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This useful study describes a physical mechanism for the emergence of spiral patterns in
the outer epithelial layer of the mammalian cornea independent of pre-patterning or
guidance cues, using an agent-based model of self-propelled particles with alignment.
The well constructed model show that spiral patterns can emerge from the interaction
between the limbus position, cell division, extrusion, and collective cell migration. While
the conclusions are solid, some significant questions related to the importance of
topological defect remain, and the comparison between the model and data are so far
mostly qualitative.

https://doi.org/10.7554/eLife.106061.2.sa3

Abstract
The mammalian cornea constantly regenerates its outer epithelial layer. Cells lost by abrasion are
replaced by division of both corneal epithelial cells and stem cell populations around the corneal
periphery, the limbus. Limbal-derived epithelial cells migrate into the cornea, maintaining equal
rates of cell loss and replacement (the ‘XYZ hypothesis’). This process produces a striking stable
spiral cell motion pattern across the corneal surface, with a central vortex. Here, we show that this
spiral pattern can be explained by the interplay of limbus position, cell division, extrusion, and
collective cell migration along the curved corneal surface. Using dissected LacZ mosaic murine
corneas, we inferred the surface flow field by following stripe edges, revealing a tightening spiral.
To explain these flow fields, we developed a cell-level in silico model treating corneal epithelial
cells as soft, self-propelled particles with density-dependent proliferation and extrusion rates, and
noisy alignment of migration direction. Even without global guidance cues, the model predicted
stripes and spirals closely recapitulating experiment. A complementary continuum description
generalised the XYZ hypothesis. Spiral formation was robust to curvature changes, but not
topology, and sensitive to limbal stem cells and flocking alignment, showing how swarm physics
on curved surfaces can explain tissue-scale biological processes.

Introduction
The transparent cornea, the most anterior structure of the vertebrate eye, consists of a
hypocellular, collagenous stroma covered by a stratified epithelium, resting on an inner
endothelial monolayer (Forrester et al., 2020     ). The corneal epithelium, which is contiguous with
the conjunctival epithelium that covers the rest of the anterior of the eye and the inner edge of the
eyelids, is a paradigm model of tissue maintenance by stem cells (Cotsarelis et al., 1989     ; Lavker
et al., 1991     ; Lehrer et al., 1998     ). Cells are constantly lost from the corneal surface by abrasion
and must be replaced. Multiple lines of evidence have shown that the stem cells that maintain the
corneal epithelium reside in a narrow ring at the edge of the cornea, at the boundary between the
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corneal and conjunctival stem cells – the limbus (Cotsarelis et al., 1989     ; Richardson et al.,
2017     ). Limbal epithelial stem cells themselves are organised as an outer ring of slow-cycling,
label-retaining cells that most likely contribute to corneal regeneration after wounding, and an
inner layer of rapidly dividing cells that contribute to normal corneal homeostasis (Altshuler et al.,
2021     ; Farrelly et al., 2021     ). Stem cells in the basal layer of the limbal epithelium divide and
produce proliferative, undifferentiated ‘transit-amplifying’ (TA) cells that migrate into the corneal
epithelium to replace those lost during normal life. Studies of human ‘hurricane’ keratopathies
and mosaic patterns of cell staining in genetically tagged rodents, frogs and fish have shown that
the tracks of migrating cells show a remarkable, regular, radial pattern in the uninjured corneal
epithelium, usually with a central vortex (Bron and Tripathi, 1973     ; Dua et al., 1993     ; Collinson
et al., 2002     , 2004; Nagasaki and Zhao, 2003     ; Iannaccone et al., 2012     ; Di Girolamo et al.,
2015     ; Nejad et al., 2015     ). A similar pattern develops during growth of the retina of the eye
(Tsingos et al., 2019     ). The pinwheel patterns of cell staining observed suggest that migration is
highly regular and potentially globally coordinated. The vortices of cell motion patterns observed
at the corneal epithelial centre resemble a logarithmic spiral and lend themselves to mathematical
analysis (Iannaccone et al., 2012     ). Modelling suggests the spiralling may correlate with tension
vectors due to intraocular pressure (Nejad et al., 2015     ), but there are no empirical studies
suggesting how it might occur in vivo.

The drivers for directed cell migration across the ocular surface are poorly known. Various
mechanisms have been suggested, including chemorepulsion from vascular components at the
limbus, population pressure from the highly proliferative peripheral corneal epithelium, biased
cell loss near the corneal centre, electrical currents caused by ion leakage through abrasion, and
contact-mediated cues (Bron and Tripathi, 1973     ; Buck, 1985     ; Sharma and Coles, 1989     ; Lemp
and Mathers, 1989     ; Lavker et al., 1991     ; Wolosin et al., 2000     ; McCaig et al., 2005     ; Foster et
al., 2014     ). Patterns of cell migration are known to be disrupted, at least temporarily, by
wounding, and in disease states (Collinson et al., 2004     ; Mort et al., 2009     ; Richardson et al.,
2018     ). The planar polarity protein, Vangl2, is required for normal in vivo patterns of cell
migration, suggesting aligned cell-cell interactions (Findlay et al., 2016     ). Corneal epithelial cell
migration can be directed in a contact-mediated manner by substrate topography, and an integrin-
mediated, cAMP-dependent interaction with their basement membrane may maintain some
degree of radial orientation of migrating cells in vitro, but is not sufficient to push all cells in a
centripetal direction (Walczysko et al., 2016     ). A major centripetal driver may be a step-change
increase in substrate compliance at the limbal-corneal boundary (from soft to hard substrate),
causing limbal cells to make an initial durotactic movement into the cornea (Walczysko et al.,
2016     ; Gouveia et al., 2019     ).

However, it has not been shown experimentally whether these genetic couplings or mechanical
and extrinsic directional cues would be enough to produce stable patterns of long-distance
migration in vivo. Understanding the coordinated, highly patterned, constrained collective
migration patterns of the corneal epithelial cell sheet in vivo is a complex three-dimensional
biological problem requiring an integrated, systems-based resolution that goes beyond the
individual contributing elements.

An in silico model of in vivo ocular surface maintenance that produces radial striping is not
conceptually difficult, and coordinate-based models based on cell proliferation dynamics and/or
cell density have been proposed (Lobo et al., 2016     ; Moraki et al., 2019     ). They, however, have
unsatisfactory aspects from a biological and predictive perspective. A good model needs to
explain, not simply describe, both the formation and maintenance of stripes and the central spiral
of cell movement, within a confluent cell sheet. It needs to be formulated in three dimensions to
account for the curvature of the cornea, to be quantitative and scaleable, in both size and
simulation times, and to apply to corneas of different shapes; importantly, it needs realistic local
dynamics of physical cell-cell interactions, incorporate active cell migration and planar alignment,
and to make no assumptions about cell behaviour or guidance that are not rooted in observations.
A realistic in silico model of corneal wounding and maintenance using the cellular Potts model
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was recently proposed (Vanin et al., 2025     ), for a local, vertical slice through the tissue. To link
the space and time scales from individual cells up to the full corneal motion, however, needs more
conceptually:

The physics of active or living matter seeks to understand the collective properties of individually
motile agents, such as birds, fish, bacteria or eukaryotic cells (Vicsek and Zafeiris, 2012     ;
Marchetti et al., 2013     ; Needleman and Dogic, 2017     ). One of its hallmarks is a state of collective
migration, or ‘flocking’ that generally appears when agents locally coordinate their motion,
without the need for a leader or guidance cue (Vicsek et al., 1995     ; Giardina, 2008     ). Such
flocking collectives where the directions of motion are all aligned with each other, are known as
polar active materials. The apparent flocking behaviour of cells across the corneal surface,
together with known behaviours of individual cells, such as self-propulsion, local coordination,
contact-mediated cell proliferation and differentiation, leads us to hypothesise that a collective
migration model rooted in the physics of soft active matter (Alert and Trepat, 2020     ) can explain
the observed in vivo migration patterns.

Within the framework of active matter, it has become clear that the system’s topology plays a
prominent role. For example, a sphere is a closed surface with no holes, with an associated
topological invariant, the Euler characteristic χ = 2, loosely speaking, a number that describes an
object’s shape regardless of how it is bent. A mathematical consequence is that the velocity profile
of any flow confined to the surface of a sphere has to vanish at least at one point. Flocks, therefore,
cannot maintain fully aligned velocities everywhere on the surface, and instead create points with
locally mismatched directions. Near such ‘singular points’, if one loops over a contour
encompassing it, the flow field winds an integer number of times (Do Carmo, 2016     ). Such points
are known as topological defects with topological charge c (Mermin, 1979     ). Pictorially, +1 defects
are circular objects corresponding to inward, outward or spiral flows around the defect core,
while −1 defects have four-leaf clover symmetry, with flow inwards along two directions and
outwards along the orthogonal ones (Alexander et al., 2012     ). For a brief overview of topological
charges, please see Box 1. The Poincaré-Hopf theorem requires that the total topological charge
equals the Euler number, i.e. ∑i ci = χ (Do Carmo, 2016     ). Flocks of active particles on a sphere
then typically generate patterns consisting of a circling band and two vortex-like +1 topological
defects at the poles (Sknepnek and Henkes, 2015     ; Shankar et al., 2017     ; Hsu et al., 2022     ).

The cornea, with the limbal boundary, is a spherical cap, i.e. it has the same topology as a disk. In
this topology, with Euler characteristic χ = 1, if the flows close to the boundary are uniform as for
the cornea, we expect at least one topological defect with charge +1 (Stein, 1979     ). We propose
that this is the vortex pattern corresponding to the central spiral of the cornea. Indeed, in at least
two in vitro collective cell system with a disk topology, such a spiral defect was described and
linked to topology (Guillamat et al., 2022     ; Lång et al., 2024     ). Pictorially, the migration pattern
for the cornea is akin to water flowing in from a source and then circling down a sink, except that
we can create and extrude cells everywhere within the sheet. Additionally, biological development
can also mould the surfaces themselves and then generate deformations that couple to topological
defects – as has recently been shown for hydra (Maroudas-Sacks et al., 2021     ), and argued to play
an important role for organoids (Rozman et al., 2020     ).

In this paper, we build a quantitative model of spiral flocking on the cornea. We previously
showed that the swirling migration patterns of confluent corneal epithelial cell monolayers in
vitro can be understood using a model of active matter at high densities (Henkes et al., 2020     ),
and that one can include mechanical coordination between cells as polar alignment
(Saraswathibhatla et al., 2021     ). The model treats each cell as a soft particle, able to self-propel,
align its planar polarity with, and exert elastic forces on its neighbours. These features are
accounted for by a set of equations of motion that evolve in time to simulate swirling
spatiotemporally correlated patterns of cell motion as observed in in vitro experiments. The model
is quantitative, and its parameters can be directly derived from experimental observation.

Here, we extend this model of corneal epithelial cell migration to a three-dimensional constrained
geometry that recapitulates the mouse cornea, with stem cells at the limbus and proliferating TA
cells within the cornea. The model produces radial striping flow patterns with a central spiral
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representing a +1 topological defect that replicates the spiral flow patterns of cell migration
observed in vivo. We link flocking spiral formation to effective resurfacing of the cornea, and
reformulate the XYZ hypothesis of corneal maintenance (Thoft and Friend, 1983     ) in physical
terms. Additionally, using simulations of the model in different conditions, we are able to show
that spiral formation is robust to changes in corneal shape, as long as the χ = 1 disk-like topology is
preserved.

Box 1.

A brief overview of topological charges

Box 1—Figure 1. Topological defects in two-dimensional polar and nematic fields. Grey arrows denote
polar vectors, while grey lines denote nematic directions with head–tail symmetry. a Looping counter-
clockwise (blue circle) around the defect core (blue dot), the polar vectors rotate counterclockwise by 2π,
giving a topological charge of +1. b Looping counterclockwise, the vectors rotate clockwise by 2π,
corresponding to a charge of −1. c In a nematic field, head–tail symmetry allows a half-turn of the field; the

vectors rotate by π, giving a charge of . d The same configuration as in panel c but with clockwise

rotation, yielding a charge of . A uniform rotation of all vectors leaves the topological charge unchanged,
making all spirals +1 topological defects.

A vector field, such a cell migration forces and velocities, assigns a direction to every point on
a surface. In some systems, such as the nematic liquid crystals that model materials made out
of long thin objects, the field has head–tail symmetry, so reversing a direction has no physical
effect. Distortions of two-dimensional vector fields fall into two classes. Tilts are smooth
variations that can be removed by a global rotation of all vectors. Topological defects are
localised singularities with a core where the field direction is ill-defined and cannot be
eliminated by any smooth reorientation.

The defining property of a defect is the winding of the field around its core. Traversing a
closed loop counterclockwise, the surrounding vectors rotate by a total angle of 2nπ (or −2nπ),
giving a topological charge of +n (or −n). For polar fields, n is an integer, while nematic fields
admit half-integer charges due to head–tail symmetry.

On a closed surface without boundaries, the sum of all defect charges is fixed by the Euler
characteristic χ = 2 − 2g, where g is the number of holes in the surface. For example, a sphere
(g = 0) requires a total charge of 2, whereas a torus (g = 1) has zero net charge. For surfaces
with boundaries, the total interior charge depends on the boundary conditions; for a disk
where the field at the boundary is either perpendicular or tangent to it, known as
perpendicular or tangent anchoring respectively, the net charge is +1.

In contrast, spiral formation does not happen at all without cell-cell alignment and is severely
perturbed when the limbal stem cell niche is absent. We are thus able to demonstrate the central
role of flocking, confinement and curved geometry in corneal patterning. This model represents
the first comprehensive, predictive tool for understanding the maintenance of the full ocular
surface in health and disease.

