our strategy consists of using a series of
approximations and heuristic arguments to obtain a putative functional form for the mean-field
model, which is capable of simulating the mean activity of a large population of Hodgkin-Huxley
(HH) type neurons operating near synchrony. The basic mechanism of synaptic transmission can
be described by the arrival of a spike at the presynaptic terminal, resulting in an influx of calcium
which depolarizes the presynaptic terminals and thus stimulates the release of neurotransmitters
into the synaptic cleft. The neurotransmitters play a crucial role in opening the postsynaptic
channels, which causes the flow of ionic currents across the membrane. This flow creates an
(inhibitory or excitatory) post-synaptic potential in the efferent neuron. We take this into account
by adding a synaptic input current in the membrane potential equation at neuron i using a
conductance-based model

Isyn 4 = Gsyn A,i(t) (Esyn - ‘/;) ) 5)

where gy, ; is the synaptic conductance, V; is the postsynaptic potential and Ej,p, is the

synaptic reversal potential at which the direction of the net current flow reverses. In the
present work, we fixed Egyn = 0mV, corresponding to excitatory neurons. Lower reversal
potential values (e.g., Egy,, = ~80mV) model inhibitory neurons. Typically, at the arrival time t;?
of the k-th spike from neuron j, the synaptic conductance quickly rises and consequently
undergoes an exponential decay with some rate constant. This mechanism is captured by
defining the conductance dynamics gy, ; « Js;(t) where J is a constant conductance value and
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the adimensional dynamical variable s;(t) is the solution of the following equation (see for
example [28]):

N
~ Ssvn
Qsi(t) = Kf SO>S wie(t—th), (6)
=1 k
where Ssyn=1 is the synaptic strength, W, 1s the synaptic weight which here we assume to be

equal to 1 for all neurons i and j, and the operator Q can be defined with various levels of
accuracy as

A

A d d d
QR=1Q0Q= (1+Ta dt) Qz(l—i—n dt><1+7—ba> . 7)

Here, for simplicity, we select the first model, which leads to

N

ZZ& (t—1th) ®)

j=1

Under the assumption of instantaneous synaptic transmission and homogeneous all-to-all
coupling, the synaptic activation variable s; is the same for all neurons and corresponds to

the population firing rate, which we denote by r.
In the coupled system, the membrane potential equation for neuron i is defined by:
dv;

Cm? =—Tcr; + Ingi + I + Tpumpi) + ISi (Esyn — Vi) + 1 ©

where we fix the capacitance to C,,, = 1nF, and the term n; represents a heterogeneous noise

current distributed according to a Lorentzian distribution with half-width A and location of
the center at 5

(10)

2.7 Continuity equation

In the continuous formulation, in the limit of large population N - «, the density of neurons in a
phase space point (V; n, A [K' ;. [K'] ) at time ¢ and excitability n is described by the population
density function p(t, V; n, A [K* 1, [K'] ¢ N, 1), and the continuity equation holds

9 +
5P (6 Vo ALK K] nt) + ¥ an
~j(t,s,V,n,A[K+]mt,[K+]ga77» ):0

where J is the flux along the V, n, A [K* Jint and [K'] s directions. Since our system displays a

fast and a slow subsystem (e.g., Fig. 2.0 2 ), we treat the variables A [K" ], and [K” 1 as slowly

varying parameters. In other words, we assume they are nearly constant over the timescale
of the fast variables V and n. These slow variables are in addition considered to be
mesoscopic, meaning they are identical for every neuron in the population. In this setup, the

slow variables A [K* Jin and K] g determine the long-term behavior of the system, while the

equations for V, and n describe the rapid responses around this slow evolution. Furthermore,
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we consider that the potassium concentrations are homogeneous across the neuronal
population, and we assume this holds also for the other ion concentrations.

Therefore, we write the population density function for the fast subsystem as

p(t,V,n,m) = p"(t,n | V,n)p" (t,V | n)g(n) (12)

which was here expressed in the conditional form independent of the potassium variables.
The continuity equation reads

2PV ) 4V Vo, 8m) = 0 a3

where the flux in the V and n directions is

V t’ V7 ) )
sevman= (7m0
_ (GV(V, n,s,n)
B Gn(V,n)

(14)
)p(t, V,n,n),

With

GV(Va n,s, 77): VO + Isyn + m,
G (V)= Neo(V) —n (15)

Tn
And

. 1
V(]: _C_(ICl + INa + IK + Ipump)7

I
Cn

(16)

Iy,= s(Egn—V).

We note that, under the assumption of globally shared gating and ion concentration variables
across the neuronal population, the resulting mean-field equations can also be derived using
simpler methods as proposed by Guerriero et al. [58]. In this work, we follow the more

(e.g., moment closure, vanishing flux at boundaries) explicit. This also facilitates potential
generalizations to settings with partial heterogeneity or dynamic gating distributions.

density of n, the first term gives

0 0
[ gotaviman= (s wvin [ onl Vi) oo
on on a7

= 22wV [ mln)

obtain
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V. F(t,Vin, s m)dn = [GV(V, 0 | ), s,m)e¥ (V| m)] a(n)

on ov
+/ anVn) (t,n|V,77)]dan
(t, V[ mg(n)
0

=557 [GV (V. () s.m)p” (£, [ )] 9(n)

GV, )" (61 | V)]’ e
t,VIngn)
*[Gn(v’ n)p"(t, n | v, ﬂ)]n:—wﬂv
(V| n)gn)

=[GV V0" 6V )] ),

where we assumed that the flux along n vanishes on the boundary on. Next we assume a first-
order moment closure condition for the variable n [59], justified by the numerical

simulations of the full network (see Fig. S2 ) which show that for most of the neurons (close
to 99 % for the value of A same as in the other simulations) the mean of the population is well
capturing the behavior of the single neurons [122]. Finally, putting together these factors and

assuming that n can be treated as a collective variable for each neuron (see Limitations of the
model section) we arrive to

(n | Vin) =~ (n|n). (19)

From here we obtain a modified version of the continuity equation for the fast subsystem

=P 5V | n) = [GV (n|m),s,mp" &V |n)]. (20)

The validity of the first moment closure, Egs. (19) 2, as in [59], is supported by the numerical

simulations, which show that, both, during the silent regime and when seizure-like events
occur, n; for most neurons track the network averaged (n |V, n) . In particular, it is less than 2

% of the neurons that fire while the mean is low, and vice-versa, Fig. S2. In less

synchronized scenarios (larger A or smaller J), however, this value would increase, but the
mean would always capture the qualitative behaviour of the population.

2.8 Stepwise quadratic approximation

For a decoupled system described by Egs. (1) 2, considering the potassium variables as slowly

function as:

R (V—c ) +1: VYW,<V*
E{ ( C)+ ) 0> (21)

R.(V—c)’+1I,; VVy>V*

corresponding to two parabolas with opposite curvature (R- > 0, R, < 0), centered at c_ and c,

and shifted by I, and I_, respectively (Fig. 2.d @). The parameter V" defines the intersection

point of the two parabolas. In general, the coefficients of the parabolas (c,, I, R,) would be

functions of n(but also of A[K"];,; and [K'] o). In the expression (20), this dependence is
reduced to c, = c.({n |n ), I, = L,((n]| n)), and R, = R.({n |n )). Here, to further simplify our

problem, we consider these as free parameters, that will appear in the mean-field model, and
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that can be tuned to fit the average activity of a large neuronal network (see Limitations of
the model section).

2.9 Steady-state solution and Lorentzian Ansatz

The steady-state solution for the (20) corresponds to
9 v v

In standard mean-field reductions (e.g., [25, 59]), the function GVis quadratic in V, with two

fixed points, one of which is stable, and the steady-state solution for pV (t, V| n) is the inverse
of a quadratici.e., a Lorentzian distribution. The Lorentzian Ansatz assumes that, at all times,
such a distribution is preserved during the system’s dynamics. These conditions allow the

derivation of closed solutions for a system of coupled spiking neurons. In our case, where GV
has either one or three zeros, the steady state will correspond to delta functions at the fixed
points, which are either one (stable) or three (of which two are stable). Therefore, a double-

Lorentzian (or a piece-wise Lorenzian) could be a suitable form for pV (t, V |n). However, it is
not clear under which conditions such an assumption would allow a solution to the
continuity equation (20) 2.

Nonetheless, in special cases, such as when the neuron population is acting close to synchrony, the
neurons’ membrane potential distribution is faithfully described by a single Lorentzian peaked
below or above the threshold (e.g., Fig.3.a (% ; notice that the orange distribution is bimodal, as a

few neurons are idling in the subthreshold state). To proceed with the model derivation, we
assume that the distribution of membrane potentials for neurons with excitability n is described

z(n, t)
(V - Z/(Wa t))2 + x(na t)2 ’

1
p(VInt) = — 23)

where x(n, t) and y(n, t) represent the width and the mean of the distribution, respectively.
Thus, the validity of this approximation is limited to the cases when the neuronal population
is distributed unimodally. Other cases, such as when a transition from sub-to suprathreshold
activity of a subpopulation is described by the formation of two populations (e.g., Suppl.
Fig.2.b), are not captured unless such transition is rapid enough. With these assumptions, we
will derive the mean-field model equations in the next sections.

2.10 Firing rate definition

Previous mean-field derivations have adopted neuron models described by discontinuous
quadratic equations, where the neuron is firing at a threshold Vy, after which the voltage is reset
t0 Vypger- In these models, the threshold and reset are taken in the limit Vi = ™V 560t — %, and the
quadratic expression for the membrane potential dynamics guarantees that a neuron takes a finite
time to reach the threshold [25]. Therefore, the firing rate can be defined as the flux at infinity i.e.,

T'(t, 77) = lim pV (tv Vvth | 7}) GV (Vvtha <Tl | 77>5 S, 77) (24)

Vin—+00

In our continuous neuron model, the spiking and resetting are built into the dynamic
equation and can be driven by several mechanisms, including slow potassium dynamics. Let
us consider the case of a steady input current affecting the membrane potential, such that the
nullcline function (here described by the piece-wise quadratic function) will have either one
zero (stable fixed point) or three zeros (two stable and one unstable). In this case, we can
describe the firing at the pitchfork bifurcation, where the system transitions from three fixed
points to one. At the bifurcation point, a neuron with membrane potential values at - will
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be first driven by the positive quadratic trend, until it crosses the V* value, after which the
negative parabolic trend will bring the neuron onto the fixed point. To have an operational

definition of the firing rate and simplify our problem, we consider that once the V* value is
crossed the neuron membrane potential will reach the peak value at +e, driven by the
positive quadratic trend. Of course, in our model, this value is never reached in practice,
because—for increasing values of the membrane potential-the negative parabola brings the
membrane potential back with increasing speed. In this approximation, the firing rate
definition reduces to (see Limitations of the model section)

1 z(t, n)
r(t = lim —
= Vamoo T [V, — y(t, m)]* + 22(t, )

J(R-(Vin — ¢ )2 + 1) + Tex + J5 (B — Vi) | (25)

R_
—"7;*3@,n)

2.11 Mean-field variables

We describe the mean field variables as

(V(t)= /a a0 /a VAV v dy

= /a g(m)y(t,n)dn (26)
n
= y(7—iA,¢)

n(t)) —// / np(t,V,n,n)dn dndV
onJ oV J on

= / (n | n)g(n)dn
on

where we used the residue theorem to integrate out the parameter n (considering that there
is only one pole of g(n) in the complex n-plane, we obtain that integrating out n corresponds
to substituting n = n — iA).

Unlike the mean membrane potential V and the firing rate r, which can be explicitly derived from
the continuity equation under the Lorentzian assumption, the expression for (n(t) ) in Eq. (26) 2 is

formal. In our mean-field model, the gating variable n is treated as a global population variable,
evolving deterministically as a function of the average membrane potential. Therefore, (n(t))
corresponds to the collective gating variable assumed to be shared by all neurons, and is not
computed by averaging distinct microscopic n; values.

2.12 Mean-field dynamics for the gating variable

Following [59] we approximate the time derivative

w=[ [ [ nap(t, V., )dn 4V do
onJ oV J on

SN MRIE 28
onJovJ on on

The first term is integrated by parts, yielding

27)

) dn dV dn.
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V* (9fK Vinax 6]K
Terml—/an/ann(/oo BT dV—{—/* de dn dn
_/an

v Vow (28)
/ n / dgY (6, V,n, s,m) + / 47V (L, V,n,5,m) | dn dy
on —00 *

[

Where #" and £V indicate the flux for V< V* and V> V" (preserved at V*, and governed by
the positive and negative parabolas (21)), respectively, and where we assumed that the flux at

o= P+ 7Yy, — #L) dndy

Vo -wand V - Vy,,, is zero (a safe assumption, as a neuron is pushed back toward V* with

(quadratic) infinite speed at these extreme values). The second term gives

Term 2= / / / n o0F dn dV dn
onJ ovJ on on
= / / / ndf" dV dny
onJ oV J on
= nf" n—/ j"dn)dVd
/677 /'GV ( ‘B on 7 (29)

z—// F"dn dV dn
onJ oV J on

= 7/ / G"()p(t,V,n,n)dn dV dn
onJ oV J on
=—(G"(t,V,n))

Imposing (n,(V) )= n,({ V')), we obtain the approximated result (see Limitations of the model

section)
(n) =G"(t,(V),(n)) (30)

2.13 Derivation of mean-field equations

Starting from equations (21) @ and (5) @ the membrane potential dynamics for a coupled system
of neurons is described on either side of V * by the following equation:

dVv

- = AV?+ BV +C, (31)
with

A=R,

B = —QRC—JT, (32)

C =R +1+JrE +n.

The parameters (R, ¢, ) were introduced in the previous sections as the curvature, center, and
shift of the parabolas in the step-wise approximation. Here the indices (-, +) were dropped.
Substituting equations (31) 3 and (23) in the continuity equation (20) 5 we obtain a polynomial
condition of the form

Rabuffo, Bandyopadhyay et al., 2025 eLife 14:RP104249. https://doi.org/10.7554/eLife.104249.2 24 of 68


https://doi.org/10.7554/eLife.104249.2
https://elifesciences.org/?utm_source=pdf&utm_medium=article-pdf&utm_campaign=PDF_tracking
https://elifesciences.org/subjects/neuroscience

7 eLife

Neuroscience

k3V3 + k2V2 + ki V+ky=0, (33)

Since this condition must be satisfied for all values of V, the solution for x(n, t) and y(n, t) is
obtained by imposing k;=0, VI =0, 1, 2, 3, leading to the mean-field equations

& = 2Azy + Bz,

9= Ay? + By + C — Az?. G

Defining w(n, t) = x(n, t) + iy(n, t), we can recast the above equations in the complex form
w=1i(C— Aw® —iBw). (35)

The mean-field equations are derived by integrating out n from the equation above.
According to (26), we find w(j — iA, t) = z(t) + 4y(t), that substituted in (35) gives

. A+2R (y—c_)xz—Jrz; Vy<V*
:{A+2R+(y—c+)w—er; Yy > V7,
. R (y—c )’+I —R 2>+ IJ(E—y)+7; Vy<V*
_{R+(y—c+)2+l+—R+a:2—|—Jr(E—y)+n; Vy >V,

(36)

which is a reduction of a system of infinite all-to-all coupled neurons described by a step-wise
quadratic equation.

2.14 Neural Mass Model equations

From equations (23)@ and (26)2, y(t) = V/(¢) represents the average membrane potential of the
population (from here on we will drop the (-) notation), while x(¢) is an auxiliary variable, related
to the firing rate as r(t) = R_x(t)/r (see previous section Mean-field variables). Finally, starting

full dynamics of the slow variables A[K1;,;, [K] ¢ The mean-field approximation for a population
of HH-type neurons consists of a five-dimensional system:

dr %+2R_(V—C_)T—J7‘2; vV <V*
dt %+2R+(V—c+)r—.]r2; YV > V¥,

I(_C_m (ICI + INa + IK + Ipump) - R—(W/R_)27'2

df/_{ +Jr(Esyn—V)+77; vV <V*
dt —z—cr+ Ina + Ik + Tpump ) — Ry (m/R-)*r?
l +Jr (Esyn — V) +7; VYV >VH 37)
dn ne(V)—n
dt T ’
dA[K+]int Y
— - _w_i(IK —2Lump )
d[K™]

dt L= 6([K+]bath - [K+]ext b

that we write in the compact form
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dr R_A _ )
E: _71' +2Ri (V*Ci)T*JT‘
av 1
—=———ar+ Ina + Ik + Lump) — Re(n/R_)*r?
dt C

+ I (B — V) +7
dn ne(V)—n

_ = (38)
dt T ’
dA[KJr]znt Y
— = *w—i(-’K — 2Ipump) ,
d[K+]g

T: € ([K+]bath - [K+]ezt})’

where the + symbol refers to the cases V < V*(—)and V < V*(+).

2.15 Stimulation and Coupling of Neural Mass Models

In this work, the stimulation of the population is modeled by a common component I;;,,,,,(f) added
to the membrane potential in Eq. 38 3 as:

v dv
W — E + JIinput (Esyn — V) (39)

Accordingly, N populations described by Eq. 382 can be coupled together via their firing rate

activity, so that the membrane potential equation at population P becomes:

dVp  dVp —
£ — L + G Z WPQTQ (Esyn - VP) 3 (40)
dt dt 3

where Wpyg is the structural weight proportional to the white matter fiber tract density

between populations P and Q, and G is the global coupling tuning the impact of the
macroscopic network structure over the local mesoscopic dynamics.

The dynamics of a single neuron and single mean-field population were simulated in Python.
Spiking neural network simulations were performed using Brian2 package. Connectome-based

parameters and the values of the initial conditions used in the reported results.
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Fig. S1. Quadratic approximation of nulicline geometry: (a) Neuronal network simulations of all-to-all coupled
HH-like neurons can display bimodal distribution of the membrane potential when a subpopulation transitions
from sub-to supra-threshold activity. By changing the values of the parabola coefficients (c_, R_, c,, R,), which
describe the nullcline geometry of the model, the results of the mean-field simulation change qualitatively. We
show this parameters’ effect by plotting the power spectral density for several values of these parameters (here

we used [K*]pqe, = 15.5). We can observe that for all the parameters, frequency shifts and sudden state transitions
occur.
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Fig. S2. Quantifying the error of the first moment approximation:

(a) For several [K*]q¢p Values corresponding to different dynamical regimes we simulated the activity of a population of N =
3000 all-to-all coupled HH-type neurons (parameters same as Fig. 3.3 in Table S2(2) and classified them in three states:

Neuroscience

with that, using the right-hand axis, the population mean of the gating variable is plotted in green. Errors (Black dotted) have

been calculated by calculating which fractions of neurons are not following the state of the mean gating variable. (b) The

error percentage (neurons not following the mean behavior) is plotted against several [K]p,, values.
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Table S2. List of parameters’ values used for each simulation in the manuscript.

If not present, the parameter is not applicable for that case, or different values have been used, as specified in the
corresponding caption.
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Data availability

All data, code, and materials used in the analyses will be made available at a Github repository
depending on the outcome of the editorial process.

Additional information
Funding

This research was supported by the European Union’s Horizon 2020 research and innovation
program under Specific Grant Agreement 945539 (SGA3) Human Brain Project, No. 826421 Virtual
Brain Cloud and No. 101147319 (EBRAINS 2.0 Project), and government grant managed by the
Agence Nationale de la Recherche reference ANR-22-PESN-0012 (France 2030 program). CB
received support from the Agence Nationale de la recherche projects ANR-17-CE37-0001-01 and
ANR-20-NEUC-0005-02. GR is supported by the Marie Sklédowska-Curie Postdoctoral Fellowship
(Project CAERUS) under the European Union’s Horizon Europe research and innovation
programme, grant agreement No. 101199894. MD is supported by the Basque Government through
the BERC 2022-2025 program and by the Ministry of Science and Innovation: BCAM Severo Ochoa
accreditation CEX2021-001142-S / MICIU / AEI/10.13039/501100011033.

Author contributions

AB, G.R, S.P, and V.K]. designed research; G.R., A.B., C.C, K.G,, D.D., L.MT, ML.S., M.D,, S.P,, and
V.K]. performed research; G.R., A.B., C.C,, K.G., D.D., L.MT, M.D. simulated the models and analyzed
the results; G.R., L.MT designed the figures. A.I. performed the experiments. G.R., A.B., D.D., ML. S,
AlI, C.B,ML.L, S.P, and V.K]. wrote the paper. *G.R. and *A.B. contributed equally to this work as
first authors. +S.P. and +V.K.]J. contributed equally to this work as the last authors. The authors
declare no competing financial interests. Correspondence should be addressed to Giovanni
Rabuffo at giovanni.rabuffo@univamu.fr @ or Spase Petkoski at spase.petkoski@univ-amu.fr & or
Viktor K. Jirsa at viktor.jirsa@univ-amu.fr@.