+ 1
2

− 1
2
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Results
Experimental flow fields
Figure 1a      shows a representative X-linked LacZ-transgenic adult female mouse cornea, with a
pin-wheel spiral pattern of β-galactosidase mosaicism due to the flow of cells from patches of blue
and white stem cells at the periphery (limbus) to the corneal centre throughout adult life
(Collinson et al., 2002     ). The patterns of cell migration are reflected by the projection of sensory
axons between the cells in the basal layer, which appear to largely follow the flow of epithelial
cells (Figure 1b     ), and form together with the corneal epithelium during development. Both
axons and cells form a smooth flow pattern with a vortex at the corneal centre. This vortex is an
example of a topological defect (i.e. a point where the orientational order of cell velocity vectors
vanishes) with a +1 topological charge, as described in Box 1, and shown in Box 1 Figure 1a     . We
hypothesise that the flow pattern and the central topological defect can be explained as an
emergent behaviour of a collective of self-propelled epithelial cells closely packed on a
hemisphere. As a differential hypothesis, epithelial cells on a substrate have been described as an
active nematic material (Saw et al., 2017     ; Balasubramaniam et al., 2021     ), where elongated
cells or the stresses of the cells pulling on each other generate topological defects with ±1/2
charges, as again described in Box 1. Despite the compatible elongated shape of the axons, we do
not observe such defects, which for a +1/2 defect resemble a fold in a material made of long, thin
objects (see Box 1 Figure 1c-d     ). Instead, in rare occurrences, additional pairs of +1 and −1 defects
occur in axon patterning (Figure 1c     ). We also investigated cell shapes in the corneal epithelium
directly (see Figure 3d     ), and found no evidence of systematic cell elongation or nematic order.
We infer that here the polar, crawling motility of the cells dominates over cell elongation or
stresses with nematic symmetry. Therefore, cell motion in a cornea is an example of a dense polar
soft active matter system (Marchetti et al., 2013     ; Alert and Trepat, 2020     ). This is the same
conclusion (Lång et al., 2024     ) reached for HaCaT keratinocytes in a disk geometry but contrasts
with the results of (Guillamat et al., 2022     ) for C2C12 myoblasts on a disk, where cells feature
elongated shapes and are therefore primarily nematic.

To test the hypothesis of polar spiral migration, we reconstructed the epithelial cell flow fields
across the corneal surface, by dissecting, flattening and imaging corneas as described in Materials
and Methods. We manually traced boundaries between blue and white stripes from images of n = 8
dissected wild-type adult XLacZ corneas in Inkscape as described in the Materials and Methods
(see Figure 11     ). We wrote custom analysis software in MATLAB to digitally reconstruct the
cornea surface in 3D and then inferred the local cell flow directions from the stripe edges. Finally,
we minimised an XY model of polar alignment to interpolate between known directions. This
enabled us to infer the direction of velocity vectors everywhere on the cornea. In Figure 2a     , we
show a two-dimensional projection of the flow pattern along the curved corneal surface inferred
from one of the corneas (experiment 1). For all corneas, striping patterns are shown in Figure 2 –
Figure supplement 1     , and inferred flow patterns are shown in Figure 2 – Figure supplement 2     .

We identified topological defects in the flow field by computing angle differences in the projected
velocity directions over loops defined by a Delaunay triangulation (Zapotocky et al., 1995     ;
Henkes et al., 2018     ) (Figure 2d     ). This method is a discretised version of the loop integral
around a defect core shown in Box 1. We always found a single +1 topological defect surrounded
by a spiral, located near the centre of the cornea (Figure 2a      and Figure 2 – Figure Supplement
2     ).
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Figure 1. Spiral corneal striping of the murine eye.

a LacZ-mosaic (‘XLacZ’) mouse cornea with radial spiral striping patterns of XGal staining, visualising patterns of epithelial
cell migration during normal life. Image taken from (Collinson et al., 2002     ). b Beta-III-tubulin immunofluorescence staining
of sensory axons in the spiral region of the basal layer of corneal epithelial cells. The axons follow the migratory flow of the
basal epithelium. c A rare (≈1 in 100) occurrence of a double-swirl near the corneal centre. In both immunofluorescence
images, integer topological defects (e.g. centres of swirls) can be readily seen. In b there is a single +1 defect (white circle).
The unusual pattern, shown in c, shows two +1 defects and a single −1 defect (magenta circle). Scale bars: a 1000 µm. b, c 50
µm.

Figure 2. Experimentally observed corneal flow profiles.
a Projection of the inferred flow field of experiment 1 onto the plane, where the colour corresponds to the velocity direction
(see colourwheel legend). b Azimuthally (Φ) averaged spiral angle α as a function of polar cornea angle θ from the central
defect for n = 8 wild-type eyes (θ = 0 represents cornea center). c Local spherical coordinates around the location of the
central topological defect (black). The angle α between the velocity vector and the −êθ direction defines the spiral angle as a
function of the cornea polar angle θ. d Finding topological defects. From a Delaunay triangulation with the velocity arrows at
the nodes, we sum up the angle differences Δ around each triangle and compute c = Δ/2π. These charges identify topological
defects, e.g. c = 0 and no defect in the triangle labelled A, and c = 1 and a +1 defect in the triangle labelled B. Figure 2–Figure
supplement 1     . Fixed, stained and dissected LacZ-mosaic corneas used for flow inference. Figure 2–Figure supplement 2     .
Inferred flow fields for corneas 1-8.
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Figure 3.
a-c Angles of centrosome position and mitotic spindle in the cornea during migration and cell division, respectively, showing
no global angular correlations. a Definition of the division angle Φ with respect to the corneal centre and edge. b Angles Φ of
centrosome position in relation to the nucleus and the centre of the cornea. The image shows nuclei stained with DAPI (blue),
with the centrosome stained with pericentrin (pink). The position of the centrosome with respect to the nucleus may indicate
an intracellular planar polarisation: our data suggested that centrosomes are slightly but significantly biased to lie in front of
the nucleus p = 0.0047 (1-way ANOVA with Tukey’s posthoc multiple comparisons test). c Angles of mitotic spindle in relation
to the centre of the cornea. The image shows a dividing cell with its mitotic spindle on a DAPI stained cornea. No preferential
angle of division was observed. d Corneal epithelium flat mount immunostained for Keratin-12 intermediate filaments,
highlighting the cell cytoplasm and boundaries. Cells show no preferred axis of elongation (i.e. nematic order).
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We quantified the flow direction by the flow angle α, determined as follows. Owing to the nearly
spherical shape of the eye, we used spherical coordinates to identify points on the cornea. We
placed the origin at the centre of the eye, and the location of the +1 topological defect represents
the ‘north pole’, such that the z−axis passes through it (Figure 2c     ). We measured the angular
distance θ from the pole (like an inverse latitude), where θ = 0° corresponds to the spiral centre
and θ ≈ 70° corresponds to the limbal region at the periphery of the mouse cornea. We measured
the azimuthal direction by the angle Φ, with values between 0° and 360°, with an arbitrary origin
as the cornea is radially symmetric.

The spherical coordinates allowed us to define local unit reference vectors êθ and êΦ in the
tangent plane of the corneal surface. Then we defined α as the angle between − êθ and the
direction of the velocity vector v (Figure 2c     ). Here the minus sign ensures that |α| < 90° for an
inward flow, as êθ points outwards by convention.

The flow pattern is clearly highly symmetric along the azimuthal direction. Therefore, we
averaged α over the angle Φ to extract the characteristic spiral angle flow profile α(θ), as a function
of the polar angle θ (Figure 2b     ). Although both clockwise and counterclockwise patterns were
approximately equally likely, we flipped the sign of angle α on clockwise-rotating corneas for
visual clarity. This enabled us to identify a reproducible pattern for all corneas: Flow is straight
inward near the corneal edge with α(θ = 70°) ≈ 0 and stays such until at an angle θ ≈ 15° − 25°,
when α(θ) sharply increases, corresponding to a systematic tilt of v, i.e. the onset of a spiral. In all
cases, the spiral angle further continuously tightened until reaching α(θ = 0°) ≈ 90° at the corneal
centre, corresponding to flow in the azimuthal direction. Below, we will show that this flow
pattern, namely perpendicular anchoring and a vortex defect, is a natural consequence of the XYZ
hypothesis.

Excluding prepatterning as the stripe formation mechanisms
Patterns of radial striping are potentially explicable if the corneal epithelial cells are aligned by a
global patterning mechanism that, e.g. biases cell migration or aligns cell division axes to point
towards the cornea centre.

To test whether the cell migration direction is biased, we used the centrosome. The position of the
centrosome has been associated with cell polarity, motility, and division (Nigg and Raff, 2009     ).
Intracellular movement of the centrosome has been shown both in vivo and in wound assays in
vitro (Werner et al., 2017     ; Blitzer et al., 2011     ). Hence, the position of the centrosome relative to
the nucleus can act as a proxy measurement for the cell polarity and, potentially, the direction of
migration. To assay whether the corneal epithelial cells have an intrinsic directional polarity, we
performed immunohistochemistry to visualise pericentrin in flat-mounted corneas and measured
the angle of the centrosome-nuclear axis Φ with respect to the corneal centre (6 eyes, 879 cells)
(Figure 3a,b     ). Centrosomes were either behind the nucleus (0°−180°) (42±1%), in front of the
nucleus (51 ± 2 %), or directly above or below the nucleus with no orientation (6 ± 1%).
Statistically, there was a slight but significant tendency for centrosomes to locate in front of the
nucleus (p = 0.0047), consistent with the observed mean flow towards the cornea centre. However,
the overall scattered pattern of centrosomes with respect to the nucleus is more consistent with
short-term changes in migration directions associated with the local cell environment than with
any global patterning.

To investigate whether radially-aligned cell division axes contributed to observed striping
patterns, we identified mitotic figures in DAPI-stained flat-mounted corneas from adult mice as
shown in Figure 3     . We manually measured the angle Φ of each mitotic division with respect to
the centre of the cornea and binned it as ‘radial division’ (0° − 45°, 135° − 180°) or ‘tangential
division’ (45° − 135°). Figure 3c      shows that we did not observe any significant difference in the
proportions of radial (47 ± 5 %) and tangential (53 ± 5%) divisions (9 eyes, 376 dividing cells).
Therefore, we did not find any evidence for radial striping being caused by biased axes of cell
division.
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Soft active particle model of epithelial migration and parameter
extraction
With the prepatterning mechanism being unlikely, we turn to describing the observed radial
migration and spiral patterns as emergent phenomena. We therefore constructed an agent-based
model rooted in the physics of soft active matter. To first establish a baseline before introducing
curvature, we developed and parametrised a two-dimensional model using corneal explants and
monolayers of primary mouse corneal epithelial cells.

The corneal epithelium is stratified into several layers, but active migration is performed solely by
the basal layer of cells, while the top layers ride passively on the basal flow until desquamation.
For simplicity, we therefore modelled the tissue as a single sheet of cells represented by soft disks,
following overdamped Langevin dynamics. Each disk has a soft repulsive core of radius σ,
accounting for elastic overlap between neighbours, and a short-range attractive potential
modelling cell–cell adhesion. Active migration on the basement membrane is introduced through a
self-propulsion force of magnitude Fact = ζ υ0 with direction determined by the unit vector n̂i that
reorients over time. Here, υ0 is the self-propulsion velocity, and ζ > 0 is the friction coefficient with
the substrate. Cells can divide or be extruded with rates dz and a, respectively. The division rate
reduces with local density as dz = d0(1 − z/zmax), where d0 is the base rate and z is the number of
neighbours of the cell, and is zero for z ≥ zmax. Here, extrusion represents basal cell differentiation
and upward movement into apical layers and a is taken as constant. Together, these allow for
homeostasis when division balances extrusion, with a typical cell division time of a−1 (Matoz-
Fernandez et al., 2017     ).

This simple model of epithelial cell migration, previously used to model human corneal cell layers
(Henkes et al., 2020     ), is of the Active Brownian class of active materials (Marchetti et al., 2016     )
while motility directions  remain uncoordinated between cells. Its collective cell migration
patterns are ‘swirly’, with mesoscale spatiotemporal correlations set by the interaction of cell
elasticity with persistence time of migration (Henkes et al., 2020     ; Kammeraat et al., 2025     )
matching those seen, e.g. in MDCK monolayers (Angelini et al., 2011     ). It has been recognised
(Keta et al., 2024     ) as one of several mechanisms that generate active ‘turbulence’ - a collective,
disordered motion arising from internally generated forces produced by cells themselves - in cell
sheets and other systems like bacterial liquids (Alert et al., 2022     ). This simple model, however,
does not allow for large-scale collective cell migration, i.e. flocking, at the scale of the cornea.

Cells also coordinate their migration direction through local mechanical or chemical cues.
Although the detailed mechanochemistry of corneal epithelia remains unknown, studies of MDCK
monolayers have identified multiple coordination modes, including plithotaxis—reorientation
along principal stress directions (Trepat and Fredberg, 2011     ). In the absence of force traction or
myosin expression data, we included two reorientation mechanisms: (i) alignment with the local
force on the cell, i.e. internal force feedback (Szabó et al., 2006     ; Henkes et al., 2011     ; Petrolli et
al., 2019     ; Malinverno et al., 2017     ; Peyret et al., 2019     ; Lång et al., 2024     ), and (ii) alignment
with the migration direction of nearest cell neighbours (Saraswathibhatla et al., 2021     ). Both
mechanisms can generate collective migration (‘flocking’) and belong to the class of polar active
materials (Giardina, 2008     ; Vicsek and Zafeiris, 2012     ; Baconnier et al., 2025     ).

Our model assumes that the dominant source of motility is from cells crawling on the substrate, as
opposed to cell-cell stresses transmitted through junctions or coming from cell elongation (Alert
and Trepat, 2020     ). The latter assumption leads to active nematic models of cell motility
(Doostmo-hammadi et al., 2018; Shankar et al., 2017     ; Duclos et al., 2018     ), leading to a
prominent role of half-integer ±1/2 defects (Saw et al., 2017     ; Yu et al., 2025     ). As detailed above,
we adopted a polar instead of nematic active particle model because we observed neither
systematic cell elongation (Figure 3d     ) nor ±1/2 topological defects (see Box 1 Figure 1c-d     ) in
the axon patterns in Figure 1b-c     . Thus, each cell can generate motion individually, and the
model captures collective behaviour through polar alignment, leading to ±1 defects. We emphasise
that ‘polar’ here refers to the physical symmetry of the active forces, not to biological cell polarity.

Ultimately, the equations of motion for cell position r

𝐧̂𝑖
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i and migration angle ϑi in our model are:

(1)

where the migration direction is written as , with ϑi the angle of  and ψi

the angle of the cell velocity (or force) vector vi, both measured from the x−axis of the

simulation box. The mechanical forces Fij derive from a short-range potential that includes

repulsion and attraction with stiffness k, J is the alignment strength, and ηi is a rotational

white noise with ⟨ηi(t)ηj(t′)⟩ = 2Drδijδ(t − t′), defining the persistence time τ = 1/Dr. Details of

the numerical implementation are provided in Materials and Methods and (Sknepnek and
Henkes, 2015     ; Henkes et al., 2020     ); we used our simulation package (SAMoS, 2024     ) to
carry out the computations and our matching analysis package (SAMoSA, 2024     ) to analyse
the data.