Funding
Funder Grant reference number Author
EC | Horizon 2020 Framework Programme 945539 (SGA3, Human Brain
. Viktor Jirsa

(H2020) Project)
EC | Horizon 2020 Framework Programme

826421 (Virtual Brain Cloud) Viktor Jirsa
(H2020)
EC | Horizon 2020 Framework Programme

101147319 (EBRAINS 2.0) Viktor Jirsa
(H2020)
Agence Nationale de la Recherche (ANR) ANR-22-PESN-0012 (France 2030) Christophe Bernard
Agence Nationale de la Recherche (ANR) ANR-17-CE37-0001-01 Christophe Bernard
Agence Nationale de la Recherche (ANR) ANR-20-NEUC-0005-02 Christophe Bernard

EC | Horizon Europe | Excellent Science |
HORIZON EUROPE Marie Sklodowska-Curie =~ 101199894 Giovanni Rabuffo
Actions (MSCA)

Government of the Basque Country BERC 2022-2025 Mathieu Desroches

BCAM Severo Ochoa accreditation
MEC | Agencia Estatal de Investigacién (AEI) CEX2021-001142-S/ MICIU / AEI/ Mathieu Desroches
10.13039/501100011033

Author ORCID iDs

Giovanni Rabuffo: © https://orcid.org/0000-0003-3947-1662

Rabuffo, Bandyopadhyay et al., 2025 eLife 14:RP104249. https://doi.org/10.7554/eLife.104249.2 29 of 68


https://doi.org/10.7554/eLife.104249.2
https://elifesciences.org/?utm_source=pdf&utm_medium=article-pdf&utm_campaign=PDF_tracking
mailto:giovanni.rabuffo@univamu.fr
mailto:spase.petkoski@univ-amu.fr
mailto:viktor.jirsa@univ-amu.fr
https://orcid.org/0000-0003-3947-1662
https://orcid.org/0000-0003-3947-1662
https://orcid.org/0000-0003-3947-1662
https://elifesciences.org/subjects/neuroscience

s eLife

[1]

[4]

[5]

[6]

[7]

[9]

[10]

[11]

[12]

Neuroscience

Abhirup Bandyopadhyay: https://orcid.org/0000-0001-7395-1323
Kashyap Gudibanda: https://orcid.org/0000-0003-1643-9336
Damien Depannemaecker: https://orcid.org/0000-0003-1936-4560
Maria Luisa Saggio: https://orcid.org/0000-0002-3846-6100
Mathieu Desroches: © https://orcid.org/0000-0002-9325-4207
Marja-Leena Linne: ® https://orcid.org/0000-0003-2577-7329
Christophe Bernard: © https://orcid.org/0000-0003-3014-1966
Spase Petkoski: © https://orcid.org/0000-0003-4540-6293

Viktor K Jirsa: © https://orcid.org/0000-0002-8251-8860

Note

This reviewed preprint has been updated to correct typos found in an affiliation.

References

Deco G., Jirsa V. K., McIntosh A. R. (2011) Emerging concepts for the dynamical organization of
resting-state activity in the brain. Nature Reviews Neuroscience 12:43-56
https://doi.org/10.1038/nrn2961 | PubMed

Deco G., Jirsa V. K., Robinson P. A, Breakspear M., Friston K. (2008) The dynamic brain: from spiking
neurons to neural masses and cortical fields. PLoS computational biology 4:e1000092
https://doi.org/10.1371/journal.pcbi.1000092 | PubMed

Deco G., Jirsa V. K. (2012) Ongoing cortical activity at rest: criticality, multistability, and ghost
attractors. Journal of Neuroscience 32:3366-3375 https://doi.org/10.1523/jneurosci.2523-11.2012 |
PubMed

Petkoski S., Jirsa V. K. (2019) Transmission time delays organize the brain network synchronization.
Philosophical Transactions of the Royal Society A: Mathematical, Physical and Engineering Sciences
377:20180132 https://doi.org/10.1098/rsta.2018.0132 | PubMed

Perl Y. S., et al. (2023) The impact of regional heterogeneity in whole-brain dynamics in the presence
of oscillations. Network Neuroscience 7:632-660 https://doi.org/10.1162/netn_a_00299 | PubMed

Forrester M., et al. (2024) Whole brain functional connectivity: Insights from next generation neural
mass modelling incorporating electrical synapses. PLOS Computational Biology 20:e1012647
https://doi.org/10.1371/journal.pcbi.1012647 | PubMed

Sanz-Leon P., Knock S. A, Spiegler A,, Jirsa V. K. (2015) Mathematical framework for large-scale brain
network modeling in the virtual brain. Neuroimage 111:385-430
https://doi.org/10.1016/j.neuroimage.2015.01.002 | PubMed

Melozzi F., et al. (2019) Individual structural features constrain the mouse functional connectome.
Proceedings of the National Academy of Sciences of the United States of America 116:26961-26969
https://doi.org/10.1073/pnas.1906694116 | PubMed

Courtiol J., Guye M., Bartolomei F., Petkoski S., Jirsa V. K. (2020) Dynamical mechanisms of interictal
resting-state functional connectivity in epilepsy. Journal of Neuroscience 40:5572-5588
https://doi.org/10.1523/JNEUROSCI.0905-19.2020 | PubMed

Rabuffo G., Fousek J., Bernard C., Jirsa V. (2021) Neuronal cascades shape whole-brain functional
dynamics at rest. Eneuro 8 https://doi.org/10.1523/eneuro.0283-21.2021 | PubMed

Baladron J., Fasoli D., Faugeras O., Touboul J. (2012) Mean-field description and propagation of chaos
in networks of Hodgkin-Huxley and FitzHugh-Nagumo neurons. The Journal of Mathematical
Neuroscience 2:1-50 https://doi.org/10.1186/2190-8567-2-10 | PubMed

Bandyopadhyay A., Kar S. (2018) Impact of network structure on synchronization of Hindmarsh-
Rose neurons coupled in structured network. Applied Mathematics and Computation 333:194-212
https://doi.org/10.1016/j.amc.2018.03.084

Rabuffo, Bandyopadhyay et al., 2025 eLife 14:RP104249. https://doi.org/10.7554/eLife.104249.2 30 of 68


https://doi.org/10.7554/eLife.104249.2
https://elifesciences.org/?utm_source=pdf&utm_medium=article-pdf&utm_campaign=PDF_tracking
https://orcid.org/0000-0001-7395-1323
https://orcid.org/0000-0003-1643-9336
https://orcid.org/0000-0003-1936-4560
https://orcid.org/0000-0002-3846-6100
https://orcid.org/0000-0002-9325-4207
https://orcid.org/0000-0002-9325-4207
https://orcid.org/0000-0002-9325-4207
https://orcid.org/0000-0003-2577-7329
https://orcid.org/0000-0003-2577-7329
https://orcid.org/0000-0003-2577-7329
https://orcid.org/0000-0003-3014-1966
https://orcid.org/0000-0003-3014-1966
https://orcid.org/0000-0003-3014-1966
https://orcid.org/0000-0003-4540-6293
https://orcid.org/0000-0003-4540-6293
https://orcid.org/0000-0003-4540-6293
https://orcid.org/0000-0002-8251-8860
https://orcid.org/0000-0002-8251-8860
https://orcid.org/0000-0002-8251-8860
https://doi.org/10.1038/nrn2961
https://pubmed.ncbi.nlm.nih.gov/21170073
https://pubmed.ncbi.nlm.nih.gov/21170073
https://doi.org/10.1371/journal.pcbi.1000092
https://pubmed.ncbi.nlm.nih.gov/18769680
https://pubmed.ncbi.nlm.nih.gov/18769680
https://doi.org/10.1523/jneurosci.2523-11.2012
https://pubmed.ncbi.nlm.nih.gov/22399758
https://pubmed.ncbi.nlm.nih.gov/22399758
https://doi.org/10.1098/rsta.2018.0132
https://pubmed.ncbi.nlm.nih.gov/31329065
https://pubmed.ncbi.nlm.nih.gov/31329065
https://doi.org/10.1162/netn_a_00299
https://pubmed.ncbi.nlm.nih.gov/37397876
https://pubmed.ncbi.nlm.nih.gov/37397876
https://doi.org/10.1371/journal.pcbi.1012647
https://pubmed.ncbi.nlm.nih.gov/39637233
https://pubmed.ncbi.nlm.nih.gov/39637233
https://doi.org/10.1016/j.neuroimage.2015.01.002
https://pubmed.ncbi.nlm.nih.gov/25592995
https://pubmed.ncbi.nlm.nih.gov/25592995
https://doi.org/10.1073/pnas.1906694116
https://pubmed.ncbi.nlm.nih.gov/31826956
https://pubmed.ncbi.nlm.nih.gov/31826956
https://doi.org/10.1523/JNEUROSCI.0905-19.2020
https://pubmed.ncbi.nlm.nih.gov/32513827
https://pubmed.ncbi.nlm.nih.gov/32513827
https://doi.org/10.1523/eneuro.0283-21.2021
https://pubmed.ncbi.nlm.nih.gov/34583933
https://pubmed.ncbi.nlm.nih.gov/34583933
https://doi.org/10.1186/2190-8567-2-10
https://pubmed.ncbi.nlm.nih.gov/22657695
https://pubmed.ncbi.nlm.nih.gov/22657695
https://doi.org/10.1016/j.amc.2018.03.084
https://elifesciences.org/subjects/neuroscience

s eLife

[18]

[19]

Neuroscience

Spiegler A., Knésche T. R., Schwab K., Haueisen J., Atay F. M. (2011) Modeling brain resonance
phenomena using a neural mass model. PLoS computational biology 7:€1002298
https://doi.org/10.1371/journal.pcbi.1002298 | PubMed

Touboul J., Wendling F., Chauvel P., Faugeras O. (2011) Neural mass activity, bifurcations, and
epilepsy. Neural computation 23:3232-3286 https://doi.org/10.1162/neco_a_00206 | PubMed

Nevado-Holgado A. J., Marten F., Richardson M. P., Terry J. R. (2012) Characterising the dynamics of
eeg waveforms as the path through parameter space of a neural mass model: application to
epilepsy seizure evolution. Neuroimage 59:2374-2392
https://doi.org/10.1016/j.neuroimage.2011.08.111 | PubMed

Hocepied G., Legros B., Van Bogaert P., Grenez F., Nonclercq A. (2013) Early detection of epileptic
seizures based on parameter identification of neural mass model. Computers in biology and medicine
43:1773-1782 https://doi.org/10.1016/j.compbiomed.2013.08.022 | PubMed

El Houssaini K., Ivanov A. I, Bernard C., Jirsa V. K. (2015) Seizures, refractory status epilepticus, and
depolarization block as endogenous brain activities. Physical Review E 91:010701
https://doi.org/10.1103/physreve.91.010701 | PubMed

Proix T., Bartolomei F., Guye M., Jirsa V. K. (2017) Individual brain structure and modelling predict
seizure propagation. Brain 140:641-654 PubMed | https://doi.org/10.1093/brain/awx004

Wilson H. R., Cowan J. D. (1972) Excitatory and inhibitory interactions in localized populations of
model neurons. Biophysical journal 12:1-24 https://doi.org/10.1016/s0006-3495(72)86068-5 |
PubMed

David O., Friston K. J. (2003) A neural mass model for meg/eeg:: coupling and neuronal dynamics.
NeuroImage 20:1743-1755 https://doi.org/10.1016/j.neuroimage.2003.07.015 | PubMed

Moran R. J., et al. (2007) A neural mass model of spectral responses in electrophysiology.
Neurolmage 37:706-720 https://doi.org/10.1016/j.neuroimage.2007.05.032 | PubMed

Wong K. F., Wang X. J. (2006) A recurrent network mechanism of time integration in perceptual
decisions. Journal of Neuroscience 26:1314-1328 https://doi.org/10.1523/JNEUROSCI.3733-05.2006 |
PubMed

Izhikevich E. M., Edelman G. M. (2008) Large-scale model of mammalian thalamocortical systems.
Proceedings of the national academy of sciences 105:3593-3598
https://doi.org/10.1073/pnas.0712231105 | PubMed

Petkoski S., Stefanovska A. (2012) Kuramoto model with time-varying parameters. Physical Review E
86:046212 https://doi.org/10.1103/physreve.86.046212 | PubMed

Montbrié E., Paz6 D., Roxin A. (2015) Macroscopic description for networks of spiking neurons.
Physical Review X 5:021028 https://doi.org/10.1103/physrevx.5.021028

Montbrié E., Paz6 D. (2020) Exact mean-field theory explains the dual role of electrical synapses in
collective synchronization. Physical Review Letters 125:248101
https://doi.org/10.1103/physrevlett.125.248101 | PubMed

Laing C. R. (2017) Phase oscillator network models of brain dynamics.Computational models of
brain and behavior. In: Moustafa A. A. (Ed). Computational Models of Brain and Behavior Wiley.

Byrne A., Brookes M. J., Coombes S. (2017) A mean field model for movement induced changes in the
beta rhythm. Journal of computational neuroscience 43:143-158 https://doi.org/10.1007/s10827-017-
0655-7 | PubMed

Devalle F., Montbri6 E., Paz6 D. (2018) Dynamics of a large system of spiking neurons with synaptic
delay. Physical Review E 98:042214 https://doi.org/10.1103/physreve.98.042214

Benitez Stulz S., Castro S., Dumont G., Gutkin B., Battaglia D. (2024) Compensating functional
connectivity changes due to structural connectivity damage via modifications of local dynamics.
bioRxiv https://doi.org/10.1101/2024.05.31.596792

Jirsa V. K., Stacey W. C., Quilichini P. P,, Ivanov A. I, Bernard C. (2014) On the nature of seizure
dynamics. Brain 137:2210-2230 https://doi.org/10.1093/brain/awu133 | PubMed

Rabuffo, Bandyopadhyay et al., 2025 eLife 14:RP104249. https://doi.org/10.7554/eLife.104249.2 31 of 68


https://doi.org/10.7554/eLife.104249.2
https://elifesciences.org/?utm_source=pdf&utm_medium=article-pdf&utm_campaign=PDF_tracking
https://doi.org/10.1371/journal.pcbi.1002298
https://pubmed.ncbi.nlm.nih.gov/22215992
https://pubmed.ncbi.nlm.nih.gov/22215992
https://doi.org/10.1162/neco_a_00206
https://pubmed.ncbi.nlm.nih.gov/21919787
https://pubmed.ncbi.nlm.nih.gov/21919787
https://doi.org/10.1016/j.neuroimage.2011.08.111
https://pubmed.ncbi.nlm.nih.gov/21945471
https://pubmed.ncbi.nlm.nih.gov/21945471
https://doi.org/10.1016/j.compbiomed.2013.08.022
https://pubmed.ncbi.nlm.nih.gov/24209923
https://pubmed.ncbi.nlm.nih.gov/24209923
https://doi.org/10.1103/physreve.91.010701
https://pubmed.ncbi.nlm.nih.gov/25679555
https://pubmed.ncbi.nlm.nih.gov/25679555
https://pubmed.ncbi.nlm.nih.gov/28364550
https://doi.org/10.1093/brain/awx004
https://doi.org/10.1093/brain/awx004
https://doi.org/10.1016/s0006-3495(72)86068-5
https://pubmed.ncbi.nlm.nih.gov/4332108
https://pubmed.ncbi.nlm.nih.gov/4332108
https://doi.org/10.1016/j.neuroimage.2003.07.015
https://pubmed.ncbi.nlm.nih.gov/14642484
https://pubmed.ncbi.nlm.nih.gov/14642484
https://doi.org/10.1016/j.neuroimage.2007.05.032
https://pubmed.ncbi.nlm.nih.gov/17632015
https://pubmed.ncbi.nlm.nih.gov/17632015
https://doi.org/10.1523/JNEUROSCI.3733-05.2006
https://pubmed.ncbi.nlm.nih.gov/16436619
https://pubmed.ncbi.nlm.nih.gov/16436619
https://doi.org/10.1073/pnas.0712231105
https://pubmed.ncbi.nlm.nih.gov/18292226
https://pubmed.ncbi.nlm.nih.gov/18292226
https://doi.org/10.1103/physreve.86.046212
https://pubmed.ncbi.nlm.nih.gov/23214668
https://pubmed.ncbi.nlm.nih.gov/23214668
https://doi.org/10.1103/physrevx.5.021028
https://doi.org/10.1103/physrevlett.125.248101
https://pubmed.ncbi.nlm.nih.gov/33412049
https://pubmed.ncbi.nlm.nih.gov/33412049
https://doi.org/10.1007/s10827-017-0655-7
https://doi.org/10.1007/s10827-017-0655-7
https://pubmed.ncbi.nlm.nih.gov/28748303
https://pubmed.ncbi.nlm.nih.gov/28748303
https://doi.org/10.1103/physreve.98.042214
https://doi.org/10.1101/2024.05.31.596792
https://doi.org/10.1093/brain/awu133
https://pubmed.ncbi.nlm.nih.gov/24919973
https://pubmed.ncbi.nlm.nih.gov/24919973
https://elifesciences.org/subjects/neuroscience

s eLife
(32]

33]

[45]

[46]

[47]

Neuroscience

Jirsa V. K., et al. (2017) The virtual epileptic patient: individualized wholebrain models of epilepsy
spread. Neuroimage 145:377-388 https://doi.org/10.1016/j.neuroimage.2016.04.049 | PubMed

Deco G., et al. (2021) Dynamical consequences of regional heterogeneity in the brain’s
transcriptional landscape. Science Advances 7 https://doi.org/10.1126/sciadv.abf4752 | PubMed

Amunts K., Mohlberg H., Bludau S., Zilles K. (2020) Julich-Brain: A 3D probabilistic atlas of the human
brain’s cytoarchitecture. Science 369:988-992 https://doi.org/10.1126/science.abb4588 | PubMed

Depannemaecker D., Destexhe A,, Jirsa V., Bernard C. (2021) Modeling seizures: from single neurons
to networks. Seizure 90:4-8 https://doi.org/10.1016/j.seizure.2021.06.015 | PubMed

Carlu M., et al. (2020) A mean-field approach to the dynamics of networks of complex neurons, from
nonlinear integrate-and-fire to hodgkin-huxley models. Journal of Neurophysiology 123:1042-1051
https://doi.org/10.1152/jn.00399.2019 | PubMed

Shriki 0., Hansel D., Sompolinsky H. (2003) Rate models for conductancebased cortical neuronal
networks. Neural computation 15:1809-1841 https://doi.org/10.1162/08997660360675053 | PubMed

Roxin A., Brunel N., Hansel D. (2005) Role of delays in shaping spatiotemporal dynamics of neuronal
activity in large networks. Physical review letters 94:238103
https://doi.org/10.1103/physrevlett.94.238103 | PubMed

Luke T. B., Barreto E., So P. (2013) Complete classification of the macroscopic behavior of a
heterogeneous network of theta neurons. Neural computation 25:3207-3234
https://doi.org/10.1162/neco_a_00525 | PubMed

Ashwin P., Coombes S., Nicks R. (2016) Mathematical frameworks for oscillatory network dynamics in
neuroscience. The Journal of Mathematical Neuroscience 6:1-92 https://doi.org/10.1186/s13408-015-
0033-6 | PubMed

Hashemi M., et al. (2025) Principles and operation of virtual brain twins. In: IEEE Reviews in
Biomedical Engineering. pp. 111-139 https://doi.org/10.1109/RBME.2025.3562951

Byrne A., O'Dea R. D., Forrester M., Ross J., Coombes S. (2020) Nextgeneration neural mass and field
modeling. Journal of neurophysiology 123:726-742 https://doi.org/10.1152/jn.00406.2019 | PubMed

Byrne A., Ross )., Nicks R., Coombes S. (2022) Mean-field models for eeg/meg: from oscillations to
waves. Brain topography 35:36-53 https://doi.org/10.1007/s10548-021-00842-4 | PubMed

Gerster M., et al. (2021) Patient-specific network connectivity combined with a next generation
neural mass model to test clinical hypothesis of seizure propagation. Frontiers in Systems
Neuroscience 15:675272 https://doi.org/10.3389/fnsys.2021.675272 | PubMed

Fousek J., et al. (2024) Symmetry breaking organizes the brain’s resting state manifold. Scientific
reports 14:31970 https://doi.org/10.1038/s41598-024-83542-w | PubMed

Gudibanda K., Fousek J., Petkoski S., Jirsa V. (2025) The role of symmetry breaking in connectivity and
neurodegeneracy in the brain’s resting state dynamics. bioRxiv
https://doi.org/10.1101/2025.02.10.637533

Lavanga M., et al. (2023) The virtual aging brain: Causal inference supports interhemispheric
dedifferentiation in healthy aging. NeuroImage 283:120403
https://doi.org/10.1016/j.neuroimage.2023.120403 | PubMed