To parametrise the model, we measured cell sizes, velocities, flow patterns, and cell cycle rates in
mouse corneal epithelial explants (‘explant’) where the basal epithelial cells move on their own
stromal layer and monolayers cultured on plastic substrates (‘plastic’) (Figure 4     ). The mean
basal cell radius as directly measured from microscopy was σ ≈ 5 − 6 µm in explants and σ ≈ 11 µm
on plastic. The mean cell cycle time in mouse basal corneal epithelial cells has been measured
previously to be ≈ 3.5 − 5.0 days (Sagga et al., 2018     ), with individual basal epithelial cells
capable of division once every 2.5 days (Lehrer et al., 1998     ).

Cell motility patterns, as determined by PIV analysis, showed signs of both ‘swirly’ and ‘flocking’
motility, see Figure 4 g,i      and supplementary videos S1 and S2. We characterised them using the
following measures: First the root-mean-square velocity  (where ⟨⋅⟩ denotes an
average taken over all cells and over time), ranging from 2–6 µm h−1 in explants to 15–25 µm h−1

on plastic (Figure 4a     ), consistent with higher traction forces on stiffer substrates (Ladoux and
Mège, 2017     ), and in a similar region as previous experiments (Leiper et al., 2006     ; Garcia et al.,
2015     ; Walczysko et al., 2016     ). Second, the flocking or Vicsek order parameter Φυ =|⟨ v ⟩| /υrms,
a number that ranges from 0 (no collective motion) to 1 (perfect flock). Experiments on both
substrates fall into the 0.3 − 0.7 range (Figure 4b     ), indicating that our epithelia are right around
the threshold of the flocking phase transition (Vicsek et al., 1995     ). Third, we analysed the spatio-
temporal correlations of the velocity field. Specifically, we measured (i) the spatial velocity
correlation function, ⟨v(r) ⋅ v(0) ⟩ / ⟨υ2

⟩, which quantifies how similarly cells move as a function of
their separation, and (ii) the temporal velocity correlation function, ⟨v(t) ⋅ v(0) ⟩ / ⟨υ2 ⟩, which
measures how persistent cell motion is over time. In both cases, the mean collective (flocking)
velocity was subtracted before computing the correlations. The spatial correlations are
characterised by a correlation length of approximately ξ = 150µm for the plastic substrates, and a
shorter initial decay ξ = 50µm for the corneal explants, but with a long tail. The temporal
correlations are all characterised by an initial rapid decay followed by a long tail or plateau, with
the correlations on the plastic substrate again being stronger.

We matched these results using our model with the following parameters: We used the measured
cell radii σ = 5µm in explants and σ = 11 µm on plastic, and the mean cell cycle set the extrusion
rate to a−1 = 50 h. Then the division rate dz was tuned to achieve steady-state density above
confluence (Matoz-Fernandez et al., 2017     ).

Corresponding self-propulsion speeds were υ0 = 3 µm h−1 and 30 µm h−1, allowing for υrms values
in the range of 2–6 µm h−1 in explant simulations and 15–25 µm h−1 on plastic (Figure 4a     , grey
regions labelled ‘simulations’). The alignment strength J was estimated by matching both υrms and
the flocking order parameter Φυ = |⟨ v ⟩| /υ rms: values in the range J = 0.1 − 0.2 h−1 matched
experimental data (Figure 4b     ) and correspond to the onset of collective migration. The ratio k/ζ,

d𝐫𝑖
d𝑡

= 𝑣0𝐧̂𝑖 +
1

𝜁
∑
𝑗 n.n. 𝑖

𝐅𝑖𝑗,
d𝜗𝑖
d𝑡

= −𝐽 [sin (𝜗𝑖 − 𝜓𝑖) + ∑
𝑗 n.n. 𝑖

sin (𝜗𝑖 − 𝜗𝑗)]+ 𝜂𝑖,

𝐧̂𝑖 = (cos𝜗𝑖, sin𝜗𝑖) 𝐧̂𝑖

𝑣rms =√⟨𝑣2⟩
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Figure 4. Matching procedure of simulated cell flows to experiment, for corneal-derived cells on the
stromal substrate within the explant (labelled ‘explant’, n = 3), and for cells proliferating on tissue culture
plastic substrate (labelled ‘plastic’, n = 4).
For both conditions, we included 3 simulations with all parameters fixed except for the alignment strength, J, and one
simulation with additional pair friction (labelled ‘f’). a Root mean squared cell velocity magnitude  in simulations
(shaded regions) and for experiments (white regions). Error bars represent one standard deviation. If not shown, the error
bar is smaller than the symbol size. b Flocking order parameter Φ = |⟨v⟩| /υrms, with shading and symbols same as in a. c and
d Normalised velocity correlation function ⟨v(r) ⋅ v(0) ⟩ / ⟨υ2

⟩ for the ‘explant’ and ‘plastic’ conditions, simulation curves are
for the hydrodynamic velocity (see text). e and f Normalised velocity autocorrelation function ⟨v(t) ⋅ v(0) ⟩ / ⟨υ2

⟩ for ‘explant’
and ‘plastic’ conditions. g Corneal explant overlaid with velocity arrows from PIV analysis and h simulated explant at J = 0.15. i
Cells on the plastic substrate overlaid with velocity arrows and j simulated plastic substrate at J = 0.15. Arrows for the
simulations are the hydrodynamic velocity.

𝑣rms =√⟨𝑣2⟩
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which determines the elastic response time, was adjusted to 30 h−1 to reproduce the observed
velocity correlations in space (Figure 4c,d     ) and the persistence time τ = 2h to match the velocity
correlations in time (Figure 4e,f     ), similar to the procedure detailed in (Kammeraat et al.,
2025     ).

In addition to the semi-quantitative matches, with simulations that look appropriately swirly and
flocking (see Figure 4h     , j for snapshots and supplementary videos S3 and S4), we also observe
the characteristic features previously noted: For the spatial correlations, shorter correlations are
followed by a tail, and the appearance of a plateau after a rapid decay in the temporal
correlations. Both features increase with alignment strength J, pointing to them arising from the
combination of swirling and flocking motility.

We note that the way cell division and extrusion are implemented in the model generates locally
opposing velocity pairs, leading to negative velocity correlations at short ranges (see Figure 4
d,h     ). We therefore used a time-averaged, or hydrodynamic cell velocity from cell displacements

, excluding divisions. There has also been recent insight that active flow correlations
sensitively depend on the presence or absence of a pair friction term, ζf (vi − vj), with correlations
decaying less abruptly in its presence (Tong et al., 2023     ; Rozman et al., 2025     ; Kammeraat et al.,
2025     ). We therefore also simulated the model with a ζf = ζ = 0.5 instead of the usual ζ = 1, ζf = 0.
We do find results for the hydrodynamic velocity that are comparable to each other, albeit at
lower values of alignment J.

Overall, the fitted parameters (Table 1     ) produced quantitatively accurate velocity statistics for
both explant and plastic conditions (Figure 4g–j     ; Videos S1–S4), validating the model as a
faithful representation of collective migration in corneal epithelial cells.

Corneal surface model
To combine active cell dynamics with the realistic three-dimensional corneal shape, we modelled
the cornea as a spherical cap of radius R = 100 − 1500 µm and a 70° opening, consistent with
experimental measurements. The corneal epithelial cells, i.e. the TA cells derived from stem cell
divisions in the limbus, were modelled as soft particles able to migrate on the curved surface,
divide, and be removed. To ensure that the cells remain confined to the surface throughout the
simulation, we projected the velocity vectors onto the local tangent planes at each time step. The
equations of motion, therefore, contain the same term as in the flat case, eqn. (1), with additional
projection operators (Sknepnek and Henkes, 2015     ) (see Materials and Methods). The model
parameters, listed as ‘explant’ in Table 1     , were determined as discussed in the previous section.
At the bottom boundary, we modelled the limbal stem cell niche as a single layer of continuously
dividing cells, a simplification that takes into account both dividing stem cells and a population of
TA cells that may divide before leaving the limbus (Vanin et al., 2025     ).

In the mouse limbal epithelium, slow-cycling stem cells, comprising approximately 25% of the cell
population, were previously determined to divide once every 10 - 20 days with the other 75% of
rapidly dividing cells having a cell cycle time of 3 - 3.5 days (Sagga et al., 2018     ). To match the
above and the empirically determined corneal resurfacing time of 14 days at full-size, we chose a
density-independent division rate of dL = 0.4 h−1 for the limbal ring.

Finally, we included a double ring of tightly spaced stiff cells as a barrier to constrain motion to
the interior of the cornea area. This reflects experimental observations that the progeny of limbal
epithelial stem cells never migrate outwards into the conjunctiva. We recapitulated the lineage
tracing provided by XLacZ staining by separating the cells into ‘blue’ and ‘white’ types. Each ‘blue’
limbal stem cell gives rise to ‘blue’ TA cells, which can also only divide further into more ‘blue’
cells, as in vivo. We used the same dynamics for the ‘white’ cells. Blue and white cells were
identical in their interactions and they could mix freely. We set the base for the stripes to 12
alternating regions of fixed stem cells along the limbal stem cell line (Figure 5     ). For the initial
set-up of simulations, we randomly seeded cells with a 50:50 ‘blue’:’white’ mixture on the corneal
surface. For the largest cornea radii Rc = 1000 µm and Rc = 1500 µm, due to computational
limitations, we started with an empty corneal surface. As above, we implemented the model
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Table 1. Model parameters and their values inferred from experiment and used in simulations.

Bare values for the cell-cell interaction potential strength k and the friction coefficient ζ are not shown since only their ratio k/
ζ matters in our model.

Table 2. Key resources table
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through custom configuration files and initialisation scripts in our package (SAMoS, 2024     ). We
simulated between 1400 cells at Rc = 100 µm, and 241 000 cells at Rc = 1500 µm. We ran the
simulations using an Euler-Maruyama algorithm for 500 000 simulation time steps at dt = 0.001 h,
corresponding to 20.8 days of development. Please see supplementary video S5 for a R = 100
simulation corresponding to Figure 5     .

Emergence of the spiral pattern
The corneal spiral is not present from birth (Figure 6a     ): Young XLacZ mice exhibit a random
patchwork arrangement of blue and white clones from mosaic LacZ expression of cells. Cell loss
stimulates the immigration of cells into the cornea from the limbal epithelium, such that by
adulthood the patterns resolve as the spiral radial arrangement of clones. The transition from a
primarily patchwork to a primarily striped pattern takes 3 - 4 weeks, with intermediate patterns
with stripes emerging from the periphery, retaining a patchwork centre. We were able to
successfully reproduce both this transition and the spiral striping pattern using numerical
simulations of the corneal surface model. In Figure 6b-e     , we show the time evolution of a
simulated cornea of radius R = 700 µm. As can be seen in the second row (Figure 6b      and
accompanying supplementary video S6), the initially randomly distributed ‘blue’ and ‘white’ cell
pattern was gradually replaced by a striped pattern made of cells derived from the limbus. This
was not simply a case of cells being replaced since the change happened over several generations
of cells, with the overwhelming majority of striping pattern cells being derived from other corneal
epithelial TA cells. By day 20, a cornea with a stable central spiral emerged. This pattern of
replacement, including the time scale over which it occurred, was very similar to the corneal
evolution observed in neonatal mice shown in Figure 6a     . We can understand the emergence of
the spiral flow pattern by examining the temporally averaged (or hydrodynamic) velocity field
(Figure 6c      and supplementary video S7), where we tracked the displacement Δri(t) = ri(t + Δ/2) −
ri(t − Δ/2) of each surviving cell i over Δt = 2.5 h, giving . This is distinct from the
instantaneous cell migration speed vi which was more random, consistent with the nearly random
cell orientations seen in experiments (cf. Figure 3b     ). Figure 12      in the Materials and Methods
shows how the smooth hydrodynamic flow pattern emerges as we increase the averaging time Δt.
The hydrodynamic velocity field gradually forms a spiral pattern with flow parallel to the
blue/white stripe edges of the spiral. This confirmed our experimental approach of inferring the
flow field direction from the stripe edges.

We next quantified our observations by tracking the +1 and −1 topological defects of vH, shown in
white and black, respectively in Figure 6c     . As discussed in Box 1, topological defects correspond
to regions where the flow field is discontinuous, with +1 defects being circular objects with spiral
flows around the defect core, while −1 defects have four-fold inward/outward symmetry (see Box 1
Figure 1a-b     ). We computed topological defect charges c using the same discrete sum around
Delaunay triangles of a tesselation constructed from the particle positions as for the experiment
(Figure 2d     ), and further merged the charges of defects recursively within 15 µm, to avoid
regions of small-scale disordered flow dominating our measurements (Henkes et al., 2018     ;
Prathyusha et al., 2018     ). Please see Materials and Methods for full details; both the computation
of vH and the topological defects were carried out in our analysis package (SAMoSA, 2024     ). Since
the cornea is topologically a disk, i.e. a surface with a boundary, in general, the total topological
charge is influenced by that boundary. However, due to flows being uniformly inward close to the
limbal region, corresponding to perpendicular anchoring, the sum of the topological charges is
expected to be +1, i.e. N+1 − N−1 = 1 (Stein, 1979     ). We indeed observed that as the simulated
cornea matures, +1 and −1 defects were initially very numerous and then reduced until only one
central, +1 topological spiral defect remained, which corresponded to the centre of the blue-white
spiral. In Figure 6d     , we show the polar angle of the ±1 defects as a function of time. One can
clearly see the mutual annihilation of +1 and −1 defects such that by day 8, only the central +1
defect remained. Here the top graph corresponds to the defects of the flow field shown in Figure
6b     , and the bottom graph corresponds to the director field, i.e. the field of directions of
migration of individual cells. Figure 6e      shows the spatial trajectory of the central defect
superimposed on the flow pattern, again for velocity and director defects. Both show that the
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Figure 5. In silico corneal model. Cells were constrained to move on the surface of a spherical cap with a
polar angle of 70°.

Each cell is self-propelled by an internal active force, F act, in addition to being subject to a short-range elastic force Fel due to
mechanical interactions with neighbouring cells. Due to slow migration speeds, cell motion is overdamped, and forces are
balanced by friction with the substrate, giving rise to cell velocity v. Inwards from a layer of immobile barrier cells (grey), the
stem cells of the limbal niche (green and pink) divide with rate dL to give rise to transient amplifying (TA) cells (blue and
white). TA cells divide with the density-dependent rate dz into cells with the same label and are extruded with rate a.
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Figure 6. Emergence of the spiral flow in experiment and in a simulated R = 700 µm cornea.
a X-Gal-stained beta-galatosidase mosaic corneas from ‘H253’ (XLacZ) female mice, hemizygous for X-linked LacZ transgene
(Collinson et al., 2002     ), showing the gradual appearance of the spiral over 3 - 4 weeks. Scale bar is 500 µm. b Simulated
time sequence of the emerging spiral pattern with labelled ‘blue’ and ‘white’ TA cells. The spiral is completely formed by
simulated day 20. c Corresponding hydrodynamic flow fields vH of the cells, coloured according to the x (left-right)
component of the flow direction in 3D space from blue to red. The flow is determined by topological defects (white +1, black
−1) that merge to give rise to a central +1 topological defect by day 8. d Velocity (top) and director (bottom) topological defect
polar angle as a function of time. +1 and −1 defect pairs merge progressively, the snapshots in b and c correspond to the blue
vertical lines. e Central +1 defect track for both velocity and director overlaid on the velocity field.
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central defect is almost stationary and nearly identical for velocity and director defects. These
measures all show that the flow field pattern is a direct result of the polar alignment of the cells,
i.e. the spiral pattern indeed emerges from the interaction between flocking and hemispherical
geometry. We note that a similar pattern of defects annihilating in pairs into a central vortex was
seen in (Lång et al., 2024     ) for both cells and a polar active model on a disk topology.We next
quantified our observations by tracking the +1 and −1 topological defects of vH, shown in white
and black, respectively in Figure 6c     . As discussed in Box 1, topological defects correspond to
regions where the flow field is discontinuous, with +1 defects being circular objects with spiral
flows around the defect core, while −1 defects have four-fold inward/outward symmetry (see Box 1
Figure 1a-b     ). We computed topological defect charges c using the same discrete sum around
Delaunay triangles of a tesselation constructed from the particle positions as for the experiment
(Figure 2d     ), and further merged the charges of defects recursively within 15 µm, to avoid
regions of small-scale disordered flow dominating our measurements (Henkes et al., 2018     ;
Prathyusha et al., 2018     ).

Please see Materials and Methods for full details; both the computation of vH and the topological
defects were carried out in our analysis package (SAMoSA, 2024     ). Since the cornea is
topologically a disk, i.e. a surface with a boundary, in general, the total topological charge is
influenced by that boundary. However, due to flows being uniformly inward close to the limbal
region, corresponding to perpendicular anchoring, the sum of the topological charges is expected
to be +1, i.e. N+1−N−1 = 1 (Stein, 1979     ). We indeed observed that as the simulated cornea
matures, +1 and −1 defects were initially very numerous and then reduced until only one central,
+1 topological spiral defect remained, which corresponded to the centre of the blue-white spiral. In
Figure 6d     , we show the polar angle of the ±1 defects as a function of time. One can clearly see
the mutual annihilation of +1 and −1 defects such that by day 8, only the central +1 defect
remained. Here the top graph corresponds to the defects of the flow field shown in Figure 6b     ,
and the bottom graph corresponds to the director field, i.e. the field of directions of migration of
individual cells. Figure 6e      shows the spatial trajectory of the central defect superimposed on the
flow pattern, again for velocity and director defects. Both show that the central defect is almost
stationary and nearly identical for velocity and director defects. These measures all show that the
flow field pattern is a direct result of the polar alignment of the cells, i.e. the spiral pattern indeed
emerges from the interaction between flocking and hemispherical geometry. We note that a
similar pattern of defects annihilating in pairs into a central vortex was seen in (Lång et al.,
2024     ) for both cells and a polar active model on a disk topology.

Key parameters of simulated spiral corneas
We next sought to understand the properties of the spiral flow field and how it compared to the
experimental observations. In Figure 7     , we show the dependence of the simulated flow patterns
on cornea radius R and polar alignment strength J. Figure 7 – Figure supplement 1      and 2     ,
respectively, show simulation snapshots of all simulated values of J and R.

From these simulations, we made a key observation: polar alignment is necessary for spiral
formation, and the cornea is not effectively resurfaced in its absence. For example, in the bottom
grey oval in Figure 7a     , we show the flow field (left) and a snapshot of the cell configuration
(right) for J = 0.025 h−1 and R = 500 µm after 20 days. The flow field remained disordered with
numerous topological defects and no emerging spiral. Supplementary videos S8 and S9 show the
time evolution (or lack thereof) of this process. Conversely, for J = 0.2 h−1 (top grey oval) we
obtained a tighter spiral with a well-developed spiral flow field. Supplementary videos S10 and
S11 show the time evolution, including the more rapid appearance of the single central defect.

We quantified these observations by computing azimuthally averaged profiles using spherical
coordinates with the central defect along the z axis, using the same method as for the experiment
(Figure 2c     ). In Figures 7b      and 7d      we, respectively, show the spiral angle α and the mean
flow velocity υH as a function of polar angle θ. The former is the same measure as in Figure 2b     
obtained in experiments. We found a transition between a disordered state with small υH in the
interior (and thus no effective resurfacing) and no developed spiral for J ≤ 0.05 h−1 and

Developmental Biology | Physics of Living Systems

https://doi.org/10.7554/eLife.106061.2
https://elifesciences.org/?utm_source=pdf&utm_medium=article-pdf&utm_campaign=PDF_tracking
https://elifesciences.org/subjects/developmental-biology
https://elifesciences.org/subjects/physics-living-systems


Kostanjevec et al., 2025 eLife 14:RP106061.  https://doi.org/10.7554/eLife.106061.2 18 of 57

Figure 7. Properties of the spiral as a function of the corneal radius R and alignment strength J.
a Schematic phase diagram with lineage tracing and select flow fields after 20 days. Spirals appear at all R, but need J ≈ 0.075
h−1 to emerge. We include our best fit for R = 1500 µm life-size cornea. b and c Spiral angle α with respect to the inward −êθ
direction as a function of polar angle θ as a function of J for R = 500 µm (b) and as a function of R for J = 0.1 h−1 (c). d and e
Coarse-grained flow velocity magnitude υ as a function of polar angle θ as a function of J for R = 500 µm (d) and as a function
of R for J = 0.1 h−1 (e). Figure 7–Figure supplement 1     . Emergence of the corneal spiral as a function of J for R = 500 µm
simulated corneas, snapshots are at 20 days. Figure 7–Figure supplement 2     . Emergence of the corneal spiral as a function
of R for J = 0.1 h−1 simulated corneas, snapshots are at 20 days. Note that simulations for R = 200, 400 and 1000 µm have
patterned 48 instead of 12 corneal stripes into the limbus.
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increasingly effective resurfacing for J ≥ 0.075 h−1, in the same region as the flocking transition in
the flat case. Both spiral shape and flow velocity saturated for J ≈ 0.2 h−1, in the limit where cells
fully flock together. Thus, we predict that the emergence of the topological spiral flow due to polar
alignment is essential for a healthy cornea.

We observed that a spiral emerges for all simulated cornea radii (R = 100 − 1500 µm), showing the
robustness of the flocking mechanism. However, the spiral shape is strongly radius-dependent. In
Figure 7c     , we show the spiral angle α with the inward direction as a function of polar angle θ for
different values of R. We see that there is a systematic change from a pattern of a wide spiral
(large α at most θ) at small values of R to a flux that is nearly straight inwards on the outer areas of
the cornea (small α at large θ) followed by an increasingly sharper spiral pattern near the centre.
In all cases, we had α(0) → 90°, i.e. a spiral that becomes a vortex at the centre. The flow field υH

(Figure 7e     ) shows that all corneas except the smallest reached a steady flow velocity of
approximately 2 µm/h on the corneal surface. Near the centre, however, υH drops to 0
approximately linearly, with an increasingly sharper gradient as the corneal size increases.

The XYZ model revisited
A mainstay of understanding of ocular surface maintenance has been the XYZ hypothesis which
states that the amount of cells flowing into the cornea from the limbal stem cell reservoir is
exactly balanced by the difference between the amounts of TA cells being born and leaving the
cornea (Thoft and Friend, 1983     ). In other words, the XYZ hypothesis posits that the cornea is in a
steady state with a constant but nonzero flux of cells from the limbus inward to the tip of the
cornea. We can test and expand on this hypothesis by writing a continuum conservation law for
cell numbers, and apply it to the spiral flow profiles, linking cell flux υH, the spiral angle of the
cornea α, and the difference between birth and extrusion rates.

The XYZ hypothesis states that the number of cells in a patch of the cornea is, on average, constant.
If we denote the number of cells in a patch as N, Nin cells flowing into the patch, Nout cells flowing
out of the patch, Nd cells dividing, and Na cells that are extruded, we obtain the following balance
relation:

(2)

This equation could be reformulated in terms of the density of cells, ρ = N /S, where S is the

patch area. The flux J = ρvH is the mean number of cells with velocity vH flowing through the
boundary of S per unit time. Similarly, we can define d(ρ) and a(ρ), the division and death
rates per cell. Eqn. (2) can then be reformulated as a flux conservation or continuity equation
(see Materials and Methods) that states that the divergence of the flux at each point needs to
be balanced by the difference in cells being extruded and those that are dividing at the same
point, i.e.

(3)

It is possible to link this equation with the XYZ hypothesis as follows. We first assume that the

flow has a radially symmetric spiral pattern, i.e. vH = υ(θ) cos α(θ)eθ+sin α(θ)eΦ, where υ(θ) =

|vH| is its magnitude and α(θ) is the angle between vH and −eθ. The difference between

division and extrusion can be combined into the density-dependent net loss rate A(ρ) = [a(ρ) −
d(ρ)]. We further assume that the deviations of ρ from its mean are small, though we retain
their influence on A(θ) ≡ A(ρ(θ)). Written in spherical coordinates for a cornea of radius R
with the defect along z again as in Figure 2d     , eqn. (3) becomes (see Materials and Methods),

(4)

𝑁in −𝑁out +𝑁d −𝑁a = 0.

∇ ⋅ (𝜌𝐯𝐻) = [𝑎(𝜌)− 𝑑(𝜌)]𝜌.

( 𝑣(𝜃)

tan 𝜃
+

d𝑣

d𝜃
) cos𝛼(𝜃)− 𝑣(𝜃) sin𝛼(𝜃)

d𝛼

d𝜃
−𝑅𝐴(𝜃) = 0.
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This equation links the spiral angle profile α(θ), shown in Figures 7b      and 7c      with its
velocity profile υ(θ) (Figures 7d      and 7e     ) through the net loss rate A(θ) which we show for
the simulations in Figures 8b-d     . We immediately see that A(θ) has a distinct emerging
angular profile, despite cell division and extrusion in the model incorporating no spatial
information. In particular, we note that for small values of the alignment strength J, where
the system cannot form a spiral, there is a strongly positive A at large θ, near the limbus. This
corresponds to a ‘traffic jam’ of cells stuck near their place of birth that are extruded before
being able to migrate up the surface. In contrast, for spiral forming configurations, A < 0 near
the limbus, signalling an enhanced birth rate and lower extrusion rate is balanced by a
higher extrusion rate near the centre. Additionally, these A profiles are also explicitly
dependent on the corneal radius.

We write an equation for the inward flux F (θ) = υ(θ) cos(α(θ)), i.e. the radially inward component
of the velocity. Integrating over the polar angle θ from the centre outwards then gives a
relationship between the flux at angle θ and the integrated loss rate inwards of this point,

(5)

In Figures 8a      and 8c     , we show the predicted F (θ)/R (dashed lines) compared to the
empirically computed flux in the simulations, showing a very good fit. We can clearly see that
the flux is also a nontrivial function of both θ and cornea radius R, explaining the change in
spiral shape that we observed as a function of angle θ and radius R. This dependence on R is
both explicit in eqn. 5      and due to the nontrivial form of A(θ), a quantity that we cannot
currently measure, but that may at some point become accessible experimentally. We do
nevertheless find several interesting constraints on spiral shape: As long as υ(θ) is nonzero at
the corneal centre (and there is no reason for cells to stop moving there), our model implies
that α(0) = ±π/2, i.e. that the spiral centre is a pure vortex. At the same time, since there is
nonzero flux inward from the limbus, |α(θL) | < π/2, i.e. there has to be an inward component

to the spiral at the corneal edge. The α = 0 we observe in experiment and simulation for large
R is simply the most extreme realisation of this.

Since we have established that our model is a polar active material, it should in principle be
possible to derive continuum hydrodynamic equations for it, in a similar approach taken for in
vitro systems (Guillamat et al., 2022     ). The delicate density-dependent balance that links division,
death and velocity magnitude in our system however complicates this: the appropriate symmetry
class are the ‘Malthusian’ flocks (Toner, 2012     ), which include division and death. However, the
strong approximations inherent in this approach, most notably that A = 0 and that υ is constant,
independent of cell density, make them insufficiently detailed to explain the corneal flux. A future
fully quantitative hydrodynamic description of the cornea will require a more sophisticated
approach.

Robustness of the spiral migration pattern and requirement for
limbal stem cells
We modelled the cornea in the absence of limbal epithelial stem cell proliferation (Figure 9     ),
first keeping all other parameters as in Figure 6      (left column). The cornea failed to make radial
striping patterns. The epithelial pre-pattern of a patchwork of blue and white was never replaced
(top row), and multiple +1 and −1 defects persisted long-term (middle row). With increasing J,
more pronounced swirling patterns of locally aligned cells were predicted and indeed observed,
but without the consistent global patterning of the central spiral - compare the defect tracks in
Figure 9g      to those of the original system in Figure 6e     . We now observed velocity fields that
were mostly parallel to the limbus edge, i.e. α(θL) = ±π/2, consistent with the absence of any flux
into or out of the cornea. Topologically, the states that we do observe, with multiple +1 defects, are
possible because we now have singularities at the limbal boundary, consisting of places where the
flow field flips from running clockwise to counterclockwise along the edge. This is similar to the

𝐹(𝜃) =
𝑅𝑐

sin 𝜃
∫𝜃

0

𝐴(𝜆) sin𝜆d𝜆.
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Figure 8. Flux on the simulated corneal surface, and XYZ hypothesis.

a Radial flux F as a function of polar angle θ for different simulated corneal radii R at J = 0.1 h−1. Dashed lines: predicted flux
from eqn. (5) using b the measured difference between cell division and extrusion rates A as a function of θ. c Radial flux
emerges as a function of alignment strength J at R = 500 µm, and is consistent with (dashed lines) the prediction from net loss
rate A in d, where the elevated loss rate near the limbus for the non-aligning system is clearly visible.
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multi-defect states with complex boundary behaviour that have been observed for polar active
filaments in polygonal confinement (Kurjahn et al., 2024     ), but surprisingly different from the in-
vitro systems on a disk - especially the similarly large and polar systems of (Lång et al., 2024     ).
We speculate that e.g. higher cell motility and less cell division / extrusion in these systems lead to
a different balance between polar motion and effective tissue compressibility. For us, it appears
that it is pronounced local cell division and resulting outward flux from the singularities that
impedes their merger into the defects and thus disappearance. Note the white patch consisting of a
single clone visible in Figure 9f      descended from cells at the boundary singularity visible in
Figure 9e     . We conclude that in vivo, the high levels of cell proliferation in the inner limbus are
essential for generating spiral cell motion and so effective corneal resurfacing.