Breyton M., et al. (2024) Spatiotemporal brain complexity quantifies consciousness outside of
perturbation paradigms. eLife 13:RP98920 https://doi.org/10.7554/elife.98920

Taher H., Torcini A., Olmi S. (2020) Exact neural mass model for synaptic-based working memory.
PLOS Computational Biology 16:1008533 https://doi.org/10.1371/journal.pcbi.1008533 | PubMed

Gast R., Kngsche T. R., Schmidt H. (2021) Mean-field approximations of networks of spiking neurons
with short-term synaptic plasticity. Physical Review E 104:044310
https://doi.org/10.1103/physreve.104.044310 | PubMed

Rabuffo, Bandyopadhyay et al., 2025 eLife 14:RP104249. https://doi.org/10.7554/eLife.104249.2 32 of 68


https://doi.org/10.7554/eLife.104249.2
https://elifesciences.org/?utm_source=pdf&utm_medium=article-pdf&utm_campaign=PDF_tracking
https://doi.org/10.1016/j.neuroimage.2016.04.049
https://pubmed.ncbi.nlm.nih.gov/27477535
https://pubmed.ncbi.nlm.nih.gov/27477535
https://doi.org/10.1126/sciadv.abf4752
https://pubmed.ncbi.nlm.nih.gov/34261652
https://pubmed.ncbi.nlm.nih.gov/34261652
https://doi.org/10.1126/science.abb4588
https://pubmed.ncbi.nlm.nih.gov/32732281
https://pubmed.ncbi.nlm.nih.gov/32732281
https://doi.org/10.1016/j.seizure.2021.06.015
https://pubmed.ncbi.nlm.nih.gov/34219016
https://pubmed.ncbi.nlm.nih.gov/34219016
https://doi.org/10.1152/jn.00399.2019
https://pubmed.ncbi.nlm.nih.gov/31851573
https://pubmed.ncbi.nlm.nih.gov/31851573
https://doi.org/10.1162/08997660360675053
https://pubmed.ncbi.nlm.nih.gov/14511514
https://pubmed.ncbi.nlm.nih.gov/14511514
https://doi.org/10.1103/physrevlett.94.238103
https://pubmed.ncbi.nlm.nih.gov/16090506
https://pubmed.ncbi.nlm.nih.gov/16090506
https://doi.org/10.1162/neco_a_00525
https://pubmed.ncbi.nlm.nih.gov/24047318
https://pubmed.ncbi.nlm.nih.gov/24047318
https://doi.org/10.1186/s13408-015-0033-6
https://doi.org/10.1186/s13408-015-0033-6
https://pubmed.ncbi.nlm.nih.gov/26739133
https://pubmed.ncbi.nlm.nih.gov/26739133
https://doi.org/10.1109/RBME.2025.3562951
https://doi.org/10.1152/jn.00406.2019
https://pubmed.ncbi.nlm.nih.gov/31774370
https://pubmed.ncbi.nlm.nih.gov/31774370
https://doi.org/10.1007/s10548-021-00842-4
https://pubmed.ncbi.nlm.nih.gov/33993357
https://pubmed.ncbi.nlm.nih.gov/33993357
https://doi.org/10.3389/fnsys.2021.675272
https://pubmed.ncbi.nlm.nih.gov/34539355
https://pubmed.ncbi.nlm.nih.gov/34539355
https://doi.org/10.1038/s41598-024-83542-w
https://pubmed.ncbi.nlm.nih.gov/39738729
https://pubmed.ncbi.nlm.nih.gov/39738729
https://doi.org/10.1101/2025.02.10.637533
https://doi.org/10.1016/j.neuroimage.2023.120403
https://pubmed.ncbi.nlm.nih.gov/37865260
https://pubmed.ncbi.nlm.nih.gov/37865260
https://doi.org/10.7554/elife.98920
https://doi.org/10.1371/journal.pcbi.1008533
https://pubmed.ncbi.nlm.nih.gov/33320855
https://pubmed.ncbi.nlm.nih.gov/33320855
https://doi.org/10.1103/physreve.104.044310
https://pubmed.ncbi.nlm.nih.gov/34781468
https://pubmed.ncbi.nlm.nih.gov/34781468
https://elifesciences.org/subjects/neuroscience

s eLife

[56]

[57]

[60]

[61]

[62]

[63]

Neuroscience

Taher H., Avitabile D., Desroches M. (2022) Bursting in a next generation neural mass model with
synaptic dynamics: a slow-fast approach. Nonlinear Dynamics 108:4261-4285
https://doi.org/10.1007/s11071-022-07406-6

Gast R., Schmidt H., Knésche T. R. (2020) A mean-field description of bursting dynamics in spiking
neural networks with short-term adaptation. Neural computation 32:1615-1634
https://doi.org/10.1162/neco_a_01300 | PubMed

Ferrara A., Angulo-Garcia D., Torcini A., OImi S. (2023) Population spiking and bursting in next-
generation neural masses with spike-frequency adaptation. Physical Review E 107:024311
https://doi.org/10.1103/physreve.107.024311 | PubMed

Duchet B., Bick C., Byrne A. (2023) Mean-field approximations with adaptive coupling for networks
with spike-timing-dependent plasticity. Neural computation 35:1481-1528
https://doi.org/10.1162/neco_a_01601 | PubMed

Goldobin D. S. (2021) Mean-field models of populations of quadratic integrateand-fire neurons with
noise on the basis of the circular cumulant approach. Chaos: An Interdisciplinary Journal of Nonlinear
Science 31 https://doi.org/10.1063/5.0061575 | PubMed

Klinshov V. V., Kirillov S. Y. (2022) Shot noise in next-generation neural mass models for finite-size
networks. Physical Review E 106:L062302 https://doi.org/10.1103/physreve.106.1062302 | PubMed

Goldobin D. S., Di Volo M., Torcini A. (2021) Reduction methodology for fluctuation driven population
dynamics. Physical Review Letters 127:038301 https://doi.org/10.1103/physrevlett.127.038301 |
PubMed

Guerreiro I C., Di Volo M., Gutkin B. (2022) A new generation of reduction methods for networks of
neurons with complex dynamic phenotypes. arXiv https://doi.org/10.48550/arxiv.2206.10370

Chen L., Campbell S. A. (2022) Exact mean-field models for spiking neural networks with adaptation.
Journal of Computational Neuroscience 50:445-469 https://doi.org/10.1007/s10827-022-00825-9 |
PubMed

Gast R., Solla S. A., Kennedy A. (2023) Macroscopic dynamics of neural networks with heterogeneous
spiking thresholds. Physical Review E 107:024306 https://doi.org/10.1103/physreve.107.024306 |
PubMed

Ding F., et al. (2016) Changes in the composition of brain interstitial ions control the sleep-wake
cycle. Science 352:550-555 https://doi.org/10.1126/science.aad4821 | PubMed

Rasmussen R., Jensen M. H., Heltberg M. L. (2017) Chaotic dynamics mediate brain state transitions,
driven by changes in extracellular ion concentrations. Cell Systems 5:591-603
https://doi.org/10.1016/j.cels.2017.11.011 | PubMed

Marchetti C., Tabak )., Chub N., O’'Donovan M. J., Rinzel J. (2005) Modeling spontaneous activity in the
developing spinal cord using activity-dependent variations of intracellular chloride. journal of
Neuroscience 25:3601-3612 https://doi.org/10.1523/jneurosci.4290-04.2005 | PubMed

Rasmussen R., et al. (2019) Cortex-wide changes in extracellular potassium ions parallel brain state
transitions in awake behaving mice. Cell reports 28:1182-1194
https://doi.org/10.1016/j.celrep.2019.06.082 | PubMed

Krishnan G. P., Gonzalez O. C., Bazhenov M. (2018) Origin of slow spontaneous resting-state neuronal
fluctuations in brain networks. Proceedings of the National Academy of Sciences 115:6858-6863
https://doi.org/10.1073/pnas.1715841115 | PubMed

Amzica F., Massimini M., Manfridi A. (2002) Spatial buffering during slow and paroxysmal sleep
oscillations in cortical networks of glial cells in vivo. Journal of Neuroscience 22:1042-1053
https://doi.org/10.1523/jneurosci.22-03-01042.2002 | PubMed

Ransom C. B., Ransom B. R., Sontheimer H. (2000) Activity-dependent extracellular k+ accumulation in
rat optic nerve: the role of glial and axonal na+ pumps. The journal of physiology 522:427-442
https://doi.org/10.1111/j.1469-7793.2000.00427.x | PubMed

Rabuffo, Bandyopadhyay et al.,

2025 eLife 14:RP104249. https://doi.org/10.7554/eLife.104249.2 33 of 68


https://doi.org/10.7554/eLife.104249.2
https://elifesciences.org/?utm_source=pdf&utm_medium=article-pdf&utm_campaign=PDF_tracking
https://doi.org/10.1007/s11071-022-07406-6
https://doi.org/10.1162/neco_a_01300
https://pubmed.ncbi.nlm.nih.gov/32687770
https://pubmed.ncbi.nlm.nih.gov/32687770
https://doi.org/10.1103/physreve.107.024311
https://pubmed.ncbi.nlm.nih.gov/36932567
https://pubmed.ncbi.nlm.nih.gov/36932567
https://doi.org/10.1162/neco_a_01601
https://pubmed.ncbi.nlm.nih.gov/37437202
https://pubmed.ncbi.nlm.nih.gov/37437202
https://doi.org/10.1063/5.0061575
https://pubmed.ncbi.nlm.nih.gov/34470229
https://pubmed.ncbi.nlm.nih.gov/34470229
https://doi.org/10.1103/physreve.106.l062302
https://pubmed.ncbi.nlm.nih.gov/36671128
https://pubmed.ncbi.nlm.nih.gov/36671128
https://doi.org/10.1103/physrevlett.127.038301
https://pubmed.ncbi.nlm.nih.gov/34328756
https://pubmed.ncbi.nlm.nih.gov/34328756
https://doi.org/10.48550/arxiv.2206.10370
https://doi.org/10.1007/s10827-022-00825-9
https://pubmed.ncbi.nlm.nih.gov/35834100
https://pubmed.ncbi.nlm.nih.gov/35834100
https://doi.org/10.1103/physreve.107.024306
https://pubmed.ncbi.nlm.nih.gov/36932598
https://pubmed.ncbi.nlm.nih.gov/36932598
https://doi.org/10.1126/science.aad4821
https://pubmed.ncbi.nlm.nih.gov/27126038
https://pubmed.ncbi.nlm.nih.gov/27126038
https://doi.org/10.1016/j.cels.2017.11.011
https://pubmed.ncbi.nlm.nih.gov/29248375
https://pubmed.ncbi.nlm.nih.gov/29248375
https://doi.org/10.1523/jneurosci.4290-04.2005
https://pubmed.ncbi.nlm.nih.gov/15814791
https://pubmed.ncbi.nlm.nih.gov/15814791
https://doi.org/10.1016/j.celrep.2019.06.082
https://pubmed.ncbi.nlm.nih.gov/31365863
https://pubmed.ncbi.nlm.nih.gov/31365863
https://doi.org/10.1073/pnas.1715841115
https://pubmed.ncbi.nlm.nih.gov/29884650
https://pubmed.ncbi.nlm.nih.gov/29884650
https://doi.org/10.1523/jneurosci.22-03-01042.2002
https://pubmed.ncbi.nlm.nih.gov/11826133
https://pubmed.ncbi.nlm.nih.gov/11826133
https://doi.org/10.1111/j.1469-7793.2000.00427.x
https://pubmed.ncbi.nlm.nih.gov/10713967
https://pubmed.ncbi.nlm.nih.gov/10713967
https://elifesciences.org/subjects/neuroscience

s eLife

Neuroscience

Cressman J. R., Ullah G., Ziburkus J., Schiff S. J., Barreto E. (2009) The influence of sodium and
potassium dynamics on excitability, seizures, and the stability of persistent states: I. single neuron
dynamics. Journal of computational neuroscience 26:159-170 https://doi.org/10.1007/s10827-008-
0132-4 | PubMed

Bazhenov M., Timofeev 1., Steriade M., Sejnowski T. J. (2004) Potassium model for slow (2-3 hz) in vivo
neocortical paroxysmal oscillations. Journal of neurophysiology 92:1116-1132
https://doi.org/10.1152/jn.00529.2003 | PubMed

Park E.-H., Durand D. M. (2006) Role of potassium lateral diffusion in nonsynaptic epilepsy: a
computational study. Journal of theoretical biology 238:666-682
https://doi.org/10.1016/}.jtbi.2005.06.015 | PubMed

Fréhlich F., Bazhenov M., Iragui-Madoz V., Sejnowski T. J. (2008) Potassium dynamics in the epileptic
cortex: new insights on an old topic. The Neuroscientist 14:422-433
https://doi.org/10.1177/1073858408317955 | PubMed

Orkand R. K., NichollsJ. G., Kuffler S. W. (1966) Effect of nerve impulses on the membrane potential of
glial cells in the central nervous system of amphibia. Journal of Neurophysiology 29:788-806
https://doi.org/10.1152/jn.1966.29.4.788 | PubMed

Breslin K., et al. (2018) Potassium and sodium microdomains in thin astroglial processes: A
computational model study. PLoS computational biology 14:e1006151
https://doi.org/10.1371/journal.pcbi.1006151 | PubMed

Nwaobi S. E., Cuddapah V. A, Patterson K. C., Randolph A. C., Olsen M. L. (2016) The role of glial-specific
kird. 1 in normal and pathological states of the cns. Acta neuropathologica 132:1-21
https://doi.org/10.1007/s00401-016-1553-1 | PubMed

Crunelli V., Carmignoto G., Steinhduser C. (2015) Novel astrocyte targets: new avenues for the
therapeutic treatment of epilepsy. The Neuroscientist 21:62-83
https://doi.org/10.1177/1073858414523320 | PubMed

Hansson E., et al. (2000) Astroglia and glutamate in physiology and pathology: aspects on glutamate
transport, glutamate-induced cell swelling and gapjunction communication. Neurochemistry
international 37:317-329 https://doi.org/10.1016/s0197-0186(00)00033-4 | PubMed

Bedner P., Steinhduser C. (2013) Altered kir and gap junction channels in temporal lobe epilepsy.
Neurochemistry international 63:682-687 https://doi.org/10.1016/j.neuint.2013.01.011 | PubMed

Depannemaecker D., et al. (2022) A unified physiological framework of transitions between seizures,
sustained ictal activity and depolarization block at the single neuron level. Jjournal of computational
neuroscience 50:33-49 https://doi.org/10.1007/s10827-022-00811-1 | PubMed

Ullah G., Cressman J. R., Barreto E., Schiff S. J. (2009) The influence of sodium and potassium dynamics
on excitability, seizures, and the stability of persistent states: Ii. network and glial dynamics. Journal
of computational neuroscience 26:171-183 https://doi.org/10.1007/s10827-008-0130-6 | PubMed

Ott E., Antonsen T. M. (2008) Low dimensional behavior of large systems of globally coupled
oscillators. Chaos: An Interdisciplinary Journal of Nonlinear Science 18
https://doi.org/10.1063/1.2930766 | PubMed

Saggio M. L., et al. (2020) A taxonomy of seizure dynamotypes. eLife 9:55632
https://doi.org/10.7554/eLife.55632 | PubMed

Gast R., Solla S. A, Kennedy A. (2022) Macroscopic dynamics of neural networks with heterogeneous
spiking thresholds. arXiv https://doi.org/10.48550/arxiv.2209.03501

Markram H., et al. (2015) Reconstruction and Simulation of Neocortical Microcircuitry. Cell
163:456-492 https://doi.org/10.1016/j.cell.2015.09.029 | PubMed

Frégnac Y. (2017) Big data and the industrialization of neuroscience: A safe roadmap for
understanding the brain?. Science 358:470-477 https://doi.org/10.1126/science.aan8866 | PubMed

Kuramoto Y. (1984) Chemical Oscillations, Waves, and Turbulence Vol. 19 of Springer Series in
Synergetics Springer Berlin Heidelberg. http://link.springer.com/10.1007/978-3-642-69689-3

Rabuffo, Bandyopadhyay et al., 2025 eLife 14:RP104249. https://doi.org/10.7554/eLife.104249.2 34 of 68


https://doi.org/10.7554/eLife.104249.2
https://elifesciences.org/?utm_source=pdf&utm_medium=article-pdf&utm_campaign=PDF_tracking
https://doi.org/10.1007/s10827-008-0132-4
https://doi.org/10.1007/s10827-008-0132-4
https://pubmed.ncbi.nlm.nih.gov/19169801
https://pubmed.ncbi.nlm.nih.gov/19169801
https://doi.org/10.1152/jn.00529.2003
https://pubmed.ncbi.nlm.nih.gov/15056684
https://pubmed.ncbi.nlm.nih.gov/15056684
https://doi.org/10.1016/j.jtbi.2005.06.015
https://pubmed.ncbi.nlm.nih.gov/16085109
https://pubmed.ncbi.nlm.nih.gov/16085109
https://doi.org/10.1177/1073858408317955
https://pubmed.ncbi.nlm.nih.gov/18997121
https://pubmed.ncbi.nlm.nih.gov/18997121
https://doi.org/10.1152/jn.1966.29.4.788
https://pubmed.ncbi.nlm.nih.gov/5966435
https://pubmed.ncbi.nlm.nih.gov/5966435
https://doi.org/10.1371/journal.pcbi.1006151
https://pubmed.ncbi.nlm.nih.gov/29775457
https://pubmed.ncbi.nlm.nih.gov/29775457
https://doi.org/10.1007/s00401-016-1553-1
https://pubmed.ncbi.nlm.nih.gov/26961251
https://pubmed.ncbi.nlm.nih.gov/26961251
https://doi.org/10.1177/1073858414523320
https://pubmed.ncbi.nlm.nih.gov/24609207
https://pubmed.ncbi.nlm.nih.gov/24609207
https://doi.org/10.1016/s0197-0186(00)00033-4
https://pubmed.ncbi.nlm.nih.gov/10812217
https://pubmed.ncbi.nlm.nih.gov/10812217
https://doi.org/10.1016/j.neuint.2013.01.011
https://pubmed.ncbi.nlm.nih.gov/23357483
https://pubmed.ncbi.nlm.nih.gov/23357483
https://doi.org/10.1007/s10827-022-00811-1
https://pubmed.ncbi.nlm.nih.gov/35031915
https://pubmed.ncbi.nlm.nih.gov/35031915
https://doi.org/10.1007/s10827-008-0130-6
https://pubmed.ncbi.nlm.nih.gov/19083088
https://pubmed.ncbi.nlm.nih.gov/19083088
https://doi.org/10.1063/1.2930766
https://pubmed.ncbi.nlm.nih.gov/19045487
https://pubmed.ncbi.nlm.nih.gov/19045487
https://doi.org/10.7554/eLife.55632
https://pubmed.ncbi.nlm.nih.gov/32691734
https://pubmed.ncbi.nlm.nih.gov/32691734
https://doi.org/10.48550/arxiv.2209.03501
https://doi.org/10.1016/j.cell.2015.09.029
https://pubmed.ncbi.nlm.nih.gov/26451489
https://pubmed.ncbi.nlm.nih.gov/26451489
https://doi.org/10.1126/science.aan8866
https://pubmed.ncbi.nlm.nih.gov/29074766
https://pubmed.ncbi.nlm.nih.gov/29074766
http://link.springer.com/10.1007/978-3-642-69689-3
https://elifesciences.org/subjects/neuroscience

s eLife

[89]
[90]
[91]

[92]

[95]

[96]
[97]

[98]

[99]

Neuroscience

Petkoski S., Iatsenko D., Basnarkov L., Stefanovska A. (2013) Meanfield and mean-ensemble
frequencies of a system of coupled oscillators. Physical Review E -Statistical, Nonlinear, and Soft Matter
Physics 87:1-12 https://doi.org/10.1103/PhysRevE.87.032908

Gerstner W., Kistler W. M. (2002) Spiking neuron models: Single neurons, populations, plasticity
Cambridge university press.