Corneal shape changes significantly between animal species, and thus it is interesting to
understand the behaviour of our model in other conditions. We repeated simulations for corneas
of different geometries, including a flatter 30 degree cap angle (mimicking human), an oblate
ellipsoid (mimicking some ungulates such as sheep), a prolate ellipsoid (mimicking human
keratoconus pathology) and also geometries that do not occur in nature - a completely flat cornea
(which however resembles in-vitro systems) and a bulging 120 degree cap angle cornea (Figure
10     ). Radial striping and a single spiral eventually established themselves on all of the modified
surfaces. Only in the ‘sheep-like’ oblate ellipsoid there was a tendency for the spiral defect to
remain close to the corneal periphery, but there are no data showing whether this reflects an in
vivo situation. In Figure 10d     , we show defect tracks for the prolate ellipsoid system, which
showed the central spiral establishing itself quickly in a very similar manner to the mouse
geometry in Figure 6e     . While the geometry of these systems varies, topologically they are all the
same, with Euler characteristic χ = 1 and a boundary condition where there is a net influx of cells
from the limbus. Therefore, while the theory for the flux would need to be adapted to the distorted
geometry, the general conclusions that at the limbus |α(θL) | < π/2 and that the spiral is a pure
vortex at its centre remain valid. We conclude that, independent of precise geometry, the
combination of topology and cell influx at the limbus robustly leads to spiral formation and
effective corneal resurfacing.

Discussion
Conclusion
We introduced an in silico agent-based model that describes the complex collective motion pattern
observed in the corneal epithelium as an emergent phenomenon. The model only requires simple
assumptions about local cell behaviours and neither relies on any organ-scale pre-patterning or
regulation nor requires the imposition of any external guidance cues or any shear and tensile
strains that may otherwise cause the sliding of epithelial cells in logarithmic vortices (Mohammad
Nejad et al., 2015     ). In vivo, cell migration patterns can, therefore, be quantitatively explained by
a simple agent-based model commonly studied in the physics of soft active matter systems. This is
the first corneal model to successfully reproduce the central vortex motion of epithelial cells
around the corneal centre in simulations. The key outcomes from this study are that to
recapitulate experimentally observed patterns of cell migration in vivo, cells need to: 1) be able to
actively migrate, 2) respond to mechanical pressure due to the population of other cells, 3) align
their migration direction to that of their neighbours (i.e. ‘go with the flow’), 4) have density-
dependent control of proliferation, and 5) maintain a high rate of limbal cell proliferation. Then
the emerging pattern is robust to noise, i.e. stochastic components in cell motion and proliferation,
and corneal size and shape. Furthermore, we were able to determine model parameters from
experiments, which allowed for quantitative comparison between the in silico model and the
biological system. Changing model parameters results in markedly different cell migration
patterns that may apply to other biological scenarios, underscoring the power of the agent-based
active matter models in describing collective cell behaviours.

Notably, in the cornea, where motile cells are bounded by immobile stem cells, the model predicts
that at no time do cells need guidance cues to direct them towards the corneal centre. Given the
step into the cornea from the limbus, which we impose on the simulations and reflects the likely
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Figure 9. Importance of the limbal stem cells for spiral formation.

Result of simulations without limbal stem cells, at R = 700 and different J, with the TA cells on top and the hydrodynamic flow
fields vH of the cells at the bottom. a-b J = 0.1, the direct equivalent of Fig. 6, c-d J = 0.15 and e-f J = 0.2. g Defect traces for
velocity (top) and director field (bottom) for J = 0.15. None of these systems forms a central spiral.
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Figure 10. Migration pattern in other geometries, with the ‘blue’ and ‘white’ TA cells marked on the left,
and on the right hydrodynamic flow fields vH of the cells, representation and other parameters as in the
main model and Figure 6     .

a Flat cornea, R = 700 µm. b Spherical cornea with a cap angle of 30°, R = 500 µm. c Spherical cornea with a cap angle of 120°,
R = 300 µm. d Defect traces for velocity (top) and director field (bottom) for the system in panel e. e Prolate ellipsoidal cornea
(radii a = b = 300 µm and c = 500 µm). f Oblate ellipsoidal cornea (radii a = b = 500 µm and c = 300 µm). We observe stripe and
spiral formation in all systems.
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Figure 11. Extracting digitised flow fields from fixed eyes.
a Side (top) and top (bottom) view of a fixed mouse eye, stained for LacZ. The line of the limbus is clearly visible. b Dissected,
flattened cornea, note radial cuts and the clearly visible stripes. c Using Inkscape, we used different colours to draw (1) the
cut boundaries (2) a circle at the position of the limbus and most importantly (3) all visible stripe edges as new layers on the
image from (b). d After processing this drawing with MATLAB, we obtained (1) the outline of the dissected tissue (2) the
location of the cornea and (3) the stripe locations. We placed 40 concentric rings of evenly spaced points on the cornea,
omitting the cuts. e ‘Moulding’ the cornea: Starting from the centre and moving outwards, we relaxed each ring by
equilibrating the springs indicated in green; a cut location is outlined in blue. f Location of the points defined in (d) on the
cornea after ‘moulding’. g Using the local tangent to the stripe edges, we inferred the velocity direction on points coloured
red (red arrows). We then relaxed the director at points without stripe edge (blue) assuming director alignment between
neighbours (black lines). h Final estimate for the flow direction of the cornea, including central spiral defect.

Figure 12. Emergence of the hydrodynamic velocity.

a Instantaneous velocity arrows on the R = 700µm cornea shown in Figure 6     , colored by x (left/right) component of the
velocity. b-d Hydrodynamic velocity arrows defined as for increasing time intervals Δt, showing convergence to
smooth field after Δt = 2.5h. e Distribution of the angle Φ of the velocity vectors (as defined in Figure 3     ), weighted by
velocity magnitude, showing increasingly sharply peaked inward (pink) motion as Δt increases.

𝐯𝐻 = Δ𝐫
Δ𝑡
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durotactic pressure on cells moving from the soft limbal stroma to the stiffer corneal stroma, the
radial centripetal migration that has long fascinated biologists can then be explained as being
generated by a biophysical model.

The high parameter of limbal cell division that is required to produce robust radial striping is
superficially at variance with the paradigm that suggests limbal epithelial stem cells to be slow-
cycling. However, within the inner limbus, cycling stem cells give rise to rapidly dividing TA cells.
Although up to 25% of limbal cells may be slow cycling, we previously calculated that the mean
limbal epithelial cell cycle time is lower than that observed in the corneal epithelium (Sagga et al.,
2018     ). There is, therefore, no discrepancy between the stem cell parameters imposed on our
model and the real biological situation. We also tested the consequences of the removal of limbal
epithelial stem cells from the simulated system and showed that in these circumstances the
pinwheel pattern of cell migration does not occur and the cornea maintains multiple unresolved
+1 and −1 discontinuities (Figure 9     ). This is biologically relevant as it has been shown that at
least some of the corneal epithelial TA cells have high clonogenic potential and in some species,
the corneal epithelium can be maintained for a substantial period of time after limbal epithelial
stem cell ablation. Our simulations suggest that the corneal epithelium indeed should not be
expected to immediately degrade upon loss of stem cells. However, the pattern of cell migration
across the cornea in those circumstances would be highly irregular. Such a cornea may not be able
to repair wounds effectively.

Analysis of the agent-based simulations data shows that at the start of the simulations, the sheet is
peppered with ±1 topological defects, but those collide with each other and cancel out until a
single +1 defect persists. Across several simulations, the model also found multiple +1 and −1
defects during the first 5 days, but by about simulated day 10 invariably only one defect remained.
During simulations, each topological defect moved stochastically, which enabled all but one +1
defect to collide and eventually cancel out. This ‘Highlander’ model, where only one defect can
survive, is a direct result of simulations but also has strong relevance to our understanding of
biology. The start of the simulations represents the young mouse corneal epithelium which
consists of a random unoriented patchwork of ‘blue’ and ‘white’ cells, full of topological defects,
with the development of the single central vortical swirl only manifesting after days or weeks of
radial cell migration (Collinson et al., 2002     ). The simulation suggested that it may be possible
that two or more +1 discontinuities survive long-term (providing the overall topological charge of
the cornea remains +1) if one or more −1 and +1 discontinuities happen not to collide. An in vivo
example of this is seen in Figure 1     . We have observed persistent recurrence of +1 and −1
discontinuities in disease states, such as Pax6-heterozygous mice in which the corneal epithelium
is fragile and subject to persistent abrasion (Collinson et al., 2004     ). Discontinuites are also
created after peripheral wounding of the cornea, and these may persist long term if widely
separated (Sagga et al., in prep).

Outlook: Models of the cornea and active matter
The physics of active matter has emerged as a powerful tool to describe many collective processes
in biological systems, revealing that many complex biological processes rely on common physical
mechanisms (Alert and Trepat, 2020     ). The cornea studied here is one such example. What,
however, sets it apart from most other active matter studies of collective cell migration is the
presence of curvature. Curvature alters the common notions of straight and parallel lines, which
affects how active agents interact with each other if confined to move on a curved surface. It can
also lead to the appearance of topological defects (e.g. the +1 defect at the cornea top), which can
have important implications for the development of the organism, e.g. as was recently argued to
be the case for hydra (Maroudas-Sacks et al., 2021     ). Compared to the efforts put into
understanding active behaviour in flat spaces, the current understanding of the interplay of
curvature and activity is, however, very limited. We, therefore, hope that this work will motivate
further research in this direction.

Developmental Biology | Physics of Living Systems

https://doi.org/10.7554/eLife.106061.2
https://elifesciences.org/?utm_source=pdf&utm_medium=article-pdf&utm_campaign=PDF_tracking
https://elifesciences.org/subjects/developmental-biology
https://elifesciences.org/subjects/physics-living-systems


Kostanjevec et al., 2025 eLife 14:RP106061.  https://doi.org/10.7554/eLife.106061.2 27 of 57

We also remark that the mutual annihilation of integer topological defects as the system ages has
recently been reported in an in-vitro system immortalized human keratinocytes confined to a disk
and confirmed in agent-based simulations (Lång et al., 2024     ). The model proposed there in fact
uses the same combination of overdamped dynamics and self-alignment as ours, and is thus in the
same class of active polar matter. In contrast, however, it is an active solid model without cell
division and extrusion, and indeed, any cell rearrangement at all, and model results can therefore
not directly be compared to ours.

Previously, coordinate-based in silico models of ocular striping have attempted to model the
cornea, but did not adequately recapitulate the biological state, due to not accounting for the
correct geometry and curvature of the cornea (70° hemisphere) and often ignoring factors such as
cell migration. In one study, the cornea was modelled on a flat surface with population pressure
from neighbouring cells being solely responsible for mobility, with cells moving from higher to
lower pressure (Lobo et al., 2016     ). In contrast, another study used a simple stochastic approach
with a hemisphere geometry, in which patterning is driven by proliferation, ignoring migration
(Moraki et al., 2019     ). Both studies explored the effects of manipulating the amount of cell loss in
different regions from the surface of the cornea through higher terminal differentiation of the TA
cells (e.g. mimicking UVR damage), employed lineage tracking and the ability of all the cell types to
undergo asymmetric or symmetric divisions. Neither model incorporated all the components of
cell-cell interaction, persistence, correlation and noise, and neither was able to generate a spiral
migration pattern, a key feature observed in vivo.

Outlook: The cornea and cell migration
An important feature of our model is its stability over scale and corneal shape, reflecting the fact
that patterns of radial migration have been observed in multiple species, including humans, with
very different corneal shapes and sizes. It also allows us to directly test hypotheses for corneal
homeostasis and make predictions about the corneal response to genetic, pharmacological and
physical manipulation.

Eye opening in mice, at around 10 days postnatally, predates the emergence of radial striping
patterns in vivo. The increase in corneal abrasion and cell loss concomitant with eye opening is
presumably the trigger for limbal stem cell activation, though this has never been experimentally
demonstrated, and the radial orientation of cell movement and neuronal projection is observed
relatively rapidly following eye opening (Iannaccone et al., 2012     ). We suggest that the increase
in cell loss associated with eye opening is a wound mimic which drives the rapid initiation of
radial stripe patterns in young mice, and this is supported by the in silico modelling. By changing
the parameters of simulated cell behaviour, it will be possible to mimic the effect of mutations in
genes controlling cell velocity (e.g. Pax6) and polar alignment (e.g. Vangl2), both of which have
been shown to disrupt patterns of corneal epithelial migration in vivo.

One aspect of the corneal system that was largely ignored in this study is the relationship between
corneal epithelial cell migration and the radial projection of sensory axons between those cells
(Figure 1b, c     ). The most intuitively parsimonious explanation of corneal anatomy would suggest
that the axons tend to follow the path of least resistance within the epithelial flow. However,
experimental observation shows that radial axon projections appear in the mouse corneal
epithelium from about 3 weeks of age (McKenna and Lwigale, 2011     ), i.e. before epithelial
striping becomes apparent in transgenic LacZ and GFP reporter mosaics at about 5 weeks (e.g.
(Collinson et al., 2002     ; Iannaccone et al., 2012     ). This suggests the possibility that the corneal
epithelial cells may be guided by a pre-existing alignment of the sensory axons. However, the
appearance of radial projections of neurons before the development of epithelial stripes is easily
explained because experimental observations of stripe formation show (Collinson et al., 2002     ),
and our model predicts (Figure 6a, b     ) that epithelial cell migration proceeds for many days
before the resultant striping patterns become apparent in transgenic reporter assay mice. The
observed appearance of radial axon projections before the lagging epithelial striping patterns is
fully consistent with the biological scenario that the axons follow the migrating epithelial cells.
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This does not of course preclude the possibility that guidance cues, e.g. contact with axons, exist
that modulate or refine the pattern. (Walczysko et al., 2016     ), show that isolated epithelial cells in
tissue culture still migrate with a slight but significant radial bias when plated onto the
deepithelialised (and de-nervated) corneal stroma. Clearly corneal epithelial cells respond to their
physical environment (as evidenced also by the component of alignment in our model). Since the
radial striping at cornea centre in most of our simulations was not as tidy as in real life, it is very
possible that some form of guidance cue refines the pattern.