Rasmussen R., O'Donnell J., Ding F., Nedergaard M. (2020) Interstitial ions: A key regulator of state-
dependent neural activity?. Progress in neurobiology 193:101802
https://doi.org/10.1016/j.pneurobio.2020.101802 | PubMed

El Houssaini K., Ivanov A. I, Bernard C,, Jirsa V. K. (2015) Seizures, refractory status epilepticus, and
depolarization block as endogenous brain activities. Physical Review E - Statistical, Nonlinear, and Soft
Matter Physics 91:2-6 https://doi.org/10.1103/PhysRevE.91.010701 | PubMed

El Houssaini K., Bernard C., Jirsa V. K. (2020) The epileptor model: a systematic mathematical analysis
linked to the dynamics of seizures, refractory status epilepticus, and depolarization block. Eneuro 7
https://doi.org/10.1523/eneuro.0485-18.2019 | PubMed

Di Volo M., Romagnoni A., Capone C., Destexhe A. (2019) Biologically realistic mean-field models of
conductance-based networks of spiking neurons with adaptation. Neural computation 31:653-680
https://doi.org/10.1162/neco_a_01173 | PubMed

Zerlaut Y., Chemla S., Chavane F., Destexhe A. (2018) Modeling meso-scopic cortical dynamics using a
mean-field model of conductance-based networks of adaptive exponential integrate-and-fire
neurons. Journal of computational neuroscience 44:45-61 https://doi.org/10.1007/s10827-017-0668-2

Coombes S., Byrne A. (2019) in Next generation neural mass models. In: Corinto F., Torcini A. (Eds).
Nonlinear dynamics in computational neuroscience Springer. pp. 1-16

Plenz D., Kitai S. T. (1998) Up and down states in striatal medium spiny neurons simultaneously
recorded with spontaneous activity in fast-spiking interneurons studied in cortex-striatum-
substantia nigra organotypic cultures. Journal of Neuroscience 18:266-283
https://doi.org/10.1523/jneurosci.18-01-00266.1998 | PubMed

Cossart R., Aronov D., Yuste R. (2003) Attractor dynamics of network up states in the neocortex.
Nature 423:283-288 https://doi.org/10.1038/nature01614 | PubMed

Steriade M., Nunez A., Amzica F. (1993) A novel slow (<1 hz) oscillation of neocortical neurons in vivo:
depolarizing and hyperpolarizing components. The Journal of Neuroscience 13:3252-3265
https://doi.org/10.1523/jneurosci.13-08-03252.1993 | PubMed

Luczak A., Barthé P., Marguet S. L., Buzsaki G., Harris K. D. (2007) Sequential structure of neocortical
spontaneous activity in vivo. Proceedings of the National Academy of Sciences 104:347-352
https://doi.org/10.1073/pnas.0605643104 | PubMed

Vyazovskiy V. V., et al. (2011) Local sleep in awake rats. Nature 472:443-447
https://doi.org/10.1038/nature10009 | PubMed

Engel T. A., et al. (2016) Selective modulation of cortical state during spatial attention. Science
354:1140-1144 https://doi.org/10.1126/science.aag1420 | PubMed

[100] Jercog D., et al. (2017) UP-DOWN cortical dynamics reflect state transitions in a bistable network.

elife 6:22425 https://doi.org/10.7554/elife.22425 | PubMed

[101] Preti M. G., Bolton T. A., Van De Ville D. (2017) The dynamic functional connectome: State-of-the-art

and perspectives. Neuroimage 160:41-54 https://doi.org/10.1016/j.neuroimage.2016.12.061 |
PubMed

[102] Fisher R. S., Velasco A. L. (2014) Electrical brain stimulation for epilepsy. Nature Reviews Neurology

10:261-270 https://doi.org/10.1038/nrneurol.2014.59 | PubMed

[103] Kahane P., Depaulis A. (2010) Deep brain stimulation in epilepsy: what is next?. Current opinion in

neurology 23:177-182 https://doi.org/10.1097/wco.0b013e3283374a39 | PubMed

Rabuffo, Bandyopadhyay et al., 2025 eLife 14:RP104249. https://doi.org/10.7554/eLife.104249.2 35 of 68


https://doi.org/10.7554/eLife.104249.2
https://elifesciences.org/?utm_source=pdf&utm_medium=article-pdf&utm_campaign=PDF_tracking
https://doi.org/10.1103/PhysRevE.87.032908
https://doi.org/10.1016/j.pneurobio.2020.101802
https://pubmed.ncbi.nlm.nih.gov/32413398
https://pubmed.ncbi.nlm.nih.gov/32413398
https://doi.org/10.1103/PhysRevE.91.010701
https://pubmed.ncbi.nlm.nih.gov/25679555
https://pubmed.ncbi.nlm.nih.gov/25679555
https://doi.org/10.1523/eneuro.0485-18.2019
https://pubmed.ncbi.nlm.nih.gov/32066612
https://pubmed.ncbi.nlm.nih.gov/32066612
https://doi.org/10.1162/neco_a_01173
https://pubmed.ncbi.nlm.nih.gov/30764741
https://pubmed.ncbi.nlm.nih.gov/30764741
https://doi.org/10.1007/s10827-017-0668-2
https://doi.org/10.1523/jneurosci.18-01-00266.1998
https://pubmed.ncbi.nlm.nih.gov/9412506
https://pubmed.ncbi.nlm.nih.gov/9412506
https://doi.org/10.1038/nature01614
https://pubmed.ncbi.nlm.nih.gov/12748641
https://pubmed.ncbi.nlm.nih.gov/12748641
https://doi.org/10.1523/jneurosci.13-08-03252.1993
https://pubmed.ncbi.nlm.nih.gov/8340806
https://pubmed.ncbi.nlm.nih.gov/8340806
https://doi.org/10.1073/pnas.0605643104
https://pubmed.ncbi.nlm.nih.gov/17185420
https://pubmed.ncbi.nlm.nih.gov/17185420
https://doi.org/10.1038/nature10009
https://pubmed.ncbi.nlm.nih.gov/21525926
https://pubmed.ncbi.nlm.nih.gov/21525926
https://doi.org/10.1126/science.aag1420
https://pubmed.ncbi.nlm.nih.gov/27934763
https://pubmed.ncbi.nlm.nih.gov/27934763
https://doi.org/10.7554/elife.22425
https://pubmed.ncbi.nlm.nih.gov/28826485
https://pubmed.ncbi.nlm.nih.gov/28826485
https://doi.org/10.1016/j.neuroimage.2016.12.061
https://pubmed.ncbi.nlm.nih.gov/28034766
https://pubmed.ncbi.nlm.nih.gov/28034766
https://doi.org/10.1038/nrneurol.2014.59
https://pubmed.ncbi.nlm.nih.gov/24709892
https://pubmed.ncbi.nlm.nih.gov/24709892
https://doi.org/10.1097/wco.0b013e3283374a39
https://pubmed.ncbi.nlm.nih.gov/20125010
https://pubmed.ncbi.nlm.nih.gov/20125010
https://elifesciences.org/subjects/neuroscience

s eLife

Neuroscience

[104] Depannemaecker D., Carlu M., Bouté J., Destexhe A. (2022) A model for the propagation of seizure
activity in normal brain tissue. eneuro 9:ENEURO.0234-21.2022
https://doi.org/10.1523/eneuro.0234-21.2022 | PubMed

[105] Tottene A., et al. (2009) Enhanced excitatory transmission at cortical synapses as the basis for
facilitated spreading depression in cav2. 1 knockin migraine mice. Neuron 61:762-773
https://doi.org/10.1016/j.neuron.2009.01.027 | PubMed

[106] Vinogradova L. V. (2018) Initiation of spreading depression by synaptic and network hyperactivity:
Insights into trigger mechanisms of migraine aura. Cephalalgia 38:1177-1187
https://doi.org/10.1177/0333102417724151 | PubMed

[107] Hertz L., Chen Y. (2016) Importance of astrocytes for potassium ion (k+) homeostasis in brain and
glial effects of k+ and its transporters on learning. Neuroscience & Biobehavioral Reviews 71:484-505
https://doi.org/10.1016/j.neubiorev.2016.09.018 | PubMed

[108] Heinemann U., Konnerth A., Pumain R., Wadman W. (1986) Extracellular calcium and potassium
concentration changes in chronic epileptic brain tissue. Advances in neurology 44:641-661 PubMed

[109] Pocock J. M., Kettenmann H. (2007) Neurotransmitter receptors on microglia. Trends in neurosciences
30:527-535 https://doi.org/10.1016/].tins.2007.07.007 | PubMed

[110] Auld D. S., Robitaille R. (2003) Glial cells and neurotransmission: an inclusive view of synaptic
function. Neuron 40:389-400 https://doi.org/10.1016/s0896-6273(03)00607-x | PubMed

[111] Fernandez-Chacon R., et al. (2001) Synaptotagmin i functions as a calcium regulator of release
probability. Nature 410:41-49 https://doi.org/10.1038/35065004 | PubMed

[112] wang H. E., et al. (2023) Delineating epileptogenic networks using brain imaging data and
personalized modeling in drug-resistant epilepsy. Science Translational Medicine 15:eabp8982
https://doi.org/10.1126/scitranslmed.abp8982 | PubMed

[113] Jirsa V., et al. (2023) Personalised virtual brain models in epilepsy. The Lancet Neurology 22:443-454
https://doi.org/10.1016/s1474-4422(23)00008-x | PubMed

[114] Mody I., Lambert J., Heinemann U. (1987) Low extracellular magnesium induces epileptiform activity
and spreading depression in rat hippocampal slices. Journal of neurophysiology 57:869-888
https://doi.org/10.1152/jn.1987.57.3.869 | PubMed

[115] Quilichini P. P., Diabira D., Chiron C., Ben-Ari Y., Gozlan H. (2002) Persistent epileptiform activity
induced by low mg2+ in intact immature brain structures. European Journal of Neuroscience
16:850-860 https://doi.org/10.1046/j.1460-9568.2002.02143.x | PubMed

[116] Quilichini P. P., et al. (2003) Effects of antiepileptic drugs on refractory seizures in the intact
immature corticohippocampal formation in vitro. Epilepsia 44:1365-1374
https://doi.org/10.1046/j.1528-1157.2003.19503.x | PubMed

[117] Coan E., Collingridge G. (1985) Magnesium ions block an n-methyl-daspartate receptor-mediated
component of synaptic transmission in rat hippocampus. Neuroscience letters 53:21-26
https://doi.org/10.1016/0304-3940(85)90091-6 | PubMed

[118] Isaev D., et al. (2012) Surface charge impact in low-magnesium model of seizure in rat hippocampus.
Journal of Neurophysiology 107:417-423 https://doi.org/10.1152/jn.00574.2011 | PubMed

[119] Heinemann U., Arens . (1992) Production and calibration of ion-sensitive microelectrodes. In:
Kettenmann H., Grantyn R. (Eds). Practical Electrophysiological Methods Wiley. pp. 206-212

[120] Hodgkin A. L., Huxley A. F. (1952) A quantitative description of membrane current and its application
to conduction and excitation in nerve. The Journal of physiology 117:500-544
https://doi.org/10.1113/jphysiol.1952.sp004764 | PubMed

[121] capone C., Di Volo M., Romagnoni A., Mattia M., Destexhe A. (2019) State-dependent mean-field
formalism to model different activity states in conductance-based networks of spiking neurons.
Physical Review E 100:062413 https://doi.org/10.1103/physreve.100.062413 | PubMed

Rabuffo, Bandyopadhyay et al., 2025 eLife 14:RP104249. https://doi.org/10.7554/eLife.104249.2 36 of 68


https://doi.org/10.7554/eLife.104249.2
https://elifesciences.org/?utm_source=pdf&utm_medium=article-pdf&utm_campaign=PDF_tracking
https://doi.org/10.1523/eneuro.0234-21.2022
https://pubmed.ncbi.nlm.nih.gov/36323513
https://pubmed.ncbi.nlm.nih.gov/36323513
https://doi.org/10.1016/j.neuron.2009.01.027
https://pubmed.ncbi.nlm.nih.gov/19285472
https://pubmed.ncbi.nlm.nih.gov/19285472
https://doi.org/10.1177/0333102417724151
https://pubmed.ncbi.nlm.nih.gov/28750590
https://pubmed.ncbi.nlm.nih.gov/28750590
https://doi.org/10.1016/j.neubiorev.2016.09.018
https://pubmed.ncbi.nlm.nih.gov/27693230
https://pubmed.ncbi.nlm.nih.gov/27693230
https://pubmed.ncbi.nlm.nih.gov/3518350
https://doi.org/10.1016/j.tins.2007.07.007
https://pubmed.ncbi.nlm.nih.gov/17904651
https://pubmed.ncbi.nlm.nih.gov/17904651
https://doi.org/10.1016/s0896-6273(03)00607-x
https://pubmed.ncbi.nlm.nih.gov/14556716
https://pubmed.ncbi.nlm.nih.gov/14556716
https://doi.org/10.1038/35065004
https://pubmed.ncbi.nlm.nih.gov/11242035
https://pubmed.ncbi.nlm.nih.gov/11242035
https://doi.org/10.1126/scitranslmed.abp8982
https://pubmed.ncbi.nlm.nih.gov/36696482
https://pubmed.ncbi.nlm.nih.gov/36696482
https://doi.org/10.1016/s1474-4422(23)00008-x
https://pubmed.ncbi.nlm.nih.gov/36972720
https://pubmed.ncbi.nlm.nih.gov/36972720
https://doi.org/10.1152/jn.1987.57.3.869
https://pubmed.ncbi.nlm.nih.gov/3031235
https://pubmed.ncbi.nlm.nih.gov/3031235
https://doi.org/10.1046/j.1460-9568.2002.02143.x
https://pubmed.ncbi.nlm.nih.gov/12372021
https://pubmed.ncbi.nlm.nih.gov/12372021
https://doi.org/10.1046/j.1528-1157.2003.19503.x
https://pubmed.ncbi.nlm.nih.gov/14636342
https://pubmed.ncbi.nlm.nih.gov/14636342
https://doi.org/10.1016/0304-3940(85)90091-6
https://pubmed.ncbi.nlm.nih.gov/2859558
https://pubmed.ncbi.nlm.nih.gov/2859558
https://doi.org/10.1152/jn.00574.2011
https://pubmed.ncbi.nlm.nih.gov/22031777
https://pubmed.ncbi.nlm.nih.gov/22031777
https://doi.org/10.1113/jphysiol.1952.sp004764
https://pubmed.ncbi.nlm.nih.gov/12991237
https://pubmed.ncbi.nlm.nih.gov/12991237
https://doi.org/10.1103/physreve.100.062413
https://pubmed.ncbi.nlm.nih.gov/31962518
https://pubmed.ncbi.nlm.nih.gov/31962518
https://elifesciences.org/subjects/neuroscience

7 eLife

Neuroscience

[122] Nicola W., Campbell S. A. (2013) Bifurcations of large networks of two-dimensional integrate and fire

neurons. Journal of computational neuroscience 35:87-108 https://doi.org/10.1007/s10827-013-0442-z
| PubMed

Peer reviews
Reviewer #1 (Public review):

Summary:

In this manuscript the authors derive a mean-field model for a network of Hodgkin-Huxley
neurons retaining the equations for ion exchange between the intracellular and extracellular
space.

The mean-field model derived in this work relies on approximations and heuristic arguments
that, on the one hand, allow a closed-form derivation of the mean-field equations, and on the
other hand restrict its validity to a limited regime of activity corresponding to quasi-
synchronous neuronal populations. Therefore, rather than an exact mean-field
representation, the model provides a description of a mesoscopic population of connected
neurons driven by ion exchange dynamics.

Strengths:

The idea of deriving a mean-field model which relates the slow-timescale biophysical
mechanism of ion exchange and transportation in the brain to the fast-timescale electrical
activities of large neuronal ensembles.

Weaknesses:
The idea underlying this work is not completely implemented in practice.

The derived mean field model do not show a one-to-one correspondence with the neural
network simulations, except in strongly synchronous regimes. The agreement with the in
vitro experiment is hardly evident, both for the mean-field model and for the network model.
The assumptions made to derive the closed-form equations of the mean field model have not
been justified by any biological reason, they just allow for the mathematical derivation. The
final form of the mean-field equations do not clarify whether or not microscopic variables
are used together with macroscopic variables in an inconsistent mixture.

Comments on revisions:

The main weaknesses I listed in the first report are still present, since the authors did not
answer my questions on a solid basis. I report the list for completeness:

(1) It seems that the reduction methodology that is employed is not the most suitable one for
the single-neuron model they are considering.

(2) The formulation of the mean-field derivation is unnecessarily complicated. It could be
heavily simplified by following previously published approaches to derive biologically
realistic neural masses.

(3) The model seems to work only for highly synchronized situations and not for the standard
asynchronous evolution usually observed in neural circuits.

Therefore, my statement remains unchanged.
https://doi.org/10.7554/eLife.104249.2.sa2
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Reviewer #2 (Public review):

Summary:

The authors aiming in developing a neural mass model characterized by few collective
variables mimicking the dynamics of a network of Hodgkin - Huxley neurons encompassing
ion-exchange mechanisms. They describe in details the derivation of the mean-field model,
then they compare experimental results obtained for the hippocampus of a mice with the
neural network simulations and the mean-field results. Furthermore, they report a
bifurcation analysis of the developed model and simulation of a small network containing
various coupled neural masses, somehow moving towards the simulation of an entire
connectome.

Strengths:

The author attempts to develop a mean-field model for a globally coupled network of
heterogeneous Hodgkin-Huxley neurons with explicit ion exchange mechanism between the
cell interior and exterior.

Weaknesses:

(1) They do not employ the reduction methodology more suited for the single neuron model
they consider.

(2) Their derivation of the neural mass model is based on several assumptions, and not all
well justified.

(3) Their formulation of the mean-field derivation is unnecessary complicated, it can be
strongly simplified by following previously published approaches to derive biologically
realistic neural masses.

(4) Their model seems to work only for highly synchronized situations and not for the
standard asynchronous evolution usually observed in neural circuits.

General Statements:

The authors honestly declared the many limitations of their approach, once assumed this the
results of the mean-field are somehow inconsistent with the neural network simulations as
expected.

The authors suggest to employ this model for the simulations on the whole connectome to
follow seizure propagation, however I believe that a simpler model, as the Epileptor, remains
superior in this respect to this model. That indeed includes biophysical parameters but their
correspondence with the ones employed in the network dynamics remain elusive, due to the
many assumptions required to derive this mean field model. Furthermore it is more
complicated than the Epileptor, I do not think that the present model will be largely
employed by the community.

Comments on revisions:

The authors have corrected mistakes present in the manuscript and put a correct list of
references.

However, they refuse

(1) To simplify the formulation of the model, the model contains unnecessary complications,
as I have clearly written in my report, the authors agree, but they do not want to change the
formulation;
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(2) To derive the mean field model in a simpler way, as possible, and as I asked many times in
my Referee report, this would help the readers to understand the important aspect of the
derivation, without not needed and confusing complicated formulations;

(3) To compare direct simulations of the network with neural mass results in sub-section
"Bifurcation analysis: emergent network states and multistability" to show bistability, as I
asked.

As a matter of fact the performed modifications do not solve my previous doubts on the
validity of the results reported in the manuscript.

Therefore, my previous assessments remain valid.
https://doi.org/10.7554/eLife.104249.2.sa1

Author response:

The following is the authors’ response to the current reviews.
Reviewer #1 (Public review)
Summary:

In this manuscript the authors derive a mean-field model for a network of Hodgkin-
Huxley neurons retaining the equations for ion exchange between the intracellular and
extracellular space.

The mean-field model derived in this work relies on approximations and heuristic
arguments that, on the one hand, allow a closed-form derivation of the mean-field
equations, and on the other hand restrict its validity to a limited regime of activity
corresponding to quasi-synchronous neuronal populations. Therefore, rather than an
exact mean-field representation, the model provides a description of a mesoscopic
population of connected neurons driven by ion exchange dynamics.

Strengths:

The idea of deriving a mean-field model which relates the slow-timescale biophysical
mechanism of ion exchange and transportation in the brain to the fast-timescale
electrical activities of large neuronal ensembles.

Weaknesses:
The idea underlying this work is not completely implemented in practice.

The derived mean field model do not show a one-to-one correspondence with the neural
network simulations, except in strongly synchronous regimes. The agreement with the in
vitro experiment is hardly evident, both for the mean-field model and for the network
model. The assumptions made to derive the closed-form equations of the mean field
model have not been justified by any biological reason, they just allow for the
mathematical derivation. The final form of the mean-field equations do not clarify
whether or not microscopic variables are used together with macroscopic variables in an
inconsistent mixture.

Comments on revisions:

The main weaknesses I listed in the first report are still present, since the authors did not
answer my questions on a solid basis. I report the list for completeness:
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(1) It seems that the reduction methodology that is employed is not the most suitable one
for the single-neuron model they are considering.

(2) The formulation of the mean-field derivation is unnecessarily complicated. It could be
heavily simplified by following previously published approaches to derive biologically
realistic neural masses.

(3) The model seems to work only for highly synchronized situations and not for the
standard asynchronous evolution usually observed in neural circuits.

Therefore, my statement remains unchanged.
Reviewer #2 (Public review)
Summary:

The authors aiming in developing a neural mass model characterized by few collective
variables mimicking the dynamics of a network of Hodgkin - Huxley neurons
encompassing ion-exchange mechanisms. They describe in details the derivation of the
mean-field model , then they compare experimental results obtained for the
hippocampus of a mice with the neural network simulations and the mean-field results.
Furthermore, they report a bifurcation analysis of the developed model and simulation of
a small network containing various coupled neural masses, somehow moving towards
the simulation of an entire connectome.