Understanding corneal epithelial cell homeostasis is essential to improve wound healing after
corrective eye surgery, and to develop treatments for corneal diseases. The cornea is a paradigm
system of epithelial maintenance by a population of stem cells. It is a system of choice for
interdisciplinary studies of the biomechanics of cell migration because it is simple (few cell types),
transparent (thus accessible to in vivo imaging), nonessential for life (thus amenable for
mutation), and accessible to modelling. However, the principles and mechanisms of the cell
migratory response are likely to be similar to those that underlie cell migration patterns in other
tissues that are morphologically or functionally less amenable to investigation. The findings here,
that a dense active matter model can recapitulate and predict patterns of epithelial cell behaviour
in vivo, likely have general relevance to multiple cell migration events throughout embryogenesis
and wound healing. The morphogenetic movements and epithelial-mesenchymal interactions that
produce swirls of hair follicles on the head or that underlie patterns of pigmentation commonly
associated with ‘Blaschko’s lines’, may also be predicted by an active matter model (Plikus and
Chuong, 2004     ; Kücken and Newell, 2005     ; Tenea, 2017     ).

Materials and Methods
Mice
We obtained all animal tissue samples from the Medical Research Facility of the University of
Aberdeen in accordance with the Animal (Scientific Procedures) Act 1986. H253 mice which carry
an X-linked LacZ transgene, subject to X-inactivation (Tan et al., 1993     ), were maintained on a
CBA/Ca genetic background, breeding transgenic males with wild-type CBA/Ca females to derive
hemizygous, LacZ-mosaic females. We stained eyes from adult female mice at least 15 weeks old
for the flow pattern and cell migration work.

Whole corneal imaging
We collected, fixed and stained LacZ-mosaic eyes with X-Gal (Collinson et al., 2002     ). We dissected
the corneas from the eyes and added eight radial cuts from the edge to near-center such that they
could be flat-mounted on a microscope slide with glycerol and a coverslip applied. Following flat-
mounting the corneas were imaged using a slide scanner.

Immunohistochemistry
We used mouse corneas for immunohistochemistry to visualise cells undergoing mitosis and
determine the location of the centrosome. Mouse eyes were fixed in 4% paraformaldehyde for 2
hours, washed in phosphate-buffered saline (PBS), then we dissected the corneas and post-fixed in
methanol for 1 hour at −20 °C. After 3, 20 minute washes in PBS, corneas were immersed in
blocking buffer (PBS, 4% normal donkey serum, 0.3% bovine serum albumen, 0.1% Triton X-100)
for 1 hour at room temperature. Primary antibody [rabbit anti-phosphohistone-H3 (06-570,
Millipore) or rabbit anti-pericentrin (ab448, abcam)] was dissolved 1:200 in blocking buffer and
added to corneas overnight. After 3, 20 minute washes in PBS, secondary antibody [Alexa-488-
conjugated donkey anti-rabbit (Molecular probes)] was dissolved 1:200 in blocking buffer and
added to corneas for 2 hours at room temperature in the dark. After 3, 20 minute washes in PBS,
corneas were flat-mounted as above in a drop of Vectashield with DAPI (H-1200, Vector Labs) for
fluorescence microscopy.
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Estimating velocity fields from stripes
The mouse cornea is not a full hemisphere so we measured the spherical cap angle and eye
diameter experimentally in nine adult corneas giving an average of 71.1° ± 0.3° SEM cap angle, and
3.60 ± 0.02 mm SEM in diameter, rounded to 70° and 3.6 mm, respectively for modelling.

In vivo, we inferred three-dimensional corneal epithelial flow patterns by the proxy of tracing the
boundaries between LacZ-positive and negative radial stripes in XLacZ mosaic corneas. As shown
in the in silico model, despite some small-scale mixing at the boundaries, the steady-state flow
field is parallel to the stripe boundaries. We proceeded as follows to extract approximate flow
patterns from XLacZ corneal epithelia: first, we captured scaled images of each eye (Figure 11a     ).
After photography, we dissected the cornea from each eye, made 8 radial partial cuts then flat-
mounted the cornea for high-resolution images (Figure 11b     ). Using Inkscape image processing
software (Inkscape Project, 2020     ), we drew a circle corresponding to the limbus on the image in
a first colour, together with the edges of the radial cuts in a second colour, generating a
background image file. In a second layer, we drew the edges of the stripes. Because different
clonal stripes were often in different shades of blue, it was usually also possible to resolve clonal
borders within blue stripes, with as much detail and covering as possible (Figure 11c     ). Different
colours were used to distinguish separate flow lines, and we saved this layer as a separate image
file.

These digitised corneas were used to extract the flow fields using a custom MATLAB code: We first
read the background image file and extracted the limbal circle as well as the edges of the cuts. We
then placed equally spaced points in 40 concentric rings in only the interior of the irregular
polygon of the actual cornea defined by this method (Figure 11d     ). On each ring of radius r, we
defined n individual points with spacing dr = 2πr/n with coordinates rk = (r cos αk, r sin αk), where
αk = 2πk/n; here the k corresponding to coordinates inside the cut areas were removed. The
remaining points were where we then aimed to define the flow field.

We then read the image file containing flow lines and extracted the pixels corresponding to drawn
lines, mapping each colour to a different label. We fitted directional unit vectors to pieces of lines
using linear regression on groups of pixels from the same line. Here we chose the direction of the
arrow so that arrows at the limbus pointed inward, and so that subsequent arrows on the same
line were in the same direction. We applied an error correction step so that velocity vectors of
adjacent ring points were required to point in the same direction, flipping individual directors if
necessary. Finally, we averaged orientations over the different arrows within  distance of a
point to define the velocity unit vector on ring points. These inferred velocity vectors are shown as
red arrows in Figure 11     .

Since the cornea corresponds to a spherical cap with an approximate 70° angle, we needed to close
the gaps left by the radial cuts. To achieve this, we applied a virtual moulding technique to the
image points starting from the inside and moving down ring by ring (Figure 11e     ): To move the
tissue on either side of the cuts together, we introduced springs between all neighbouring pairs of
points, and also between points between the ring and the previous (interior) one if they were
within distance dr. We defined an energy function for our network of springs,

(6)

Using a Monte Carlo simulation with effective temperature kT = 0.01, we then sequentially
equilibrated each ring for 1000 Monte Carlo sweeps, starting from the centre. The final angles
were then equally spaced, closing the cuts. The final arrangements of points on the now
curved cornea are shown in Figure 11f     . We then inferred the flow direction in the region
between stripe edges: Since neighbouring flow fields (or ‘spins’) are expected to be similar to
each other, we introduce an aligning energy term akin to modelling magnets, i.e. the XY
model, , where the sum is over neighbouring points only (black lines in
Figure 11g     ). In spherical coordinates, (êr, êθ, êΦ) as shown in Figure 2c     , we could define
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the orientation of the flow direction  through the deviation angle α from inward flow, i.e. 
 in the local tangent plane to the sphere. One could then show using

parallel transport (to first order), that the dot product corresponds to 
. Here αj was shifted by the difference in longitude Φj − Φi between

the two points, which is significant for direct neighbours close to the pole. We then again
used a Monte Carlo approach with simulated annealing where we gradually reduced the
effective temperature in steps from kT = 1 to kT = 0.001 to minimise the energy of our spin
configuration while keeping the red arrows where we already knew the flow direction was
fixed. As the directions are parameterised by declination αi, all arrows remain tangent to the

sphere, ensuring that our flow field is on the corneal surface, not into it or out from it. The
resulting estimated flow field is shown in Figure 11h     , and in main Figure 2a     .

Defect finding algorithm and spherical coordinates
In order to identify the locations of topological defects in the flow field, we first constructed a
Delaunay triangulation. For the experiment (Figure 2d     ), we first projected all points into the xy
plane, while for the simulation, we derived the Delaunay triangulation from the convex hull of the
particle positions on the sphere. The unit-length vectors along the direction of velocity can be
written using the angle θ with an axis in the local tangent plane, i.e. . We located
topological defects by summing over the angle differences around the loop of the projection plane
if one traverses each triangle counterclockwise. The topological charge associated with each
triangle is  (Kamien, 2002     ; Henkes et al., 2018     ). This is an
approximation of the Burger’s loop integral  dl, and allowed us to locate defects
as the centres of loops with C ≠ 0. Generally, C = 0 (e.g. in loop A) for all triangles except the one at
the centre of the spiral, where C = 1, corresponds to the central +1 topological defect (loop B). To
obtain the spiral angle profile α(θ), we first located the topological defect(s) in the  field. As
shown in Figure 2a      (experiment) and Figures 6c      and 6d     , we reliably found a single +1
topological defect near the centre for mature corneas. We then shifted our spherical coordinate
system so that the defect was at the pole, and defined the corneal spiral angle α(θ) through

averaging α= arctan  over bins of latitude θ.

Time-lapse imaging
We dissected corneas, halved them, sterilised them in 1:10 penicillin/streptomycin solution for 10
minutes then washed them in PBS before attaching the halved sections, stromal side down, to
uncoated 60 mm tissue culture dishes and flooding them with corneal culture medium following
(Hazlett et al., 1996     ). Explant cultures were maintained at 37 °C, 5% CO2 until imaging. Cultures
were imaged in HEPES-buffered media using phase-contrast optics on an inverted Leica (DM IRB)
chamber microscope for 24 - 48 hours, taking images at 10-minute intervals for PIV analysis.

Division and centrosome angles
We used ImageJ to measure mitotic angles of division (phospho-histone-h3, DAPI) and centrosome
position (pericentrin, DAPI) in relation to the centre of the eye (Figure 3     ).

Computational simulation details
Individual corneal epithelial TA cells obey the following equations of motion,

(7)

(8)

𝐯̂ 𝐯̂
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The first equation relates the time derivative of the position, ri, of the ith cell to the active self-

propulsion velocity υ0 along a migration direction described by the unit-length vector . Fij

is the elastic force with the neighbouring cells labelled by indices j, and forces are summed
over all neighbours within the interaction range. The constant ζ is the friction coefficient
between cells and the substrate (i.e. the stroma). The second equation describes the rotational
dynamics of the vector . In addition to the term ξi that accounts for random changes in the

direction of , i.e. the rotational diffusion, there is a term that describes alignment with

directions of neighbouring particles , and a term that models alignment of the particle’s

direction with the direction of its velocity . The rotational diffusion is assumed to be the
simple white noise with zero mean and variance 2Dr. Finally, the projection operator PT (N,

a) = a−(N⋅a)N enforces that the motion remains in the plane orthogonal to the local normal 
, the projection operator  projects the rotation axis of  to be along the

local normal vector. In isolation, on the sphere, this model has a transition to a flocking ring
state at sufficiently large J. A full analysis of this model is given in (Sknepnek and Henkes,
2015     ).

For our simulations to match corneal ‘explants’ and tissue culture ‘plastic’ colonies, we used the
same model on a flat plane, so that , simply the out-of-plane direction. If we define the polar
angle Φi through  and the velocity angle through vi = υi (cos θiex + sin θiey),
where ex and e are the unit-length vectors, respectively, along the x and y axes of the simulation
box, the model eqns. (7) and (8) reduce to a simpler form

(9)

(10)

We used a simple, short-range interaction potential that includes both repulsive and
attractive parts, together with regulated cell division and removal. This model was
introduced and characterised in (Matoz-Fernandez et al., 2017     ). Briefly, the resulting force
between particles i and j with radii σi and σj and distance vector rij = rj − ri was given by

(11)

where σij = σi + σj and the dimensionless number ϵ sets the attraction depth and width. Due to

the soft potential, this model is unstable for ϵ ≥ 0.2, and we chose ϵ = 0.15 throughout, as well
as 0.3 polydispersity of the cells. Particles (cells) were modelled to divide and disappear from
the sheet according to a constant squeeze-out rate a but a division rate d = d0(1 − z/zmax) that

depends on the local density through z, the number of neighbours of the cell (defined as those
in range for Fij ≠ 0). As shown in (Matoz-Fernandez et al., 2017     ), there was a ‘self-melting’

dense liquid steady state in this model below a threshold a/d0 ≈ 0.1, i.e. where extrusion is

sufficiently rare for cells to divide to reach confluence at z ≈ 6 and so in turn inhibit division.
The parameters we used for the simulations are summarised in Table 1     . All simulations
reported here were carried out in our simulation package (SAMoS, 2024     ) using custom
configuration and input files. All analysis of simulation data, including coarse-grained fields,

𝐧̂𝑖

𝐧̂𝑗

𝐕̂𝑖

𝐍̂

≡ 𝐫̂𝑖 𝑃𝑁(𝐍̂,𝐚) = 𝐍̂ ⋅ 𝐚 𝐧̂𝑖

𝐍 = 𝐳̂

𝐧̂𝑖 = cos𝜙𝑖𝐞x + sin𝜙𝑖𝐞y

d𝐫𝑖
d𝑡

= 𝑣0𝐧̂𝑖 +
1

𝜁
∑
𝑗

𝐅𝑖𝑗,

d𝜙𝑖
d𝑡

= 𝐽 [𝑣𝑖 sin (𝜙𝑖 − 𝜃𝑖) +∑
𝑗

sin (𝜙𝑖 − 𝜙𝑗)]+ 𝜉𝑖.

𝐅𝑖𝑗 =

⎧

⎨
⎩

{
{

{
{

−𝑘 (𝜎𝑖𝑗 − |𝐫𝑖𝑗|)
𝐫𝑖𝑗

|𝐫𝑖𝑗|
if |𝐫𝑖𝑗| < (1 + 𝜖)𝜎𝑖𝑗

𝑘 ((1 + 2𝜖)𝜎𝑖𝑗 − |𝐫𝑖𝑗|)
𝐫𝑖𝑗
|𝐫𝑖𝑗|

if (1 + 𝜖)𝜎𝑖𝑗 ≤ |𝐫𝑖𝑗| < (1 + 2𝜖)𝜎𝑖𝑗

0 otherwise,

Developmental Biology | Physics of Living Systems

https://doi.org/10.7554/eLife.106061.2
https://elifesciences.org/?utm_source=pdf&utm_medium=article-pdf&utm_campaign=PDF_tracking
https://elifesciences.org/subjects/developmental-biology
https://elifesciences.org/subjects/physics-living-systems


Kostanjevec et al., 2025 eLife 14:RP106061.  https://doi.org/10.7554/eLife.106061.2 32 of 57

topological defects and angular averaging were carried out using our analysis package
(SAMoSA, 2024     ).

Obtaining coarse-grained fields from simulation
Figure 12      shows the emergence of the hydrodynamic velocity field υH upon time averaging.

The XYZ model revisited: details
Consider a small patch of area S of corneal tissue containing N cells at time t. One can write the
change of number of cells between times t and t + Δt as

(12)

where the terms are given by the number of cells that flow into the patch (Nin), flow out of

the patch (Nout), are born (Nd) and are squeezed out (Na).

This is nothing but a form of a continuity equation which expresses that all cells need to be
accounted for, and it can be written in a differential form. If ρ(r) is the local number density of
cells, then N (t) = ∫S ρ(r, t)dr. Other terms can be rewritten as functions of ρ: The total number of
births during time span Δt is given by Nd = Δt ∫S d(ρ)ρ(r, t)dr, where d(ρ) is the density-dependent
division rate. Similarly, Na = Δt ∫S a(ρ)ρ(r, t)dr, where a(ρ) is the density-dependent extrusion rate.
The flux of cells through the border of the patch can be expressed through a number flux current J
= ρv, i.e. the number of particles with velocity v passing through a unit line in unit time, with units
of inverse time and length,

where the integral is over the boundary of S and n is an outward pointing unit-length normal.
Putting all of the pieces together, one obtains

Using the divergence theorem on the first term on the right-hand side, it can be rewritten as
, followed by the limit Δt → 0. This leads to the continuity equation

(13)

Cornea spiral flux equations
We now explore the implications of the continuity equation for an existing spiral flux on the
corneal surface. Consider a cornea that is on the surface of a sphere with radius R, with an
opening angle at the limbus of θL = 70°. Using spherical coordinates as in Figure 2c     , with θ as the
angle from the cornea centre and Φ the azimuthal angle, we assume that we have an established
symmetric spiral flux ending at the cornea centre, making an angle α(θ) with the radially inward
direction. We assume that the density is symmetric, i.e. that we have ρ(θ), and that the average cell
velocity in the local polar coordinate system is given by v = υ(θ) [cos α(θ) êθ + sin α(θ) êΦ]. We also
recall that in spherical coordinates, the divergence of vector U = Urêr + Uθêθ + UΦêΦ is given by

Here, we have U = ρv, and we are always on the corneal surface with r = Rc and we

eventually write

In steady-state, i.e. when the system becomes time-independent so that , eqn. (13)
reduces to ∇ ⋅ (ρv) − A(ρ)ρ = 0, where the effective net loss rate A(ρ) = − [d(ρ) − a(ρ)]. We then
find a time-independent, ordinary differential equation in the variable θ linking velocity,
density and spiral angle:
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𝑁in −𝑁out = −Δ𝑡∫𝜕𝑆 𝐉 ⋅ 𝐧̂ d𝑙 = −Δ𝑡∫𝜕𝑆 𝜌𝐯 ⋅ 𝐧̂ d𝑙

∫𝑆 𝜌(𝐫, 𝑡+Δ𝑡)d𝐫− ∫𝑆 𝜌(𝐫, 𝑡)d𝐫 = −Δ𝑡∫𝜕𝑆 𝐉 ⋅ 𝐧̂ d𝑙+Δ𝑡∫𝑆[𝑑(𝜌)− 𝑎(𝜌)]𝜌(𝐫, 𝑡)d𝐫

∫
𝜕𝑆
𝐉 ⋅ 𝐧̂ d𝑙 = ∫

𝑆
∇ ⋅ 𝐉 d𝐫

𝜕𝜌

𝜕𝑡
+∇ ⋅ (𝜌𝐯) = [𝑑(𝜌)− 𝑎(𝜌)]𝜌.

∇ ⋅𝐔 = 1
𝑟2

𝜕(𝑟2𝑈𝑟)
𝜕𝑟 + 1

𝑟 sin 𝜃
𝜕(sin 𝜃𝑈𝜃)

𝜕𝜃 + 1
𝑟 sin 𝜃

𝜕𝑈𝜙

𝜕𝜙

∇ ⋅ (𝜌𝐯) = 1
𝑅 [{

cos 𝜃
sin 𝜃 𝜌(𝜃)𝑣(𝜃) + 𝑣(𝜃)

d𝜌
d𝜃 + 𝜌(𝜃) d𝑣

d𝜃 } cos𝛼(𝜃)− 𝜌(𝜃)𝑣(𝜃) sin𝛼(𝜃) d𝛼
d𝜃 ]

𝜕𝜌

𝜕𝑡 = 0

Developmental Biology | Physics of Living Systems

https://doi.org/10.7554/eLife.106061.2
https://elifesciences.org/?utm_source=pdf&utm_medium=article-pdf&utm_campaign=PDF_tracking
https://elifesciences.org/subjects/developmental-biology
https://elifesciences.org/subjects/physics-living-systems


Kostanjevec et al., 2025 eLife 14:RP106061.  https://doi.org/10.7554/eLife.106061.2 33 of 57

(14)

We can make one more simplifying assumption, namely that ρ is approximately constant in
the system. This is reasonable, first observationally as shown in Figure 13     , and second,
because the relaxation time of the potential is much much faster than the typical migration
time. We will however retain two effects on the net loss rate A: First, A(ρ) is very sensitive to
density, so we can not fully neglect its effect. Second, in our system TA cells have a typical
lifetime, suppressing their death rate near the emergence from the limbus. We will therefore
retain an angle dependence A = A(θ). Then the final continuity (XYZ) equation is given by

(15)

Figures 6      and 7      show the numerically observed spiral angle α(θ), velocity magnitude
υ(θ) and the effective death rate A(θ). It becomes immediately clear that none of these
functions is simple, and that there is a strong dependence on the radius of the simulated
cornea, despite R only appearing in the scaling of the net death rate A in eqn. (15). A major
contribution to the complexity is the form of A(θ): As can be seen, it is negative near the
limbus where cells are recent descendants of stem cells, and then positive and approximately
constant towards the inner regions of the cornea. Nevertheless, eqn. (15) is satisfied: the
centrally inward (along êθ) part of the velocity is given by F (θ) = υ(θ) cos(α(θ)), representing

the inward flux of material. Undoing a number of the spherical coordinate derivatives, we
can rewrite equation 15      as a function of the inward flux:

(16)

We supplement this equation with the following boundary conditions. First of all, the flux
needs to vanish at the central defect, i.e. at θ = 0, F (0) = 0. This means that either υ(0) = 0, i.e.
the cells completely stop moving anywhere on average at the centre, or cos(α(0)) = 0, which
means that the velocity is at an angle α(0) = ±90°, or completely orthogonal to the inward
direction. We can then in fact find an integral solution for F (θ): First make the change of
variables u(θ) = F (θ) sin θ, which when replaced in eqn. (16) leads us to

using the boundary condition u(0) = F (0) sin(0) = 0. Then we arrive at our final prediction for
the flux on the cornea for a given death profile A(θ):

(17)
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𝑅𝐴(𝜆) sin 𝜆d𝜆,

𝐹(𝜃) =
𝑅

sin 𝜃
∫𝜃

0

𝐴(𝜆) sin𝜆d𝜆.
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Figure 13. Packing fraction Φ = πr2ρ for the simulations as a function of angle θ from the centre, for
different alignment strengths J and radii R.

Note that for J above the alignment transition and all R the apparent regions of lower Φ at θ > 50° are due to corneas with
asymmetric defect patterns clipping the edge of the cornea at those angles away from the defect.
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Figure supplements

Figure 2–Figure supplement 1. Fixed, stained and dissected LacZ-mosaic corneas (n = 8) used for flow
inference. The striped corneal surface (white and blue) is flattened by making radial cuts, opening wedge-shaped
spaces. The limbal boundary is located at the transition to the brown outer tissue.
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Figure 2–Figure supplement 2. Inferred flow fields for corneas in experiments 1-8.

Figure 7–Figure supplement 1. Emergence of the corneal spiral as a function of J for R = 500 µm simulated
corneas, snapshots are at 20 days.
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Figure 7–Figure supplement 2. Emergence of the corneal spiral as a function of R for J = 0.1 h−1 simulated
corneas, snapshots are at 20 days.

Note that simulations for R = 200, 400 and 1000 µm have patterned 48 instead of 12 corneal stripes into the limbus.
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Data availability
A supporting dataset for this publication is available on Zenodo at
https://doi.org/10.5281/zenodo.14261827     . It contains all experimental data from the in-vitro cell
cultures and the fixed corneas, as well as the associated analysis software we developed. It also
contains the cornea simulation and analysis codes SAMoS and SAMoSA, and example
configuration files for cornea and in-vitro type simulations. In addition, we provide sample images
and datasets, and the analysis pipeline for the simulations.
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Peer reviews
Reviewer #1 (Public review):

Summary:

The manuscript by Kostanjevec et al. investigates the mechanism behind spiral pattern
formation in the cornea. The authors demonstrate that the spiral motion pattern on the
mammalian corneal surface emerges from the interaction between the limbus position, cell
division, extrusion, and collective cell migration. Using LacZ mosaic murine corneas, they
reveal a tightening spiral flow pattern and show that their cell-based, in silico model
accurately reproduces these patterns without global guidance cues. Additionally, they present
a continuum model that extends the XYZ hypothesis to describe cell flux on the cornea,
offering a quantitative explanation for tissue-scale processes on curved surfaces.

Strengths:

The manuscript is well-written, with a systematic approach that clearly explains
experimental setups, model construction, assumptions, parameter selection, and predictions.
The discussion also provides insightful perspectives on the broader implications of the results
for both physics and biology.

Weaknesses:
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The authors emphasize polar alignment as a key feature of the spiral pattern based on
simulation results. However, they do not provide experimental evidence for this polar
alignment.

https://doi.org/10.7554/eLife.106061.2.sa2

Reviewer #2 (Public review):

In K. Kostanjevec et al., the authors study a possible mechanism for the formation of spiral
patterns in the cornea. First the authors analyze an inferred velocity field, which is deduced
from images of fixed corneas, and then determine the position-dependent spiral angle of this
velocity fields. Next, the authors analysed two possible markers of cell polarity: the direction
of the centrosome-nuclei and the axis of mitosis. Then the authors introduce a stochastic
agent-based model of self-propelled particles with over-damped dynamics and with aligning
interactions to the orientation of the nearest neighbors and to the particle's velocity. The
authors claim to be able to reproduce the equal-time autocorrelation function and the
velocity Fourier spectrum. Then the authors introduce the geometry of the cornea by
constraining the dynamics on a spherical cap and show that their model can reproduce a
typical trajectory in experiments. Finally, the authors produce a phase diagram of the states
at a fixed time point as a function of the spherical cap radius and the strength of the coupling
aligning constant. Finally, the authors propose an interpretation of the cell fluxes based on
the equation of mass conservation.

https://doi.org/10.7554/eLife.106061.2.sa1

Author response:

The following is the authors’ response to the original reviews.

Public Reviews:

Reviewer #1 (Public review):

Summary

The manuscript by Kostanjevec et al. investigates the mechanism behind spiral pattern
formation in the cornea. The authors demonstrate that the spiral motion pattern on the
mammalian corneal surface emerges from the interaction between the limbus position,
cell division, extrusion, and collective cell migration. Using LacZ mosaic murine corneas,
they reveal a tightening spiral flow pattern and show that their cell-based, in silico model
accurately reproduces these patterns without global guidance cues. Additionally, they
present a continuum model that extends the XYZ hypothesis to describe cell flux on the
cornea, offering a quantitative explanation for tissue-scale processes on curved surfaces.

Strengths

The manuscript is well-written, with a systematic approach that clearly explains
experimental setups, model construction, assumptions, parameter selection, and
predictions. The discussion also provides insightful perspectives on the broader
implications of the results for both physics and biology.

We thank the reviewer for their positive assessment of the manuscript. We are pleased that
the reviewer found the work well written and systematic, and that the experimental design,
model construction, assumptions, parameter selection, predictions and broader discussion
were clearly presented. We have aimed to preserve these strengths in the revised manuscript
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while substantially expanding the discussion and analysis in response to the reviewer’s
concerns.

Weaknesses

The central premise of the manuscript, that the spiral patterning of epithelial corneal
cells occurs without guidance cues, is not fully supported. The authors overlook the
potential role of axons in guiding epithelial cells, despite clear evidence of spiral axon
patterns in their own Fig. 1b. Previous literature indicates that axon patterning precedes
epithelial cell patterning, suggesting that epithelial migration might be influenced by
pre-existing neural structures (e.g., Leiper et al. 2002, IOVS 2013). The authors need to
address this point, possibly by exploring whether axonal patterns serve as a template for
epithelial cell migration, or by providing experimental evidence to rule out axon-based
guidance.

The reviewer raises an important point that we now address in the revised manuscript. We
respectfully disagree with the assertion that the premise of our work is faulty. At no point do
we claim that global guidance cues are absent or ignore the fact that the corneal nerves swirl;
rather, our results show that such global or contact-mediated cues are not required to explain
the observed swirling patterns of epithelial cell radial migration in the adult cornea.

Although our work shows that a swirling prepattern of nerves is not required to obtain radial
patterns of epithelial cell migration, we now address why nerve swirling occurs and how it
affects interpretation of our data. Previous literature indicates that nerve swirling is visible
from approximately 3 weeks, before epithelial striping patterns become apparent in
transgenic LacZ and GFP reporter mosaics at about 5 weeks. However, both experimental
observations and our modelling indicate that spiral epithelial cell migration proceeds for
many days before reporter stripe patterns become visible. Thus, epithelial migration may
already be underway before epithelial striping is detectable. If axons are following epithelial
migration, they would therefore be expected to become radially aligned before the reporter
epithelial stripes are evident.