Strengths:

The author attempts to develop a mean-field model for a globally coupled network of
heterogeneous Hodgkin-Huxley neurons with explicit ion exchange mechanism between
the cell interior and exterior.

Weaknesses:

(1) They do not employ the reduction methodology more suited for the single neuron
model they consider.

(2) Their derivation of the neural mass model is based on several assumptions, and not
all well justified.

(3) Their formulation of the mean-field derivation is unnecessary complicated, it can be
strongly simplified by following previously published approaches to derive biologically
realistic neural masses.

(4) Their model seems to work only for highly synchronized situations and not for the
standard asynchronous evolution usually observed in neural circuits.

General Statements:

The authors honestly declared the many limitations of their approach, once assumed this
the results of the mean-field are somehow inconsistent with the neural network
simulations as expected.

The authors suggest to employ this model for the simulations on the whole connectome
to follow seizure propagation, however I believe that a simpler model, as the Epileptor,
remains superior in this respect to this model. That indeed includes biophysical
parameters but their correspondence with the ones employed in the network dynamics
remain elusive, due to the many assumptions required to derive this mean field model.
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Furthermore it is more complicated than the Epileptor, I do not think that the present
model will be largely employed by the community.

Comments on revisions:

The authors have corrected mistakes present in the manuscript and put a correct list of
references.

However, they refuse

(1) To simplify the formulation of the model, the model contains unnecessary
complications, as I have clearly written in my report, the authors agree, but they do not
want to change the formulation;

(2) To derive the mean field model in a simpler way, as possible, and as I asked many
times in my Referee report, this would help the readers to understand the important
aspect of the derivation, without not needed and confusing complicated formulations;

(3) To compare direct simulations of the network with neural mass results in sub-section
"Bifurcation analysis: emergent network states and multistability” to show bistability, as I
asked.

As a matter of fact the performed modifications do not solve my previous doubts on the
validity of the results reported in the manuscript.

Therefore, my previous assessments remain valid.

We thank the editors and the two reviewers for their continued engagement with our
manuscript. The three weaknesses retained from the first round are essentially identical
between the two public reviews:

(1) The reduction methodology is not the most suitable for the single-neuron model we
consider;

(ii) The mean-field derivation is unnecessarily complicated;

(iii) The model works only in highly synchronous regimes and does not reproduce the
asynchronous evolution typical of neural circuits.

Both reviewers explicitly note that their assessments remain unchanged and we have
decided not to alter the formulation of the model. We use this response to state—on the
public record—exactly where we agree with the reviewers, where we disagree, and why.

On point (i): the reduction methodology.

We fully agree with the reviewers' technical observation: the Ott-Antonsen / Lorentzian-
ansatz reduction in the form introduced by Montbrié, Paz6 and Roxin (2015) is exact for
canonical Type I neurons (QIF), whose membrane-potential equation is quadratic, and is not
directly applicable to a Type II / Hodgkin—-Huxley-type neuron whose voltage dynamics is
cubic-like. On this point there is no disagreement.

Where we differ is in the conclusion the reviewers draw from this observation. The
reviewers read our work as applying an inappropriate reduction methodology to an
inappropriate neuron model. We instead positioned our work, from the outset, as an
extension of that methodology: we keep the biophysically detailed Hodgkin-Huxley substrate
(because it is the only level at which extracellular ion concentrations, depolarization block,
bursting and seizure-like events are biophysically grounded), and we adapt the reduction by
approximating the cubic voltage nullcline as a piece-wise quadratic with two parabolas of
opposite curvature. This is explicitly an approximate, not exact, mean-field. The Lorentzian
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ansatz is then applied on each branch of the piece-wise quadratic, with the limitations of this
construction analyzed in the manuscript.

The reviewers' alternative—starting from a Type I canonical model and grafting on
biophysical features—would indeed yield an exact mean-field, but it would forfeit precisely
what motivates our work: a tractable mesoscopic description in which the slow variables are
physiologically interpretable ion concentrations rather than phenomenological parameters.
The trade-off is that we give up exact rigour in order to construct a bridge between the
Montbrid-style next-generation neural mass models on one side and the Epileptor on the
other, with the additional benefit that the parameters of the resulting neural mass retain a
biophysical correspondence (e.g., [K*]_bath, A[K"]_int, [K']_g, the gating variable n) that the
Epileptor does not afford.

We therefore respectfully maintain our position: the methodology is not "the wrong
reduction for a Type II neuron"; it is an extended reduction designed to be applicable beyond
the Type I case, with explicitly characterized validity.

On point (ii): the formulation is unnecessarily complicated.

We agree with the reviewers that, given the assumptions we ultimately adopt, namely that
the gating variable n and the potassium concentrations A[K*]_int and [K'] _g are treated as
collective (mesoscopic) variables shared by the population, with n a function of the average
membrane potential, the closed neural mass equations could be reached by the more direct
path used by Guerreiro et al. (2022) and the related literature (R1-R7). In the revised
manuscript we now state this explicitly, and we note that the same five-dimensional system
arises under either derivation.

Our choice to follow Chen and Campbell (2022) is motivated by the fact that it makes each
approximation visible at the point where it is invoked. In particular, it exposes the moment-
closure step (Eq. 19), the vanishing-flux boundary condition (Eq. 28), and the locations where
microscopic and mesoscopic variables enter the description. We believe that for a reader
trying to extend our framework, for instance to a setting with partial heterogeneity in the
slow variables, or with stochastic gating, this is the more useful presentation. We have added
a remark stating that the simpler Guerreiro-type derivation reaches the same equations
under our assumptions, so that readers can take whichever route they find clearer.

On point (iii): the model only works in highly synchronous regimes.

Here we partially agree and partially disagree, and we would like the partial disagreement to
appear on the public record.
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We agree that the Lorentzian ansatz is, strictly, valid in regimes where the population's
membrane potential distribution is unimodal, that is, when essentially all neurons sit on the
same side of the threshold V* Where we disagree is with the implication that the mean-field
model fails outside the strongly synchronous regime. The supplementary analysis in Fig. S2,
added in the previous round, quantifies the error introduced by the first-moment
approximation of n as a collective variable across the full range of [K*]_bath values, spanning
quiescent, bursting, seizure-like, sustained ictal and depolarization-block dynamics. The
fraction of neurons whose gating variable deviates from the population mean is below 2% for
the parameters used throughout the manuscript, and the error becomes appreciable only
during the brief transitions between sub- and supra-threshold states. These are precisely the
moments at which the population is genuinely bimodal and the single-Lorentzian assumption
is theoretically expected to leak. In other words, the error peaks coincide with the moments
where our derivation tells us in advance that the assumption is locally invalid; the model
"knows where it fails." Away from these transitions, the mean-field tracks the population
average across all dynamical regimes shown in Fig. 3, not only in the most strongly
synchronized ones.

This is, in our view, the strongest argument we can make: we are not claiming exactness, and
we are not unaware of the limitations. We have characterized them analytically (the
construction of the piece-wise Lorentzian, and the theoretical reason a closed solution exists
only when the two branches collapse onto one), and we have characterized them numerically
(Fig. S2). The deviations are bounded, their location in parameter space is well identified, and
they coincide with transitions where the underlying assumption is locally violated. We
believe this constitutes a controlled approximation rather than an uncontrolled one, and we
would like this distinction to be visible to readers of the Reviewed Preprint.

We note, in this connection, that the reviewers' preferred reference point, the next-
generation neural mass model of Montbrid et al. (2015), which is exact and one-to-one with its
underlying network, is exact precisely because the underlying network is a network of QIF
neurons. The corresponding statement for a network of Hodgkin—-Huxley-type neurons with
explicit ion exchange does not, to our knowledge, exist in closed form, and may not exist at
all. The relevant question is therefore not whether our model matches the exactness of the
QIF case, but whether the controlled approximation we provide is useful. Given the
qualitative agreement with neural-network simulations across the full range of [K*]_bath, the
qualitative agreement with the in vitro recordings, and the recovery of the expected
bifurcation structure with new emergent regimes, we believe the answer is yes.

Other outstanding points in the review.

Reviewer 2 reiterates the view that the Epileptor remains superior for whole-connectome
seizure-propagation simulations because it is simpler and better characterized. We do not
dispute that the Epileptor is more thoroughly analyzed and more parsimonious. The
complementarity we propose is not a replacement but a parameter-grounding, as the
Epileptor's phenomenological parameters (excitability, slow permittivity) acquire, in the
present framework, an interpretation in terms of measurable biophysical quantities
(extracellular potassium, intracellular potassium variation, glial buffering).

We thank the reviewers and editors once again for their careful reading, and we are grateful
that the points of disagreement have been sharpened to a state where readers can judge them
transparently.

The following is the authors’ response to the original reviews.
Public Reviews:

Reviewer #1 (Public review):
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Summary:

In this manuscript, the authors derive a mean-field model for a network of Hodgkin-
Huxley neurons retaining the equations for ion exchange between the intracellular and
extracellular space.

The mean-field model derived in this work relies on approximations and heuristic
arguments that, on the one hand, allow a closed-form derivation of the mean-field
equations, and on the other hand restrict its validity to a limited regime of activity
corresponding to quasi-synchronous neuronal populations. Therefore, rather than an
exact mean-field representation, the model provides a description of a mesoscopic
population of connected neurons driven by ion exchange dynamics.

We agree with the reviewer's characterization. Our manuscript describes the derivation as
relying on "approximations and heuristic arguments" and states that "the derivation is not
exact"; what we provide is a controlled, approximate mesoscopic description in which the
slow variables are physiologically interpretable ion concentrations rather than
phenomenological parameters. An exact closed-form thermodynamic limit is, to our
knowledge, available only for canonical Type I (QIF) networks (Montbrid, Pazé and Roxin,
2015) and a few of their extensions; it is not currently known for a Hodgkin-Huxley-type
network with explicit ion-exchange dynamics. We acknowledge that the original description
of the regime of validity may have caused confusion on this point, and in the revised
manuscript we have therefore replaced the looser formulation "strongly synchronous
regimes" by the more accurate "regimes where the membrane-potential distribution is
unimodal and can be reasonably approximated by a Lorentzian" throughout the manuscript.

Strengths:

The idea of deriving a mean-field model that relates the slow-timescale biophysical
mechanism of ion exchange and transportation in the brain to the fast-timescale
electrical activities of large neuronal ensembles.

We thank the reviewer for recognizing the motivation behind our work. This explicit
coupling between slow biophysical ion dynamics and fast electrical activity is precisely the
feature we tried to preserve in the reduction, even at the cost of giving up exactness.

Weaknesses:
The idea underlying this work is not completely implemented in practice.

We address this general statement through the four specific sub-points the reviewer raises in
the paragraph that follows.

The derived mean field model does not show a one-to-one correspondence with the
neural network simulations, except in strongly synchronous regimes.

We partially agree and partially disagree. We agree that the Lorentzian ansatz is strictly valid
where the membrane-potential distribution is unimodal, i.e. when essentially all neurons sit
on the same side of the threshold V* We disagree with the implication that the mean-field
fails outside this regime. To make this claim quantitative, we added a new supplementary
figure (Fig. S2) that quantifies the deviation of individual neurons' gating variables from the
population mean across the full range of [K*]_bath values—quiescent, bursting, seizure-like,
sustained ictal and depolarization-block dynamics. The fraction of deviating neurons is below
2% for the parameters used in the manuscript, with localized peaks only during the brief,
genuinely bimodal transitions between sub- and supra-threshold states—precisely the
moments at which the theory predicts the assumption to be locally invalid. Away from these
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transitions, the mean-field tracks the population average across all dynamical regimes shown
in Fig. 3, not only in the strongly synchronized ones.

The agreement with the in vitro experiment is hardly evident, both for the mean-field
model and for the network model.

We acknowledge that the experimental and simulated traces in the original Fig. 4 did not
match quantitatively; this was never our intention. The figure and its caption have been
reorganized in the revised manuscript to frame the comparison as qualitative: we aim to
demonstrate the shared structure i.e., the slow modulation of fast population activity by
extracellular potassium fluctuations, rather than to claim a quantitative fit.

We also added two clarifications that account for the residual differences: (i) the network
simulations were intentionally run with rescaled biophysical parameters (membrane
capacitance, gating time constants) to keep the computational cost feasible, a standard
practice when the goal is to validate dynamical mechanisms rather than absolute timescales;
(ii) the in vitro LFP recordings were AC-coupled, so the slow DC components visible in the
mean-field traces are filtered out at acquisition.

The assumptions made to derive the closed-form equations of the mean-field model have
not been justified by any biological reason, they just allow for the mathematical
derivation.

We agree that the modelling assumptions were scattered through the original derivation. In
the revised manuscript, the three core assumptions are stated explicitly at the point of
derivation: (i) the gating variable n is treated as a collective, population-averaged variable;
(ii) the potassium concentrations A[K*]_int and [K']_g are homogeneous across the
population, biophysically justified by the rapid redistribution of ions through diffusion and
electrochemical gradients, which enforces near-instantaneous equilibration at the
mesoscopic scale; (iii) no heterogeneity is assumed at the level of ion dynamics. The meaning
of "locally homogeneous" is now defined explicitly.

On the biophysical motivation of the in vitro perturbation used in the experiment, we have
added a new Methods subsection that explains how low extracellular Mg2* unblocks NMDARs
and abolishes the divalent-cation stabilisation of the resting membrane potential,
depolarising hippocampal neurons and increasing the driving force for outward K* currents.
This provides a biophysical link between the experimental perturbation and the model's
main control parameter, the extracellular potassium concentration. We also added a
reference to the well-established model of epileptic discharges that underpins the
experiment.

The final form of the mean-field equations does not clarify whether or not microscopic
variables are used together with macroscopic variables in an inconsistent mixture.

We now explicitly acknowledge that in the spiking-network simulations the gating variable n
is microscopic (each neuron has its own n_i), whereas in the mean-field derivation it is
treated as mesoscopic and shared by the population. This asymmetry between modalities is
discussed both in the Results and in the Limitations sections, and is identified as a likely
source of some of the discrepancy between the two modalities.

We have also made the notation in Egs. (36)-(37) consistent (firing rate r used throughout, full
current-based dV/dt restored) and fixed the typos and broken equation/reference labels that
contributed to the impression of inconsistency (Eqs. 18, 28, 29; the Fig. 2(c) [K'] bath label; the
lost reference at line 696).

| Reviewer #2 (Public review):
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Summary:

The authors aim to develop a neural mass model characterized by a few collective
variables mimicking the dynamics of a network of Hodgkin - Huxley neurons
encompassing ion-exchange mechanisms. They describe in detail the derivation of the
mean-field model, then they compare experimental results obtained for the

hippocampus of a mouse with the neural network simulations and the mean-field results.
Furthermore, they report a bifurcation analysis of the developed model and simulation of
a small network containing various coupled neural masses, somehow moving towards
the simulation of an entire connectome.

We thank the reviewer for the accurate summary of the manuscript's structure and aims.
Strengths:

The author attempts to develop a mean-field model for a globally coupled network of
heterogeneous Hodgkin-Huxley neurons with an explicit ion exchange mechanism
between the cell interior and exterior.

We thank the reviewer for recognizing this objective. The retention of Hodgkin-Huxley
dynamics with explicit ion exchange is precisely the feature that distinguishes our
framework from QIF-based reductions, and it is what enables the slow variables of the
resulting mean-field to retain a direct biophysical interpretation.

Weaknesses:

(1) It seems that the reduction methodology that is employed is not the most suitable one
for the single-neuron model they are considering.

We agree, on technical grounds, with the observation: the Ott-Antonsen / Lorentzian-ansatz
reduction is exact for canonical Type I neurons (QIF) and is not directly applicable to a Type
II Hodgkin-Huxley-type neuron with a cubic-like voltage nullcline. Where we differ is in the
conclusion. We did not apply an inappropriate reduction to an inappropriate neuron; we
deliberately extended the methodology by approximating the cubic nullcline as a piece-wise
quadratic with two parabolas of opposite curvature, and then applying the Lorentzian ansatz
on each branch. The result is an explicitly approximate, biophysically grounded mean-field,
with its regime of validity stated and quantified (Fig. S2).

To make this positioning explicit, we have added a paragraph to the Introduction that situates
our work within the next-generation neural mass literature (Byrne et al. 2020; Montbrid, Pazo
& Roxin 2015; Guerreiro et al. 2022; Forrester et al. 2024; Perl et al. 2023; Gerster et al. 2021;
and works on short-term plasticity, adaptation, conductance-based reductions,

spike-timing-dependent plasticity, random connectivity and noise) and clarifies that we see
our contribution as complementary to these approaches, not as a competitor to the exact QIF
reductions.

(2) The authors' derivation of the neural mass model is based on several assumptions,
and not all well justified.

We agree that, in the original submission, the modelling assumptions were scattered through
the derivation. In the revised manuscript, the three core assumptions are stated explicitly at
the point of derivation: (i) the gating variable n is treated as a collective population-averaged
variable; (ii) the potassium concentrations A[K*]_int and [K*]_g are homogeneous across the
population, biophysically justified by the rapid redistribution of ions through diffusion and
electrochemical gradients, which enforces near-instantaneous equilibration at the
mesoscopic scale; (iii) no heterogeneity at the level of ion dynamics is assumed. The meaning
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of "locally homogeneous" is now defined explicitly. In addition, we have added Fig. S2, which
quantifies numerically the error introduced by the moment-closure assumption (deviation
below 2% for the parameters used in the manuscript).

(3) The formulation of the mean-field derivation is unnecessarily complicated. It could be
heavily simplified by following previously published approaches to derive biologically
realistic neural masses.

We agree that, under the assumptions ultimately adopted in our model—namely that n,
A[K*]_int and [K'] _g are mesoscopic—the final five-dimensional system can be reached by the
more direct path used by Guerreiro et al. (2022) and the related literature. We now state this
explicitly in the revised manuscript and note that the same system arises under either
derivation, so that the reader can take whichever route they find clearer. Our choice to retain
the Chen and Campbell (2022) formalism is pedagogical: it exposes the moment-closure step
(Eq. 19), the vanishing-flux boundary condition (Eq. 28), and the locations where microscopic
versus mesoscopic variables enter the description, which is the more useful presentation for
a reader wishing to extend the framework (e.g. to partial heterogeneity in the slow variables
or to stochastic gating). We also made the notation in Eqs. (36)-(37) consistent (firing rate r
used throughout, full current-based dV/dt restored) and fixed a number of typos and broken
equation/reference labels.

(4) The model seems to work only for highly synchronized situations and not for the
standard asynchronous evolution usually observed in neural circuits.

We partially agree and partially disagree. We agree that the Lorentzian ansatz is strictly valid
where the membrane-potential distribution is unimodal; we have replaced "strongly
synchronous regimes" by this more accurate formulation throughout the manuscript. We
disagree, however, with the implication that the mean-field is useful only in those regimes.
Fig. S2, added in this revision, explicitly quantifies the deviation across all dynamical regimes
(quiescent, bursting, seizure-like, sustained ictal and depolarization-block dynamics): it
remains below 2% for the parameters used in the manuscript, with localized peaks only
during the brief sub-to-supra-threshold transitions where the population is genuinely
bimodal. Away from these transitions, the mean-field tracks the population average across all
dynamical regimes shown in Fig. 3.

General Statements:

The authors honestly declared the many limitations of their approach. It is assumed that
the results of the mean-field are somehow inconsistent with the neural network
simulations as expected.

We thank the reviewer for acknowledging that the limitations are honestly declared. As
detailed above and quantified in Fig. S2, the deviation from the network simulations is
bounded and well characterized; it is not assumed but measured.

The authors suggest employing this model for the simulations on the whole connectome
to follow seizure propagation, however, I believe that the Epileptor remains superior in
this respect to this model. That indeed includes biophysical parameters but their
correspondence with the ones employed in the network dynamics remains elusive, due to
the many assumptions required to derive this mean-field model. Furthermore, it is more
complicated than the Epileptor, I do not think that the present model will be largely
employed by the community.

We do not propose our model as a direct replacement for the Epileptor and we do not dispute
that the Epileptor is more thoroughly analyzed and more parsimonious. The
complementarity we propose is not a replacement but a parameter-grounding: the Epileptor's
phenomenological parameters (excitability, slow permittivity) acquire, in our framework, a
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concrete interpretation in terms of measurable biophysical variables (extracellular
potassium, intracellular potassium variation, glial buffering). Retaining the Hodgkin-Huxley
substrate is essential to ground these variables biophysically.

To make this complementarity more visible, the Limitations and Discussion section has been
expanded to discuss the choice of a purely excitatory network as a first step (with excitatory-
inhibitory generalizations available via the synaptic reversal potential) and to point to
additional biological ingredients (calcium and other ions, plastic synapses, random
connectivity and noise, adaptation, spike-timing-dependent plasticity) that the framework
can accommodate, with reference to the next-generation neural mass literature.

We thank the reviewers and editors for their careful reading. We hope this public response
makes our reasoning, the limits of our approach, and the concrete revisions made in this
round transparent.

Recommendations for the authors:
Reviewer #1 (Recommendations for the authors):

(1) In general, the writing is scattered. Every time a model is introduced, one starts from
the general formulation only to find that a very simplified case is used with respect to
that formulation, which is very confusing. Authors need to reduce unnecessary
formulations that confuse the reader and make it clear which formulations are actually
used.

We thank the reviewer for this comment and understand the concern regarding the balance
between general formulations and specific approximations. Our intention in including the
more general equations and derivations (e.g., Eq. 7 and others) was pedagogical — to ensure
completeness and transparency in the modeling steps, especially for readers less familiar
with mean-field reductions of biophysically detailed models. These general forms also serve
to clarify the assumptions underlying the simplifications we employ. In the latest version, we
improved the clarity of core equations (e.g., Eq. 37), which form the basis of all simulations
presented (see details below, in the answer to question 14).

(2) The Introduction would benefit from a wider view of the literature. The literature on
exact mean field models (i.e. derived from the Lorentzian Ansatz) has flourished in the
last years. In particular, it would be worth considering the following papers, where exact
neural mass models are applied to perform whole-brain and large-scale brain
simulations:

Forrester, M., Petros, S., Cattell, O., Lai, Y. M., O'Dea, R. D., Sotiropoulos, S., & Coombes, S.
(2024). Whole brain functional connectivity: Insights from next generation neural mass
modelling incorporating electrical synapses. PLOS Computational Biology, 20(12),
e1012647.

Perl, Y. S., Zamora-Lopez, G., Montbrio, E, Monge-Asensio, M., Vohryzek, J., Fittipaldi, S.,

Campo, C. G., Moguilner, S., Ibanez, A., Tagliazucchi, E, Yeo, B. T. T, Kringelbach, M. L., &
Deco, G. (2023). The impact of regional heterogeneity in whole-brain dynamics in the
presence of oscillations. Network Neuroscience, 7(2), 632-660.

Byrne, Aine, James Ross, Rachel Nicks, and Stephen Coombes. "Mean-field models for
EEG/MEG: from oscillations to waves." Brain topography 35, no. 1 (2022): 36-53.
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Gerster, M., Taher, H., Skoch, A., Hlinka, J., Guye, M., Bartolomei, F.,... & Olmi, S. (2021).
Patient-specific network connectivity combined with a next generation neural mass
model to test clinical hypothesis of seizure propagation. Frontiers in Systems
Neuroscience, 15, 675272.

Byrne, Aine, Reuben D. O'Dea, Michael Forrester, James Ross, and Stephen Coombes.
"Next-generation neural mass and field modeling." Journal of neurophysiology 123, no. 2
(2020): 726-742.

Benitez-Stulz, Sophie, Samy Castro, Gregory Dumont, Boris Gutkin, and Demian
Battaglia. "Compensating functional connectivity changes due to structural connectivity
damage via modifications of local dynamics." bioRxiv (2024): 2024-05.

We have added the following paragraph:

“Recently, a class of these models, called next-generation neural mass models [42], has been
developed based on an analytical approach introduced by [25] that allowed for the exact
derivation of mean field parameters for a population of quadratic integrate-and-fire (QIF)
neurons. These can be linked to EEG/MEG oscillations [43], including epipeltic seizures [43],
and have been used to study various aspects of the whole-brain dynamics such as the low-
dimensional manifold of the resting state [45,46], aging [47] and neural signatures of
consciousness [48].”

We have also modified the preceding paragraph of the introduction that now reads:

“At the mesoscopic level, the observable properties of a neuronal ensemble are generally
explained by statistical physics formalism of mean-field theory [19-22]. Mean-field models
demonstrated a predictive value for studying the mesoscopic dynamics of neuronal
populations [23], providing statistical descriptions of neuronal networks [2, 19, 24-29], which
can be used to address questions related to network-level mechanisms [12, 24, 30].

In general, neural mass models have a low enough number of parameters to be tractable and
provide general intuitions regarding mechanisms underlying complex neuronal activity [31-
36]. For example, statistical population measures, such as the firing rate, can be used to assess
mesoscopic dynamics [1, 7, 31, 36-41].”

(3) Moreover, conductance-based models have been already implemented in neural mass
models not only in references [69, 71, 95], but also in:

Guerreiro, 1. C, Di Volo, M., & Gutkin, B. (2023). A new generation of reduction methods
for networks of neurons with complex dynamic phenotypes.

Capone, C.,, Di Volo, M., Romagnoni, A., Mattia, M., & Destexhe, A. (2019). State-dependent
mean-field formalism to model different activity states in conductance-based networks of
spiking neurons. Physical Review E, 100(6), 062413.

We have added the following sentence:

“Moreover, conductance-based couplings between the spiking neurons have been already
implemented in neural mass models [58, 59, 91, 93, 121], but without an extracellular
exchange mechanism.”

(4) Sec. 1.1 As previously established in the literature, a system of all-to-all coupled
neuronal equations can be solved exactly in the thermodynamic limit (i.e., infinite
neurons limit) if the single neuron membrane potential equation is a quadratic function
and if the instantaneous distribution of membrane potentials of neurons in a population
is described by a Lorentzian [Montbrid, E.,, Pazé, D. & Roxin, A. Physical Review X 5 (2),
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021028 (2015)]. This means that the thermodynamic limit can be performed for a
Canonical Type I model like the quadratic integrate-and-fire.

What is the biological justification and the reason to approximate a different neuron
type (a type Il neuron model), whose membrane potential equation resembles a cubic
function, with a quadratic function? The fact that it can be solved in the quadratic
approximation is not, in my opinion, a sufficient justification. It would be more correct to
start from a type I neuron at the microscopic level with a quadratic function and then
provide additional biological features.

We thank the reviewer for raising this important point. We respectfully disagree with the
notion that starting from a canonical Type I model (such as the quadratic integrate-and-fire
neuron) would be a more biologically grounded approach. While the quadratic form is
analytically convenient, it does not capture certain key features of neuronal excitability
particularly those related to bursting, seizure-like events, and depolarization block which are
closely tied to the cubic-like nullcline geometry arising in Hodgkin—-Huxley-type models,
especially in the presence of slow ion dynamics.

Our work seeks to bridge biophysical realism with analytical tractability. The step-wise
quadratic approximation we employ is specifically designed to mimic the cubic membrane
potential profile that emerges from the full ion-exchange dynamics. While the Lorentzian
Ansatz is not strictly justified in this case from first principles, we show that it yields a
workable and biologically interpretable mean-field description, which aligns with single-
neuron dynamics, population simulations, and even in vitro observations. To our knowledge,
this is a novel contribution that extends mean-field modeling beyond currently available
approaches, which are often restricted to simplified or phenomenological neuron models.

In this context, using a quadratic approximation is not merely a mathematical convenience —
it is a means to retain key dynamical features of more realistic (non-Type I) neurons within a
tractable framework, enabling insights into complex behaviors like multistability and
pathological bursting.

(5) Sec. 1.2 As shown in Figure 3, the mean-field equations do not show a one-to-one
correspondence with the neural network simulations, except in strongly synchronous
regimes. This represents a strong limitation in the model, especially because exact neural
mass models (as shown in Reference [23]) perfectly fit the dynamics of the underlying
network model both in the asynchronous and in the synchronized regime.

We appreciate the reviewer’s observation and acknowledge that our original description may
have caused confusion. The model's validity is not strictly limited to strongly synchronous
regimes, but rather to regimes where the distribution of membrane potentials across the
neuronal population remains unimodal and can be reasonably approximated by a
Lorentzian. This includes but is not restricted to—highly synchronized states.

We agree that this distinction is important and have clarified it in the revised manuscript
(e.g., “in strongly synchronous regimes” —> “in regimes where the membrane potentials'
distribution is unimodal and can be reasonably approximated by a Lorentzian”).

In contrast to exact mean-field reductions based on quadratic integrate-and-fire neurons (e.g.,
[23]), our model originates from a biophysically grounded HH-type neuron with ion exchange
dynamics, and necessarily involves heuristic approximations to achieve a closed-form mean-
field description. While this results in a less exact correspondence with network simulations
in more heterogeneous or bimodal states, our goal was to retain biological interpretability
and account for phenomena such as ion-driven bursting and seizure-like transitions, which
are not captured by standard QIF-based neural masses.
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We see our contribution as complementary to existing exact reductions — offering a
biophysically grounded alternative that remains tractable and informative in a relevant class
of unimodal, mesoscopic dynamical regimes.

(6) Sec. 1.3 In this section the authors show the comparison between in vitro experiments
and simulations with both the network model and the neural mass model (Figure 4,
panels a,b,c). The qualitative agreement that is supposed to be shown is hardly evident.
The shape of the signals is different as is the type of bursting. The only agreement results
in the fact that there are repeated spiking events at successive times in a periodic
manner. However, the time scale of the simulations is different for neural network
simulation and mean-field experiment, making it difficult to compare them. While the
period of the bursting event is around 2 min for mean field simulation (in according with
experiments), the time scale of the network simulation is 60 times smaller, thus meaning
that we are considering completely different mechanisms and phenomena. The
justification given by the authors, that "the parameters were modified to simulate shorter
fluctuations (in the network of Hodgkin-Huxley neurons) for computational efficiency” is
inappropriate.

The poor agreement turns out to be even worse in the comparison between experiments
and mean-field simulations shown in panels d and e of Figure 4. While the mean field
simulation is characterized by a periodic behaviour both in the mean membrane
potential and in the external potassium concentration, the in-vitro traces are not periodic
and show an increasing irregular activity of the extracellular LFP in correspondence with
increasing external potassium concentration.

How it is possible to justify the implementation of this model if the working hypotheses
are not supported by the results? The worst agreement of the network simulations with
the experiments reinforces the doubt raised in the previous point: what is the reasoning
underlying the choice of Hodgkin-Huxley as a single neuron model?

We thank the reviewer for this detailed critique. We acknowledge that the comparisons in
Figure 4 involve limitations and we now provide a clearer rationale and context in the
revised manuscript. First, we emphasize that our intention is not to claim a quantitative
match between the experimental and simulated traces, but rather to demonstrate that our
model grounded in biophysical mechanisms such as ion exchange is capable of qualitatively
reproducing a key feature observed experimentally: the slow modulation of neuronal activity
by extracellular potassium concentration. For example, both in vitro (Fig. 4a, 4d) and in our
simulations (Fig. 4b, 4e), bursts of activity ride on slower oscillations of potassium, and the
interplay of fast and slow dynamics is central to both.

Regarding the discrepancy in timescales between the neural network and mean-field
simulations: the network simulations were intentionally run with accelerated dynamics by
rescaling biophysical parameters (e.g., membrane capacitance and gating time constants) to
keep the computational cost feasible. We now clarify in the manuscript that this choice is
standard practice in computational modeling when the primary goal is to validate dynamical
mechanisms rather than replicate absolute timescales.

On the shape of LFP signals: the experimental recordings were AC-coupled, and the DC
components associated with slower shifts in membrane potential such as those modeled in
the mean-field simulations are not captured in those recordings. This limits the visibility of
key features like the underlying potential jumps. Additionally, no claim is made regarding a
specific bursting classification in either data or simulation.

We agree that the experimental trace in Fig. 4d shows more complex, non-periodic dynamics
(e.g., slowing burst frequency and irregularity), which are not captured by our current
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deterministic model. These differences could plausibly arise from additional physiological
processes (e.g., stochastic transitions between metastable regimes or variability in ion
regulation) that are not modeled here. In future work, such phenomena may be captured by
introducing noise or parameter variability (see, e.g., Saggio et al., A taxonomy of seizure
dynamotypes, elife 2020), or by allowing the parabola coefficients in the nullcline
approximation to vary dynamically.

Finally, regarding the choice of a Hodgkin-Huxley-type neuron: this model allows us to
incorporate a biophysical description of ion exchange, which is central to the phenomena we
study. While modeling the spiking mechanisms explicitly precludes certain mathematical
simplifications available to very simplified neuron models with reset, it enables direct links
between mesoscopic dynamics and measurable quantities such as extracellular potassium an
essential objective of our work. To summarize, we rearranged Fig4:

Potassium can have periodic behavior with V bursting riding on top (Fig.4 a). The model also
shows this behavior at different timescales (Fig. b,c,e).

AC LFP recording is filtered so we might not see the V jump during the bursts (because we do
not have DC recordings). No claim about bursting class here.

Potassium can also have more complex behavior (e.g., slowing down of burst frequency
Fig.4.d), that the deterministic model do not show, but maybe exploring dynamical
parameters (e.g., from parabolas or K_bath) or with added noise allowing to jump between
regimes (reference Saggio et al. eLife 2020).

(7) Sec. 1.5 Here six neural masses are coupled via long-range structural connections
with random weights. Simulations of the system are shown for two different values of the
global coupling parameter (G = 0 and G = 100). How many realisations of the network
have been considered?

We thank the reviewer for pointing this out. The presented simulation was intended as a
proof-of-concept demonstration to illustrate the model’s capacity to support network-level
propagation of pathological activity. For this purpose, we considered a single representative
realization of the structural connectivity with random weights. Given the deterministic
nature of the model and the qualitative focus of the demonstration, additional realizations do
not qualitatively change the observed behavior — namely, the transition from localized to
network-wide bursting as coupling strength increases. We have now clarified this in the
revised manuscript.

“This simulation serves as a proof of concept to illustrate how local pathological activity can
propagate through a network depending on the strength of coupling. We used a single
representative realization of randomly weighted structural connectivity. While we did not
perform a systematic exploration of different realizations or coupling strengths, we observed
that the qualitative behavior namely, the emergence of network-wide bursting beyond a
critical coupling threshold remains robust across similar setups. The model is compatible
with empirical connectome data and can be readily extended to simulations using realistic
brain network architectures.”

In future applications involving data-driven network architectures or variability analyses, we
agree that exploring multiple realizations or empirical connectomes will be valuable.

How do the results depend on the different choices of the random weights? What is the
dependence of the emergent dynamics on G? What kind of dynamics can be observed
varying smoothly the parameter G (e.g. from 0 to 100)?

This section serves as a proof of concept to show that pathological activity in one node can
propagate through the network when coupling is strong. We used a single random weight
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configuration and did not systematically explore variations in G or connectivity. While richer
dynamics likely emerge across intermediate values of G, a full parameter sweep is beyond the
scope of this study. We clarify this in the revised text (see answer above).

(8) Sec. 2.1 In the description of the experiment it is mentioned that only Mg/ {2+} is
varied. What is the role played by Mg/{2+} variation in influencing the external
potassium concentration variation? How the experiment can be linked to the model? How
the hypothesis of introducing an equation for the potassium concentration current in the
microscopic model is supported by the experiment and vice-versa?

We thank the reviewer for this question. We have added a new subsection in the Methods
explaining the.agnesium removal as a mean to influence the external potassium dynamics:

“The membrane of hippocampal neurons is equipped with N-methyl-D-aspartate type
glutamate receptors (NMDARs). These receptors have a very high affinity for glutamate and
can, in principle, be activated by ambient glutamate present at low concentrations in the
brain extracellular fluid (ECF). Under normal physiological conditions, this activation does
not occur because extracellular magnesium ions (Mg?*) block the NMDAR channel at
membrane potentials more negative than about -50 mV; this voltage-dependent block
prevents receptor activation at rest. When extracellular magnesium is removed, the block is
relieved, allowing NMDARSs to be activated, leading to neuronal depolarization toward the
action potential threshold [117].”

“In addition, as a divalent cation, Mg2+ interacts with the negatively charged neuronal
membrane, contributing to the stabilization of the resting membrane potential. Lowering
extracellular magnesium concentration disrupts this effect, resulting in membrane
depolarization [118].”

“Consequently, magnesium removal not only facilitates NMDAR-dependent depolarization,
but also directly depolarizes neurons. This depolarization increases the driving force for
outward potassium currents through K* channels, meaning that variations in Mg2+ can
indirectly influence external potassium dynamics during neuronal activity.”

(9) Sec. 2.6 The modified version of the continuity equation has been derived following
Reference [95], where the authors consider a network of Izhikevich neurons, and each
neuron is modelled by a two-dimensional system consisting of a quadratic integrate and
fire equation plus an equation that implements spike frequency adaptation. In
particular, in [95] the authors achieve a closed set of mean-field equations with the
inclusion of the mean-field dynamics of the adaptation variable by using a Lorentzian
ansatz combined with the moment closure approach. The moment closure condition is
also assumed in the present manuscript (Eq. 19). Under which assumptions is the
implementation of the moment closure condition justified?

We are thankful to the reviewer (and also to the R2) for pointing out to the validity of the
justification of the assumptions that we have used in our formalism. We hence agree that the
moment closure is not a sufficient justification for assuming that V depends on the mean n,
which is neccessary for the derivation of Eq. 20, but in addition we need the assumption that
n can be treated as a collective variable as it is done in the works mentioned by the reviewer
2. In addition we have performed numerical simulations of the full system to calculate the
error term introduced by this approximation, and the results in the new Fig. S2 show that this
is below 2% for each of the different dynamical regimes.

We have hence modified the justification for Eq. (19) reading:

“Next we assume a first-order moment closure condition for the variable n [59], justified by
the numerical simulations of the full network (see Fig. S2) which show that for most of the
neurons (close to 99 \% for the value of A same as in the other simulations) the mean of the
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population is well capturing the behavior of the single neurons [122]. Finally, putting together
these factors and assuming that n can be treated as a collective variable for each neuron (see
Limitations of the model} section) we arrive to ” and also

“The validity of the first moment closure, Egs. (19), as in [59], is supported by the numerical
simulations, which show that, both, during the silent regime and when seizure-like events
occur, n; for most neurons track the network averaged (n | V, ). In particular, it is less than
2% of the neurons that fire while the mean is low, and vice-versa, Fig. S2. In less synchronized
scenarios (larger A or smaller J), however, this value would increase, but the mean would
always capture the qualitative behaviour of the population.”

This is also now explicitly mentioned in the following paragraph:

“Unlike the mean membrane potential (V) and the firing rate (r), which can be explicitly
derived from the continuity equation under the Lorentzian assumption, the expression for
{n(t)) in Eq. (26) is formal. In our mean-field model, the gating variable (n) is treated as a
global population variable, evolving deterministically as a function of the average membrane
potential. Therefore, (n(t)) corresponds to the collective gating variable assumed to be shared
by all neurons, and is not computed by averaging distinct microscopic (n;) values.”

(10) Considering also the comments reported above, I think that it would make more
sense to start from an Izhikevich neuron model as microscopic model and add the
equations for the ionic currents as mesoscopic variables (i.e. written as population
average variables), instead of starting from the Hodgkin-Huxley single neuron model and
trying to make hardly justifiable approximations and simplifications.

We respectfully disagree. While the Izhikevich model is computationally efficient, it lacks the
biophysical detail required to capture key ion-driven mechanisms such as depolarization
block, slow ion accumulation, and specific burst-initiation dynamics all of which are central
to our study. The Hodgkin-Huxley framework, despite requiring approximation, provides the
necessary physiological grounding to link microscopic ion exchange with emergent
population behavior.

(11) Sec. 2.7 What is the advantage of using six more parameters to fit, like
R- R+, c-, ¢+, I I+?

This is in contradiction with the spirit of deriving a mean-field model, where the number
of parameters should be reduced. What is the advantage of this mean-field derivation
with respect to other mean-field derivations of Hodgkin-Huxley neurons, like the one in
Reference [9]?

The additional parameters (R+, ct, I+) are not arbitrary they compactly parametrize the cubic-
like nonlinearity of the membrane potential dynamics in our stepwise-quadratic
approximation. This trade-off allows us to preserve essential biophysical features of HH
neurons (e.g., bursting regimes, depolarization block) within a tractable analytic framework.
Compared to alternative approaches like in ref. [9], which focus on phenomenological
reductions and do not yield an ODE system, our model offers more direct interpretability in
terms of ion dynamics, providing a closer link between microscopic mechanisms and
mesoscopic activity patterns.

(12) Sec. 2.11 The derivation of the mean-field dynamics for the gating variable is rather
heavy and difficult to follow. This section could be simplified, whilst also better explaining
the underlying approximations and the validity of these approximations, which is
currently missing.

We agree that the derivation is technical, but we chose to retain it for transparency, as it
follows the Chen and Campbell approach and makes key approximations such as moment
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closure explicit. We have now added a clarification that n is treated as a collective variable
We hope that the current level of detail helps readers understand the assumptions
underlying the gating variable dynamics.

(13) Sec. 2.12 The derivation of Eqgs. (36) is quite confusing and needs to be re-written in a
clearer form. Why are both the variables x and r present in these equations, since they
are proportional according to Eq. (25)?

We thank the reviewer for pointing this out. We have adjusted the equations to improve
clarity and now consistently express the firing rate in terms of a single variable. This removes
the redundancy and simplifies the presentation.

(14) Sec. 2.13 The derivation of Egs. (37) is quite confusing and needs to be rewritten in a
clearer form.

Both the auxiliary variable x and the firing rate r are present in this equation, the same
as in Eq. (36). Therefore it is presented as a set of equations for the auxiliary variable x
and for the physical variable V. Moreover in the equation for dV/dt, the quadratic term in
V has disappeared and it is not clear to me which are the variables corresponding to I-
and I+. In particular, in Egs. (36) there are two different current terms I-,I+ for the two
equations related to dy/dt. In Eqgs. (37) there is a single term (L{cl}

+I {Na}+I_K+I_{pump})/C_m which is identical for both equations related to dV/dt. I was
expecting two different terms also in Egs. (37).

We appreciate the reviewer’s close reading. To improve clarity, we now express the dynamics
in terms of the firing rate r, replacing \dot{x} with \dot{r} in both Eq. (36) and Eq. (37) to avoid
confusion.

As for the current terms: in Eq. (37), we reverse the stepwise quadratic approximation and
reintroduce the original ionic currents from Eq. (16). This is why the expressions involving
I_{\text{cl}}, I_{\text{Na}}, I_K, and I_{\text{pump}} appear as a single summed term in
\dot{V}, rather than the split I_-I_+ terms used in the stepwise approximation. We now clarify
this in the text.

We also write V as \bar{V} to clarify that it refers to the average membrane potential for the
neuronal population. Finally, we wrote the final equation in a more compact form to improve
clarity (new Eq.38).

(15) Moreover, while the equation for the gating variable n can be considered as a
differential equation for a mesoscopic variable since n depends on average values only, it
is not clear to me if the remaining variables A[K+] {int}, [K+]_g can be considered
mesoscopic or not. Since Eqs. (37) represent a mean-field model, I expect every variable
to be a mean-field variable. This could be easily achievable for the extracellular
potassium concentration, but I do not understand how a site-specific microscopic
variable like the intracellular potassium concentration variation can be automatically
inserted in a set of mean-field equations without any averaging or intermediate steps.
This is a crucial point to be clarified for the validity of the neural mass equations.

We thank the reviewer for raising this important point. In our model, we assume spatial
homogeneity at the mesoscopic scale, meaning that ion concentrations — both intra- and
extracellular — are uniformly distributed across the population. As a result, variables such as
\Delta[K"+]_{\text{int}}, A[K+]int and [K+]g are treated as population-level averages,
consistent with the mean-field framework.

Moreover, the rate of change of intracellular potassium is tightly coupled to extracellular
dynamics via ion exchange mechanisms, justifying its inclusion as a slow, mesoscopic
variable. We now clarify this modeling assumption explicitly in the text.
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“By locally homogeneous, we mean that all neurons in the population are assumed to share
the same extracellular and intracellular ionic environment and are connected with identical
coupling rules, allowing us to treat the population as uniform with respect to ion dynamics
and connectivity.”

“These slow variables are in addition considered to be mesoscopic, meaning they are
identical for every neuron in the population.”

Minor points:

(1) Figure 2, panel d. Please detail the variable on the y-axis, which is not reported in the
figure.

Done

(2) Eq. (15) is cited in many parts of the manuscript, while it seems to me it would be

more appropriate to reference Eq. (2). Is this a mistake or is there a reason to cite Eq.
(15)?

The reviewer is correct, we have had a wrong equation label, which we have now corrected.

(3) Figure 4 Would it be possible to show enlargements of the mean membrane potential
traces to directly compare the different bursting types shown by the simulation of the
different models?

The panel d already contains enlarged part of the membrane potential traces. For the rest,
going back to the Q6, we want to stress again that our intention is not to claim a quantitative
match between the experimental and simulated traces.

(4) Figure 5 In the caption the author refers to "the generic model, single neuron model,
and epileptor model". Could you please better explain the models referred to and why
they are mentioned? Are the generic model and the single neuron model those that are
presented in the Materials and Methods section? Or do you refer to completely different
models, as for the epileptor?

We have removed the reference to the generic model (we had in mind the canonical model
for seizures by Saggio et al. 2017), since it is not mentioned in the paper, and we have
clarified that the single neuron model and epileptor model, which were used to simulate
seizure like events.

(5) Sec 2.5 As already stated above, the authors need to reduce unnecessary formulations
that confuse the reader. Here, for example, Eqs. (6) and (7) are unnecessary, in view of
the fact that delta spikes are used (Eq. 8).

We thank the reviewer for the suggestion, but we disagree, and we think it is better to start
the derivations from the more general case, as done with Eqs. 6-7.

(6) Sec. 2.6 Could you please better explain why in Egs. (15) and (16), the variable VO is
introduced, while before and after this, the variable V is used?

We thank the reviewer for the comment. In Egs. (15) and (16), \dot{V}_0 denotes the free term
of the membrane potential equation, i.e., the component driven solely by the intrinsic ionic
currents and excluding the synaptic input I_syn. Only this \dot{V}_0 term (a function rather
than an independent variable) is approximated by the piece-wise quadratic expression in Eq.
(21). In contrast, the variable V represents the membrane-potential variable, which dynamics
is obtained by combining \dot{V}_0 with the synaptic current contribution I_syn. In summary,
there is no independent variable V_0; only the function \dot{V}_0 is introduced to represent
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the intrinsic (non-synaptic) component of the membrane—potential dynamics. We have now
clarified this in the text.

(7) In the square brackets of the r.h.s. of Eq. (18), for all the intermediate steps, it appears
G”n(V,n) oV, while there should be GAn(V,n) o”n.

We thank the reviewer for catching this typo. We have corrected this in the revised
manuscript.

(8) Sec. 2.8 Here the authors affirm that "a double-Lorentzian (or a piece-wise Lorentzian)
could be a suitable form for pAV (t, V | n). However, it is not clear under which conditions
such an assumption would allow a solution to the continuity equation”. What are the
problems underlying the implementation of the double Lorentzian? It seems to be a
more correct form than the single Lorentzian actually implemented.

We thank the reviewer for this thoughtful question. In principle, a double-Lorentzian ansatz
for \rho/~V can indeed be implemented in several reasonable ways-for example, by enforcing
that the combined area of the two Lorentzian components is normalized to one (to preserve
the probabilistic interpretation) and by imposing smoothness constraints at their boundaries.
However, despite exploring these implementations, we were unable to obtain non-trivial
solutions of the continuity equation under this parametrization. The only solvable case we
found is the degenerate one in which the two Lorentzians collapse onto each other (i.e., (x_- =
x_+) and (y_- = y_+)), which reduces the ansatz to the single-Lorentzian form used in the
manuscript. For this reason, although the double-Lorentzian is conceptually appealing, it did
not yield practically useful solutions within our framework.

(9) Eq. (28). The symbols used for the flux (especially those used in the second-to-last step
once the inner integration is performed) are confusing and it is difficult to understand
what they mean.

We thank the reviewer for noting this issue. The problem was due to a LaTeX typo that
prevented the vertical lines—indicating that the flux is evaluated at specific points—from
rendering correctly. We have now corrected this.

| (10) Eq. (29) In the third step there are some misprints that impair comprehension.

We thank the reviewer for noting this. We have corrected these misprints in the revised
version.

| (11) Line 696. The reference is not displayed.
Fixed.
Reviewer #2 (Recommendations for the authors):

As a really general remark, this manuscript is written in a confusing manner, the authors
present their model in a general formulation and their analysis in a complicated way
that in the end is not needed, as I will explain in detail in the following.

Another general question is why the authors want to employ the neural mass reduction
methodology developed in [23] to obtain exact mean-field evolution for quadratic
neurons (like the quadratic integrate and fire (QIF)) for a model that reveals a cubic
dependence on the membrane potential, as the FizhHugh-Nagumo neuron (that indeed
is a 2d reduction of the Hodkgin-Huxley model), to obtain an approximate neural mass
model that somehow works qualitatively only for synchronized dynamics? Why not use
another approach more suited to derive the neural mass model for cubic nonlinearity, as
the one suggested in [33] and [69] by Di Volo and co-authors? What is the rationale
behind the choice of the authors?
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We appreciate the reviewer’s critical feedback and the opportunity to clarify our
methodological choices. Our decision to base the mean-field model on Hodgkin-Huxley-type
neurons stems from the need to retain ion channel dynamics, which are essential to capture
the coupling between membrane activity and extracellular ionic concentrations. This
biophysical link is central to our study and cannot be achieved using more abstract neuron
models such as QIF or FitzHugh-Nagumo alone.

Regarding the mean-field reduction method: while the Ott-Antonsen/Lorentzian framework is
indeed exact for QIF neurons, we adopted a stepwise quadratic approximation to apply a
similar formalism to the cubic-like dynamics of the HH model. This choice enables us to
analytically capture a rich set of behaviors, including bursting, depolarization block, and
seizure-like dynamics, in a tractable mean-field system.

We considered the approach of Di Volo and colleagues [33, 69], but their methodology is
tailored to asynchronous irregular regimes, whereas our model is specifically designed to
capture dynamics in quasi-synchronous or bursting regimes — including epileptiform
activity — which are not covered by the assumptions of the Di Volo framework.

We now clarify these modeling choices more explicitly in the revised manuscript.

"Unlike phenomenological or reduced models, the Hodgkin-Huxley framework allows us to
retain explicit ion exchange dynamics, which are essential for linking membrane behavior to
extracellular potassium fluctuations. This level of biophysical detail is crucial for modeling
pathological regimes such as seizure onset and propagation.”

Furthermore, the derivation of the neural mass equations is unnecessarily complicated,
as a matter of fact, they approximate all the variables (except the membrane potentials
of the single neurons) as collective variables (i.e. the gating variable and the potassium
concentration) common to all the neurons. The neural network model for which they
derive the neural mass model presents microscopic evolutions of the membrane
potential cubic-like plus other global variables equal for all neurons, that depend on
collective variables such as the mean membrane potential or the mean firing rate. Once
clarified, the derivation of the neural mass model is much simpler, and it is not necessary
to follow the approach reported in Reference [95] [Chen, L. & Campbell, S. A. Exact mean-
field models for spiking neural networks with adaptation. Journal of Computational
Neuroscience 50 (4), 445-469 (2022)] which is unnecessarily complicated. The authors can
follow a much simpler methodology as explained by Guerriero et al in Reference [R6]
(cited below) where the authors consider the same model studied in [95]. Such a
methodology has been applied in many cases already, to introduce realistic aspects in
the neural mass model [23] (see References [R1-R7] below). I strongly encourage the
authors to reformulate their approach in a simpler and clearer manner, by following the
approach reported in [R1-R7]. The manuscript will become more readable and it will gain
in comprehension.

We thank the reviewer for this helpful suggestion. We agree that, given the assumptions
made in our derivation (i.e., shared gating and ion concentration variables across neurons),
the mean-field equations could alternatively be obtained using the simpler methodology
proposed by Guerriero et al. [R6] and related works [R1-R7]. However, we chose to follow the
derivation presented by Chen and Campbell [95] because it makes the approximations (e.g.,
moment closure, flux boundary assumptions) explicit and generalizable to future extensions.
However, we also acknowledge that the assumption of n to be treated as a collective variable
is needed, and for clarity, we have now added a remark in the manuscript indicating that the
same result could be recovered more directly using the approach of Guerriero et al.

“We note that, under the assumption of globally shared gating and ion concentration
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variables across the neuronal population, the resulting mean-field equations can also be
derived using simpler methods as proposed by Guerriero et al [58]. In this work, we follow
the more general formalism of Chen and Campbell [59], which makes the role of key
approximations (e.g., moment closure, vanishing flux at boundaries) explicit. This also
facilitates potential generalizations to settings with partial heterogeneity or dynamic gating
distributions.”

“Finally, putting together these factors and assuming that n can be treated as a collective
variable for each neuron”

“Unlike the mean membrane potential (V) and the firing rate (r), which can be explicitly
derived from the continuity equation under the Lorentzian assumption, the expression for
(n(t)) in Eq. (26) is formal. In our mean-field model, the gating variable (n) is treated as a
global population variable, evolving deterministically as a function of the average membrane
potential. Therefore, (n(t)) corresponds to the collective gating variable assumed to be shared
by all neurons, and is not computed by averaging distinct microscopic (n;) values.”

Now I will examine in detail all the manuscript and report
comments/remarks/suggestions numbered as (Q#) on how to improve the present
manuscript to render it easier to read and more comprehensible, these are not minor
remarks, just detailed ones.

Introduction

(Q1) The Introduction section needs a part devoted to the reduction methodology
developed in [23] for QIF neurons and a presentation of previous works dealing with the
introduction of biologically realistic aspects in the neural mass model derived in [23].
Here is a non exhaustive list of such papers concerning the introduction of the following
realistic aspects in the neural mass developed in [23]:

(I) short-term synaptic plasticity :

[R1] Exact neural mass model for synaptic-based working memory H Taher, A Torcini, S
OIlmi, PLOS Computational Biology 16 (12), e1008533 (2020)

[R2] Bursting in a next generation neural mass model with synaptic dynamics: a slow-fast
approach H Taher, D Avitabile, M Desroches, Nonlinear Dynamics 108 (4), 4261-4285
(2022)

[R3] Mean-field approximations of networks of spiking neurons with short-term synaptic
plasticity R Gast, K Thomas R, H Schmidt, Physical Review E 104 (4), 044310 (2021)

(II) spike frequency adaptation:

[R4] Gast, Richard, Helmut Schmidt, Thomas R. Knésche. "A mean-field description of
bursting dynamics in spiking neural networks with short-term adaptation.” Neural
computation 32.9 (2020): 1615-1634.

[R5] Population spiking and bursting in next-generation neural masses with spike-
frequency adaptation, A Ferrara, D Angulo-Garcia, A Torcini, S Olmi, Physical Review E
107 (2), 024311 (2023).

(ITI) conductance-based neuron with a slow current (Izekievic model):

[R6] A new generation of reduction methods for networks of neurons with complex
dynamic phenotypes,IC Guerreiro, M Di Volo, B Gutkin, preprint arxiv: 2206.10370 (2022)

(1V) spike timing-dependent plasticity:

Rabuffo, Bandyopadhyay et al., 2025 eLife 14:RP104249. https://doi.org/10.7554/eLife.104249.2 59 of 68


https://doi.org/10.7554/eLife.104249.2
https://elifesciences.org/?utm_source=pdf&utm_medium=article-pdf&utm_campaign=PDF_tracking
https://elifesciences.org/subjects/neuroscience

::"0.:‘ eLife Neuroscience

[R7] Mean-field approximations with adaptive coupling for networks with spike-timing-
dependent plasticity, B Duchet, C Bick, A Byrne, Neural computation 35 (9), 1481-1528
(2023).

(V) random connectivity and noise:

[R8] Mean-field models of populations of quadratic integrate-and-fire neurons with noise
on the basis of the circular cumulant approach

DS Goldobin Chaos: An Interdisciplinary Journal of Nonlinear Science 31 (8) (2021)

[RI] A reduction methodology for fluctuation-driven population dynamics DS Goldobin, M
Di Volo, A Torcini, Phys. Rev. Lett. 127, 038301 (2021)

[R10] Shot noise in next-generation neural mass models for finite-size networks VV
Klinshov, SY Kirillov Physical Review E 106 (6), L062302 (2022)

Ithink the authors should refer in the introduction to these previous papers, where
realistic biological aspects have been already introduced in the neural mass model
developed in [23].

We have added a whole pragaraph devoted to the next-generation neural mass models and in
particular to the other works introducing biological realism in this class of models:

“Recently, a class of these models, called next-generation neural mass models [42], has been
developed based on an analytical approach introduced by [25] that allowed for the exact
derivation of mean field parameters for a population of quadratic integrate-and-fire (QIF)
neurons. These can be linked to EEG/MEG oscillations [43], including epipeltic seizures [44],
and have been used to study various aspects of the whole-brain dynamics such as the low-
dimensional manifold of the resting state [45, 46], aging [47] and neural sig natures of
consciousness [48]. Number of works dealt with the introduction of biologically realistic
aspects in the mostly phenomenological neural mass model derived in [25]. These included
short-term synaptic plasticity [49-51], spike frequency adaptation [52, 53], spike timing-
dependent plasticity [54], synaptic delay [29], random connectivity and noise [55-57], as well
as an extension of the conductance-based neurons with a recovery variable [58-60].”

| (Q2) Line 117 - Please specify what you mean by locally homogeneous, here.
Thank you for allowing us the opportunity to clarify this. We now report:

"By locally homogeneous, we mean that all neurons in the population are assumed to share
the same extracellular and intracellular ionic environment and are connected with identical
coupling rules, allowing us to treat the population as uniform with respect to ion dynamics
and connectivity."

(Q3) In this sub-section the authors should clarify all the hypotheses they employ to
derive the neural mass models, not only the Lorentzian approximation they did for a
cubic model, but also the fact that they assume that the gating variable n is a global
variable as well as that the potassium concentration are assumed to be the same for all
neurons, that they assume no heterogeneity at this level. This is a fundamental aspect
that should be clarified at this stage already.

We thank the reviewer for this important observation. We agree and have revised the text in
the derivation section to explicitly state all key assumptions. Specifically, we now clarify that:

(1) The gating variable n is treated as a population-average (global) variable;
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(2) The potassium concentrations A[K+]int and [K+]g are assumed to be homogeneous across
the neuronal population; and (3) No heterogeneity is assumed at the level of the ion
dynamics.

This assumption is biophysically motivated: ion concentrations — particularly extracellular
potassium — tend to redistribute rapidly due to diffusion and electrochemical forces, leading
to an effectively well-mixed environment at the mesoscopic scale. As such, assigning separate
compartments to individual neurons is not justified in this modeling context. We now
explicitly note this in the manuscript to avoid ambiguity.

“3) We assume that the potassium concentrations, both intracellular(\( \Delta[KA+]_{\text{int}}
\)) and extracellular (through the buffering variable \( [KA+]_g\)), are homogeneous across the
neuronal population. This is justified physiologically by the rapid redistribution of ions
through diffusion and electrochemical gradients, which enforce near-instantaneous
equilibration at the mesoscopic scale. As such, assigning separate compartments to each
neuron is neither practical nor biologically meaningful in this context. We assume that the
potassium concentrations, both intracellular (\( \Delta[K/+]_{\text{int}} \)) and extracellular
(through the buffering variable \( [KA+]_g \)), are homogeneous across the neuronal
population. This is justified physiologically by the rapid redistribution of ions through
diffusion and electrochemical gradients, which enforce near-instantaneous equilibration at
the mesoscopic scale. As such, assigning separate compartments to each neuron is neither
practical nor biologically meaningful in this context; 4) We assume that the gating variable n,
which governs potassium conductance, can be treated as a population-averaged variable.
This allows us to describe the neuronal ensemble using a reduced set of collective (mean-
field) variables.”

Comparison with neural network simulations

(Q4) The comparison the authors perform between the microscopic model and the neural
mass is misleading, From what the authors wrote it seems that you are considering 4
variables for each neuron in the network model (this is unclear from how the model is
written in Eq (9)), I guess one for the membrane potential, one for the gating variable
and two for the potassium concentration. However, this is not the network model for
which the neural mass has been developed, the neural mass has been obtained for a
network made of N + 3 variables (N membrane potentials and 3 collective variables for
gate, and potassium concentrations) this is a sort of mesoscopic network models,
analogously to what done previously in references [R1,R3,R4] above and others. If the
authors would compare their neural mass with this mesoscopic model the agreement
among the two would be improved.

We agree with reviewer’s observation and we now acknowledge this issue in the Results and
in the Limitations. We have already modified the text to explicitly state that for the mean
filed derivations n is treated as a collective variable and we have added the following
statements:

“Also note that the gating variable n is treated as microscopic in the neural network, while in
the derivations for the mean-field it is considered as a mesoscopic and identical for the whole
population. This is likely responsible for some of the discrepancies between the two
modalities.”

“Moreover, the discrepancy between the two modalities would have likely been smaller if for
the neural network we also adopted a gating variable that is mesoscopic and identical across
the spiking neurons, as in similar works [49-51]. However, here we demonstrate the validity
of the mean-field approximation even for the more natural, microscopic representation of
the gating variable in the neural network.”
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Comparison with in vitro experiments

(Q5) Experiment -- The experiment is performed in vitro on the intact Hippocampus of
mice between postnatal days P5-P7. It is known [R1] that neuronal activity at an early
developmental stage is provided in the Hippocampus by a network primarily driven by
synchronized GABA_A that provides an excitatory action and generates giant
depolarizing potentials (GDPs) [R11]. However, GDPs have frequencies in the range of 1
Hz - 0.1 Hz, not matching the oscillation frequencies reported by the authors. I have
several questions here:

(E1) At this stage P5-P7 are the interactions among neurons essentially excitatory? Or
not, please explain why, Are the oscillations reported by the authors somehow related to
GDPs? The depolarizing action of GABAergic transmission and the presence of GDPs
during early rodent brain development, as described by Ben-Ari and some others
researchers, are characteristics commonly observed in ex vivo brain preparations, but
are not evident under physiological in vivo conditions (see doi:
10.3389/fphar.2012.00065).

In our preparation—intact mouse hippocampus—GABAergic synaptic transmission is not
depolarizing. This is evidenced by the fact that inhibition of ionotropic GABA_A receptors
with bicuculline triggers interictal-like discharges, which are routinely used as a model of
epileptiform activity (see doi: 10.1016/j.nbd.2014.12.013). Therefore, in our experiments at P5-
P7, neuronal interactions are not purely excitatory, and the observed low Mg2+ induced
oscillations are not related to GDP.

(E2) What is the nature of the oscillations reported by the authors in Figure 4 ? Which is
their origin, please explain in the text of the paper clearly.

The model of epileptic discharges presented in our study was first introduced over 20 years
ago and has since become a well-established paradigm for screening potential antiepileptic
drugs and research on the mechanism of epileptic seizure. A detailed description of this
model can be found in doi: 10.1046/j.1460-9568.2002.02143.%, and its pharmacological
properties are reviewed in doi: 10.1046/j.1528-1157.2003.19503.%. These references have now
been added to the manuscript for clarity.

We have added the following:

“The model of epileptic discharges presented in our study was first introduced over 20 years
ago [115] and has since become a well-established paradigm for screening potential
antiepileptic drugs and research on the mechanism of epileptic seizure [116].”

(E3) How exactly does the concentration of extracellular potassium ions change, this is
not clear even in Methods, please clarify.

[R11] Excitatory actions of GABA during development: the nature of the nurture Y Ben-Ari,
Nature Reviews Neuroscience 3 (9), 728-739 (2002).

We have now added a new Subsection in the methods explaining how we use Mg2+ variation
to influence the external potasium variation.

“The membrane of hippocampal neurons is equipped with N-methyl-D aspartate type
glutamate receptors (NMDARs). These receptors have a very high affinity for glutamate and
can, in principle, be activated by ambient glutamate present at low concentrations in the
brain extracellular fluid (ECF).Under normal physiological conditions, this activation does not
occur because extracellular magnesium ions (Mg2+) block the NMDAR channel at membrane
potentials more negative than about -50 mV; this voltage-dependent block prevents receptor
activation at rest. When extracellular magnesium is removed, the block is relieved, allowing
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NMDARs to be activated, leading to neuronal depolarization toward the action potential
threshold [117]. In addition, as a divalent cation, Mg2+ interacts with the negatively charged
neuronal membrane, contributing to the stabilization of the resting membrane potential.
Lowering extracellular magnesium concentration disrupts this effect, resulting in membrane
depolarization [118]”

“Consequently, magnesium removal not only facilitates NMDAR-dependent depolarization,
but also directly depolarizes neurons. This depolarization increases the driving force for
outward potassium currents through K* channels, meaning that variations in Mg?* can
indirectly influence external potassium dynamics during neuronal activity.”

(Q6) Lines 187-191 and Figure 4 -- The authors wrote : "In Figure 4.c we show the
membrane potential and external potassium for a simulation of N = 3000 coupled HH-
like neurons showing a similar behavior, although the parameters were modified to
simulate shorter fluctuations for computational efficiency." This sentence is unclear.
What is clear from Figure 4 is that the network simulations gave rise to collective
oscillations on a completely different scale seconds with respect to minutes and also the
profile of the potassium concentration has a clearly different evolution. From Figure 4
one can conclude that network simulations have nothing to do with the neural mass
evolution and the experiment. I think the authors should better clarify and describe the
results reported in Figure 4.

We thank the reviewer for the observation. We have revised the relevant section of the
manuscript to clarify the interpretation of Figure 4 and avoid any implication of quantitative
matching. As stated in our response to Reviewer 1 (comment 6), the comparison is intended
to highlight the shared qualitative structure across experimental data, the neural mass
model, and the network simulation — specifically, the modulation of fast bursting by slow
extracellular potassium fluctuations. The difference in timescale in the network simulation
arises from rescaled parameters used for computational efficiency. We now explicitly state
this and have updated the figure caption and accompanying text accordingly to reflect these
points.

(Q7) Why do the authors consider a purely excitatory network to describe the
experimental results? What is the reason for this choice? Why they do not consider as
usual balanced excitatory- inhibitory networks? Please clarify this point.

We thank the reviewer for raising this point. We chose to model a purely excitatory network
as a first step in isolating the role of extracellular potassium dynamics in generating
population-level bursting. This allows us to focus on the ion-driven modulation mechanisms
without introducing additional complexity from inhibitory feedback. Similar modeling
choices have been made in previous studies of bursting and seizure-like dynamics (e.g.,
Gutkin et al.,), where inhibition is omitted to emphasize intrinsic or modulatory mechanisms.
We acknowledge that incorporating inhibitory populations is an important next step for
capturing a broader range of dynamics, but for the current study, the excitatory-only network
provides a minimal and interpretable framework aligned with our focus.

(Q8) By comparing Figures 4 (a) and (b) it seems that the bursting activity observed in the
experiment and in the mean-field simulations seem quite different, originating from
different mechanisms and bifurcations, Can the authors comment on this?

We thank the reviewer for this important observation. We have reorganized the presentation
of Figure 4 and revised the accompanying text to better clarify the nature of the comparison
(see also our response to Reviewer 1, point 6). Our aim is not to claim that the experimental
and simulated bursts arise from identical bifurcation mechanisms, but rather to highlight
shared qualitative features — in particular, slow modulation of population activity by
extracellular potassium. We now also comment on the potential role of more complex or
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noise-driven bifurcations (see Saggio et al. 2020) in shaping experimental bursting dynamics,
which are not fully captured by the current deterministic model.

Bifurcation analysis: emergent network states and multistability

(Q9) This sub-section will gain interest by reporting simulations of the network and of the
neural mass model presenting bistable dynamics.

We agree with the reviewer that this would be an important addition, but we believe that it
goes beyond the scope of this work (for the computational reasons among others) and it
remains for future work. We have however updated the bifurcation analysis section.

Limitations of the model

(Q10) Lines 276- 280 -- I think that the parameters c+,c_ R+,R_ depend not only on the
slow variables, potassium concentrations but also on the actual value of the gate
variable n. This should be stressed.

We thank the reviewer for this helpful observation. We agree and have clarified in the
revised manuscript. This reflects the mean-field assumption that n is treated as a collective
variable, and we now make this dependency explicit in the text.

“Furthermore, the parabola coefficients c_-,c_+, R_-, R_+ were fixed as constants, however,
these coefficients could be made functions of the slow variables and the gating variable,
which might unveil new dynamical regimes and extend the validity of the thermodynamic
limit beyond the regimes described in this work. Also, in the case of constant values, an in-
depth exploration of the parameter space is required to fully characterize the model and its
bifurcation structure.”

(Q11) The authors wrote: " Other limiting assumptions are the moment closure condition
(19) and the assumptions that the functions (3) averaged across the neuronal population
can be expressed as functions of the average membrane potential V and gating variable
n (which is only true in the cases where the functions (3) can be reasonably
approximated as linear functions in a range of V and n." Apart from that a parenthesis is
lacking, I think that this last aspect has been already taken into account when
performing the fit with 2 parabolas to the sum of the currents, or not? In case, please

specify.

We thank the reviewer for catching the missing parenthesis — this has been corrected in the
revised manuscript. Regarding the modeling point: the two-parabola fit applies specifically to
the membrane potential dynamics and captures the nonlinear dependence of the total
current on V (eq.16). In contrast, the moment closure assumption involves approximating
averages of nonlinear functions of both V and n, such as those appearing in the gating
dynamics (e.g., neo(V)). This is not directly accounted for by the parabola approximation, but
is handled separately via the mean-field approximation of G*n as a function of the average
variables (eq.15).

(Q12) A limitation that should be stressed is that the authors in the neural mass model
consider the gate variable and the potassium concentrations, as global variable equal
for all neurons, and where n depends on the mena membrane potential, to write that the
moment closure (19) is a limiting assumption is honestly too clear, please be explicit
here.

We have now the following two statements:

“These slow variables are in addition considered to be mesoscopic, meaning they are
identical for every neuron in the population.”
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“In our mean-field model, the gating variable (n) is treated as a global population variable,
evolving deterministically as a function of the average membrane potential. Therefore, (n(t))
corresponds to the collective gating variable assumed to be shared by all neurons, and is not
computed by averaging distinct microscopic (n;) values.”

Discussion

(Q13) The authors could discuss in this section the further biological ingredients they can
introduce in their neural mass based on the previous works [R1-R9] that have already
shown how to include plastic synapses, random connectivity, noise, adaptation, spike-
timing-dependent plasticity, etc and which of these ingredients they consider more
relevant for the whole brain dynamics.

In order not to repeat the same statements from the Introduction, we have now addded the
following sentence:

“This approach, taking into account key biophysical details, offers a first step in considering
the role of the glia in neural tissue excitability. Following this direction, other ions, such as
calcium should be taken into consideration, as well as other effects such as plastic synapses,
random connectivity, noise, adaptation, spike-timing-dependent plasticity, as already
discussed in the Introduction.”

(Q14) The authors should also discuss why they limited their analysis to purely excitatory
networks, and what would change by including excitatory-inhibitory interactions in each
single mass and across neural masses, if this makes sense or not.

As stated in our response to Q7, we chose to focus on purely excitatory networks as a first
step to isolate and study the core role of extracellular potassium dynamics in driving bursting
behavior. This modeling choice allows for a minimal system where the interaction between
intrinsic ionic mechanisms and network coupling is most transparent.

We also note that excitatory and inhibitory effects can be modeled within the same
formalism by adjusting the synaptic reversal potential — for example, $E_{syn}=0$mV for
excitatory, and $E_{syn}=-80$mV for inhibitory interactions. Including inhibitory populations
would introduce additional complexity and richer dynamical regimes (e.g., oscillatory
instabilities, balance states), which are certainly of interest but beyond the scope of this study.

Materials and Methods
(Q15) Fig.2 - I think a plus is lost in panel (c) where it should be [K+bath];
Thank you. We corrected the figure.

(Q16) Caption of Figure 2- the authors wrote: "In the case where the derivative of the
membrane potential is zero for V>V = (e.g., if the cubic function is shifted up by adding
a constant current to the membrane potential derivative), the population is described by
the red distribution in the steady state, and the continuity equation is governed by the
negative parabola equation."” This sentence is unclear, the authors mean in the case
where the derivative of the membrane potential crosses zero at V > V*? Please clarify.

We thank the reviewer for pointing this out. Yes, we refer to the case where the membrane
potential derivative crosses zero at a point V>V*. We have clarified this in the revised figure
caption.

(Q17) Lines 558-562 -- Eqs (6) and (7) are examples of unnecessary complications of
which this manuscript is full of. Since the authors do not consider any synaptic dynamics
and homogenous (equal) couplings, these equations are not needed, I strongly
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recommend removing Eqs (6) and (7) and limiting to the expression reported in Eq (8),
which indeed should also be corrected see next remark.

We appreciate the reviewer’s concern regarding clarity. As mentioned in our response to
Reviewer 1, the inclusion of Egs. (6) and (7) was intentional and serves a pedagogical purpose
— to present the general structure of the network interactions before introducing simplifying
assumptions. While we agree that Eq. (8) suffices for the simulations considered in this
manuscript, we believe that showing the more general form helps clarify the model’s
extensibility, for instance to cases with heterogeneous coupling or synaptic dynamics.

(Q18) Eq (8) - line 562 - Since the authors assume no synaptic evolution, i.e.
instantaneous post-synaptic potentials, they can clarify that Eq (8) represents the
population firing rate that later will be one of the fundamental variables of the neural
mass model and call it r, as in the following. Furthermore, $s_i$ does not depend on the
neuron index $i$ in a fully coupled network with homogenous coupling, as in the present
case, this quantity is the same for all neurons. Please drop the index and call it r since it
is the population firing rate.

We thank the reviewer for this useful suggestion. We now clarify in the text that under the
assumptions of all-to-all homogeneous coupling and no synaptic dynamics, s_i is identical for
all neurons and can be interpreted as the population firing rate r. This connection is made
explicit in the revised manuscript.

“Under the assumption of instantaneous synaptic transmission and homogeneous all-to-all
coupling, the synaptic activation variable (s;) is the same for all neurons and corresponds to
the population firing rate, which we denote by (r)”

(Q19) Line 564-567 - Here the network model is incomplete, it is not sufficient that the
authors report the evolution equation for the membrane potential Eq (9). They should
report the evolution equation for the gate variable n and for the potassium
concentration as done in Eq (1). This request is fundamental because it is unclear from
the present formulation which are the variables that are microscopic (associated with the
single neuron evolution) and which are global (common to all the neurons). This is a
fundamental aspect and it should be clarified. I guess that n will depend on the neuron
index $i$, while the potassium concentration it is unclear how the authors will consider
them, global or local. I guess that the internal density should depend on the neuron
index $i$ or not ? Anyway, I would like to know exactly which network model has been
simulated e.g. to obtain the results reported in Figure 3.

We thank the reviewer for this essential clarification request. In the revised manuscript, we
now explicitly state the full network model, including the evolution equations for the gating
variable n_i and potassium variables. While in some simulations we consider the full
microscopic model involving 4N variables (where each neuron has its own V_i ,n_i ,A[K+]int_i
,[K+]g_i), for the mean-field reduction and mesoscopic comparisons we assume that the
gating and potassium variables are shared across neurons. This assumption is consistent with
prior work (e.g., Chen & Campbell) and is biophysically justified in the case of potassium due
to its fast spatial equilibration in extracellular space. We also now mention this explicitly in
the Limitations.

(Q20) Continuity equation - Lines 568 - 597 - This part can be largely simplified and
rewritten, as a matter of fact, the authors consider the gate variable n, the potassium
concentrations as global (collective variables) depending on mean field values of they
can directly start from eq 20, by stating that they assume that the other variables (n,
$\Delta[K +]_{int}$, $[K*+]_g$) are collective variables, common to all the neurons, and
that depends only on mean field variables as or r. This has been done in many previous
cases since the Ott-Antonsen Ansatz can be applied whenever the potential evolution is
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driven by quadratic terms and in the presence of mean field variables, the first indication
of this was reported in 1993 by Watanabe and Strogatz for phase oscillators :

[R12] Watanabe, Shinya, and Steven H. Strogatz. "Integrability of a globally coupled
oscillator array."” Physical review letters 70.16 (1993): 2391.

Anyway, this approach has been previously employed to derive a neural mass model for
networks of QIF neurons in the presence of various further neuronal variables (ranging
from slow currents to plastic evolution of the couplings) describing more biologically
realistic situations, see references [R1-R7] above. I strongly encourage the authors to
reformulate their approach in a simpler and clearer manner, particularly interesting is
for them the article [R6] by Guerriero et al, the authors examine exactly the same model
as in Ref [95] [Chen, L. & Campbell, S. A. Exact mean-field models for spiking neural
networks with adaptation. Journal of Computational Neuroscience 50 (4), 445-469
(2022)]. However, they solve the problem in a much more simple way, I encourage the
authors to follow this approach.

We thank the reviewer for the constructive suggestion. We acknowledge that, under the
assumption that n, A[K+]int, and [K+]g are collective variables shared across the neuronal
population, one could directly begin from Eq. (20) and proceed using the simpler approaches
found in Guerriero et al. [R6] or related works [R1-R7]. However, we chose to retain the Chen
& Campbell formalism, with additional clarification regarding the mesoscopic nature of the
gatin variable, as it explicitly highlights the key approximations used in the derivation, which
may be beneficial for readers seeking to extend the method. See also general response to
reviewer 2 at the beginning.

(Q21) Eq (26) -- I do not think the authors can estimate explicitly from the equation (26),
as they do for the mean membrane potential and the firing rate. This is just a formal
expression representing a collective variable, I do not think that will coincide with the
average of the values of n_i for each neuron. Please discuss this point, and in this case
show that indeed coincides with the average of all of the values of the single neuron gate
variable n_i.

We thank the reviewer for raising this important point. We agree that Eq. (26) is more formal
than operational, as (n(t)) is not directly derived from the continuity equation in the same
way as (V) or the firing rate r. Rather, it reflects our mean-field assumption that the gating
variable evolves as a collective population-averaged quantity, governed by the dynamics of
the average membrane potential. In our formulation, n is treated as a global variable shared
across neurons, and thus (n(t)) effectively is the gating variable in the neural mass model —
rather than the result of averaging heterogeneous n_i. We have clarified this distinction in the
text to avoid suggesting that Eq. (26) provides an explicit estimate of microscopic gating
dynamics.

“Unlike the mean membrane potential (V) and the firing rate (r)>, which can be explicitly
derived from the continuity equation under the Lorentzian assumption, the expression for
{n(t)) in Eq. (26) is formal. In our mean-field model, the gating variable (n) is treated as a
global population variable, evolving deterministically as a function of the average membrane
potential. Therefore (n(t)) corresponds to the collective gating variable assumed to be shared
by all neurons, and is not computed by averaging distinct microscopic (n;) values.”

(Q22) Mean-field dynamics for the gating variable - All this sub-section is in my opinion
not useful, if the authors assume from the beginning that is a global variable. Indeed in
the end they write for the evolution equation Eq (30) which is the same equation as for
the single neuron gate variable (1) but for the mean values of n and . I suggest removing
this sub-section.
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We thank the reviewer for this suggestion. We agree that, under the assumption thatnis a
global collective variable, the resulting equation for (n(t))\langle n(t) \rangle(n(t)) is
equivalent in form to the single-neuron gating equation, driven by the average membrane
potential. However, we chose to retain this subsection to explicitly demonstrate how the
gating dynamics enter into the mean-field formulation, especially for readers less familiar
with this type of reduction. This step also mirrors the structure of the derivation used for
other state variables in the model and maintains clarity for potential extensions where n may
not be strictly global.

| (Q23) Line 696 - here an equation reference is lost.

Thank you for pointing this out. We have corrected the text and restored the missing
equation reference in the revised manuscript.

(Q24) Eqs (36) -(37) - Since the variables r and x entered in Eq (36) are essentially the
same as Eq (25), apart from a constant R/pi, the use of two different names complicated
in a useless manner an already complicated expression, Please decide to use everywhere
r or x and then proceed consequently this applies also to Eq (37). This will also allow us to
rewrite the equation in x or r in a more compact form.

As noted in our response to Reviewer 1, point 14, we have revised Eq. (37) to ensure
consistency in notation by replacing x with r throughout.

(Q25) Eq (37) - This equation is written in a manner that is not careful enough, apart
from that the authors are passed now from (x,y) to (pi*r/R,V), therefore they should
substitute everywhere x with r. Furthermore, the equation for the derivative of V is
confusing, the authors should use the same approximate expression employed in eq (36)
that makes explicit the quadratic dependence on V itself, otherwise, I believe that the
equation is incorrect.

In the same response to Reviewer 1, point 14, we also clarified the expression for \dot{V} in
Eq. (37), we reintroduced the full current-based formulation (as in Eq. 16), reversing the
quadratic approximation used earlier. This is now explicitly stated in the text, and we have
improved the equation presentation to avoid confusion.

(Q26) Eq (37) below line 708 - From this expression, it is clear that the gate variable n and
the potassium variables are ruled exactly by the same equations as for the single neuron
Eq (1) and that the Lorentzian Ansatz enter only in the rewriting of the evolution of the
membrane potentials of the neurons in the network. In the end, the authors are doing
exactly the same approximation made by many other authors [R1-R7], that these
variables are collective, i.e. they are the same for all neurons, and in particular n=n(V) is
a function of the mean membrane potential V. The mean field model that the authors
derive corresponds to a microscopic model where the single neurons are heterogenous
only in the intrinsic currents $\eta_i$, but they are all driven by collective variables, like
n(V) and the potassium variables that are identical for all neurons. This should be
clarified.

We agree with the conclusion by the reviewer, and as seen through the previous responses,
we now explicitly acknowledge the fact that n and the two slow variables are considered as a
mesoscopic variables for the mean-field derivation, while for the spiking network, n remains
microscopic.

https://doi.org/10.7554/eLife.104249.2.sa0
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