We also considered the alternative possibility that epithelial cells follow an axonal
prepattern. However, several experimental observations argue against the hypothesis that
epithelial migration is primarily guided by axonal projections. In situations of genetic
mutation or corneal injury, epithelial cell migration can progress independently of, or ahead
of, corneal axon extension. In chimeric Pax6+/− LacZ+ ↔ Pax6+/+ LacZ- mice, where the
normally disrupted radial migration of Pax6+/− epithelial cells is restored, the underlying
nerves may continue to exhibit abnormal projection patterns. These findings suggest that
axonal organization is at least partly dependent on epithelial behaviour rather than the
reverse.

Importantly, we do not exclude the possibility that additional cues, including axonal contact,
neurotrophins or other environmental signals, may modulate or refine epithelial migration.
We have therefore expanded the revised manuscript to discuss these possibilities and the
relevant literature more fully.

While the model is well-constructed, it currently falls short of its stated goal of
elucidating the mechanisms of spiral formation. Key questions remain unanswered:

Is the curvature of the cornea necessary for spiral formation, or would a simpler disk
geometry suffice?

What role do boundary conditions play?

How well do the model's predictions quantitatively match experimental data?
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The current comparisons in Fig. 4c-f lack quantitative agreement, and this discrepancy
should be discussed with possible explanations.

We thank the reviewer for identifying these points, which we have now addressed in the
revised manuscript.

First, we have examined the role of geometry more systematically. The spiral pattern also
appears in a disk geometry, and the same qualitative migration pattern is observed across a
broader range of simulated geometries, including different curvatures, cap angles, a prolate
ellipsoid, an oblate ellipsoid and a disk. The precise shape of the spiral depends on geometric
features such as curvature and cap-angle opening, but spiral formation is robust across
convex cornea-like geometries. These results are now discussed in the new section
“Robustness of the spiral migration pattern and requirement for limbal stem cells” and
shown in the revised Fig. 10.

Second, we have clarified the role of boundary conditions, particularly the role of limbal
epithelial stem cell proliferation. Without limbal stem cells, and with all other parameters
unchanged, the cornea fails to produce the radial striping pattern. At the alignment strength
where robust spiral formation normally appears, the simulated tissue flow is disordered and
resembles our in vitro calibration simulations. At higher alignment strengths, spiral
formation is still not recovered; instead, defects become anchored to the boundary. These
findings show that ordered influx from the limbus is important for promoting the spiral state.
They are now discussed in the same new section and shown in revised Fig. 9.

Third, we have revised the quantitative comparison between model and experiment. We
agree that the original comparison was limited. We have therefore reanalysed both
experimental and simulation data, focusing on the time-averaged hydrodynamic velocity
field rather than short-range fluctuations amplified by divisions in the numerical model. We
also replaced the Fourier-space velocity correlation functions with spatial velocity correlation
functions, which are more directly interpretable. The revised analysis shows that the
experiments have mesoscale spatial and temporal correlations, of the order of 5-6 cell sizes in
space and about one hour in time, and that these are well captured by the simulations for
both plastic and explant substrates. We have also added representative experimental and
simulation snapshots in revised Fig. 4g-j.

For the full cornea, we acknowledge that direct quantitative comparison remains limited by
the available experimental data. We can compare with inferred migration direction fields
and resurfacing timescales, but we do not yet have direct live measurements of the full
corneal velocity field.

The authors emphasize polar alignment as a key feature of the spiral pattern based on
simulation results. However, they do not provide experimental evidence for this polar
alignment. The manuscript includes discussions of polar and nematic symmetries that,
without supporting data, feel somewhat distracting. If direct experimental evidence for
polar alignment is not available, the authors could instead quantify nematic alignment
as the spiral forms. This would also allow them to explore potential crosstalk between
nematic cell orientation and the polar alignment of self-propulsion, especially
considering recent studies showing alternative mechanisms for vortex formation in
similar systems.

We thank the reviewer for pointing out that the discussion of polar and nematic alignment
was confusing. We have substantially revised this part of the manuscript.

We agree that we do not have direct experimental evidence for polar alignment. However,
several observations support the interpretation that the system is dominated by substrate-
based polar motility with weak polar alignment. We have now quantified nematic alignment
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of cell orientations and find no evidence of significant elongation or local nematic order in
corneal epithelial cells, as shown in the new Fig. 3d.

Our computational model begins from uncorrelated, substrate-based polar active cell
migration. We tested whether polar alignment is necessary and found that the in vitro data
are inconsistent with the complete absence of alignment: the flocking order parameter is too
high, and the spatial and temporal correlations are larger than expected from persistent
driving alone.

We also discuss that cell-cell stress patterns in the epithelium may remain nematic, but any
such effect must be sufficiently weak not to dominate the observed axon motion. We have
further revised the discussion to include recent related work showing spiral formation in
substrate-based cell migration models with polar dynamics, as well as recent work indicating
that nematic-like phenomenology can arise from minimal ingredients such as uncorrelated
polar activity and cell deformability. This revision is intended to make the interpretation
clearer and to avoid overemphasising unsupported claims.

Reviewer #2 (Public review):

In K. Kostanjevec et al, the authors study a possible mechanism for the formation of
spiral patterns in the cornea. First the authors analyze an inferred velocity field, which is
deduced from images of fixed corneas, and then determine the position-dependent spiral
angle of this velocity fields. Next, the authors analysed two possible markers of cell
polarity: the direction of the centrosome-nuclei and the axis of mitosis. Then the authors
introduce a stochastic agent-based model of self-propelled particles with over-damped
dynamics and with aligning interactions to the orientation of the nearest neighbors and
to the particle's velocity. The authors claim to be able to reproduce the equal-time
autocorrelation function and the velocity Fourier spectrum. Then the authors introduce
the geometry of the cornea by constraining the dynamics on a spherical cap and show
that their model can reproduce a typical trajectory in experiments. Finally, the authors
produce a phase diagram of the states at a fixed time point as a function of the spherical
cap radius and the strength of the coupling aligning constant. Finally, the authors
propose an interpretation of the cell fluxes based on the equation of mass conservation.

We thank the reviewer for their careful assessment of the manuscript and for recognising the
work as a solid theoretical study. We have revised the manuscript substantially in response to
the reviewer’s major concerns, particularly regarding the terminology of topological defects
and stagnation points, the comparison with experiments, and the role of corneal geometry.

Regarding the terminology of topological defects, we have clarified the distinction between a
velocity-field stagnation point and the topological classification of the velocity direction field.
Stagnation points can be assigned a topological index when one considers the direction of the
vector field away from the core, while ignoring the magnitude. We agree that the physical
origin of interactions in a velocity field differs from that in a director field, and we have
revised the text to avoid confusion. The revised manuscript now includes Box 1, which
summarises the relevant topological concepts and caveats.

Regarding the comparison with experiments, we have expanded and clarified the validation
of the inferred velocity field. The LacZ reporter system was designed for lineage tracing and
therefore reports coarse-grained cell motion and growth patterns. Direct live imaging of the
full cornea remains technically difficult because of the macroscopic size, curved surface and
long resurfacing time. However, live fluorescent reporter systems are consistent with our in
vivo model and support the interpretation that inferred velocity fields recapitulate epithelial
migration in vivo. We have also clarified the interpolation procedure using the XY model:
approximately 30% of the corneal surface is covered by directly estimated velocity directions
from stripe edges, rising to more than 50% near the central spiral. These measured directions
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provide sufficient boundary conditions for the annealing procedure to converge to a slowly
varying field consistent with the observed stripe geometry.

We have also revised the comparison between simulation and experiment. For in vitro data,
we now compare spatial velocity correlation functions of the time-averaged hydrodynamic
velocity field, rather than relying on Fourier-space correlations. The revised comparison
shows good agreement between experiments and simulations for both plastic and explant
substrates. For the full cornea, we acknowledge that the available quantitative data are
limited to inferred migration direction fields and resurfacing timescales.

Regarding the role of geometry, we have now simulated a wider range of substrate
geometries, including spherical caps with different curvatures and cap angles, prolate and
oblate ellipsoids, and a flat disk. The spiral migration pattern is robust across these convex
geometries, although the detailed spiral shape depends on geometric features. We have also
clarified that the boundary condition of inward limbal influx is crucial: without limbal stem
cells, the radial striping pattern does not form, and defects may instead anchor to the
boundary. These results are now shown in revised Figs. 9 and 10 and discussed in the new
section “Robustness of the spiral migration pattern and requirement for limbal stem cells.”

Overall, these additions clarify that the proposed mechanism relies on the combination of
polar motility, weak alignment, limbal influx, cell division and extrusion, and cornea-like
confinement, while also acknowledging the current experimental limitations.

Recommendations for the authors:

Reviewing Editor:

The authors could strongly improve the manuscript by following the recommendations
given below.

Reviewer #1 (Recommendations for the authors):

There are, however, substantial shortcomings that authors need to address to make their
claims supported by enough evidence:

Major concerns:

(1) Neglect of Potential Axon Guidance

As it stands the premise of the paper is unfortunately faulty. The authors overlook the
potential role of axons in guiding epithelial cells, despite clear evidence of spiral axon
patterns in their own Fig. 1b. Previous literature indicates that axon patterning precedes
epithelial cell patterning, suggesting that epithelial migration might be influenced by
preexisting neural structures (e.g., Leiper et al. 2002, IOVS 2013). The authors need to
address this point, possibly by exploring whether axonal patterns serve as a template for
epithelial cell migration, or by providing experimental evidence to rule out axon-based
guidance.

See for example:

from: https://iovs.arvojournals.org/article.aspx?articleid=2126612:     

It is therefore not clear why the authors clearly show the axon vortex in Figure 1, then
talk about prepatterning - and never mention the axon vortex again.

The reviewer raises an important point that we now address in the revised manuscript. We
respectfully disagree with the assertion that the premise of our work is faulty. At no point do
we claim that global guidance cues are absent or ignore the fact that the corneal nerves swirl;
however, our results show that such global or contact-mediated cues are not required to
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explain the observed swirling patterns of epithelial cell radial migration in the adult cornea.
Although our work shows that a swirling ‘prepattern’ of nerves is not required to obtain
radial patterns of epithelial cell migration, we address below why it occurs and how it affects
our data.

An intuitive interpretation of corneal anatomy would be that sensory axons follow the path
of least resistance between migrating epithelial cells. We believe this is the most likely
explanation in the normal wild-type cornea; however, the reviewer correctly notes that
previous literature indicates that axon patterning precedes epithelial cell patterning. Nerve
swirling is observed from approximately 3 weeks, earlier than the epithelial striping patterns
that become apparent in transgenic LacZ and GFP reporter mosaics at about 5 weeks (e.g.
Collinson et al., 2002 [PMID: 12203735]; Iannaccone et al., 2012 [PMID: 22347498]; McKenna
and Lwigale 2011 [PMID: 20811061]). We now address this in the revised manuscript and
below.

The early appearance of radial axonal projections can be readily explained even if axons are
following the epithelial cells. Experimental observations (Collinson et al., 2002 [PMID:
12203735]) and our modelling (Fig. 6a,b) both indicate that spiral epithelial cell migration
proceeds for many days before stripe patterns become visible in reporter mosaics. Thus,
epithelial migration is already underway before the striping pattern becomes detectable. If
axons are following the epithelial migration, they would be expected to become radially
aligned before the reporter epithelial stripes were evident. The apparent precedence of radial
axonal projections over epithelial striping is therefore fully consistent with the biological
scenario in which axons follow the migrating epithelial cells. Corneal epithelial basal cells
have been shown to wrap around individual and grouped subbasal axons, acting as surrogate
glia (Stepp et al., 2016, Investigative Ophthalmology & Visual Science 57, 1292), which
represents a plausible mechanism to allow migrating epithelial cells to shepherd axons in
their direction of movement.

We considered that epithelial cells may follow an axonal prepattern, but several
experimental observations argue against the hypothesis that epithelial migration is guided by
axonal projections. In situations of genetic mutation or corneal injury, epithelial cell
migration can progress independently of, or ahead of, the extension of corneal axons (Leiper
et al., 2009 [PMID: 19029029]; Song et al., 2004 [PMID: 14744881]). Furthermore, in chimeric
Pax6+/− LacZ+ ↔ Pax6+/+ LacZ- mice, where the normally disrupted radial migration of Pax6+/−

epithelial cells is restored, the underlying nerves may continue to exhibit abnormal
projection patterns (Leiper et al., 2009 [PMID: 19029029]). These results suggest that axonal
organization is at least partially dependent on epithelial behaviour rather than the reverse.

Importantly, none of this evidence excludes the possibility that additional cues (including
axonal contact or other environmental signals) may modulate or refine epithelial migration.
For example, Walczysko et al. 2016 [PMID: 27563231] showed that isolated epithelial cells
cultured on de-epithelialised and de-nervated corneal stroma still migrate with a small but
significant radial bias, indicating that epithelial cells can respond to physical features of their
environment. Our model likewise includes a component of alignment with environmental
structure. Since the central radial striping in many of our simulations is somewhat less
ordered than in vivo, it is plausible that additional biological guidance cues or axonal
neurotrophins help refine the pattern.

We now discuss these issues and the relevant experimental evidence more fully in the
revised manuscript.

(2) Model Validation and Complexity

While the model is well-constructed, it currently falls short of its stated goal of
elucidating the mechanisms of spiral formation. Key questions remain unanswered:
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Is the curvature of the cornea necessary for spiral formation, or would a simpler disk
geometry suffice?

To address the Reviewers’ concerns about the role of geometry, we first note that the spiral
pattern also appears in a disk geometry. In fact, the geometric parameters of the cornea vary
across mammals, including humans, yet the spiral pattern is preserved (Dua, et al., 1993
[PMID: 8325424]; Zander and Weddell, 1951 [PMID: 14814019]). Similar variations arise in
disease states, e.g. in keratoconus the cornea becomes elongated.

On a spherical cap, and all shapes with the same topology, the boundary winding number
fixes the interior index, so ongoing limbal influx maintains a total index of 1. To explore the
role of geometry more systematically, we simulated a broader range of geometries, including
different curvatures, cap angles, a prolate and an oblate ellipsoid, and finally a disk, and
compared the resulting patterns with published data across mammals and with disease
states.

For all of these shapes, we find the same qualitative migration pattern – a central spiral,
although its precise shape depends on geometric features such as curvature and cap-angle
opening. These results are discussed in a new section “Robustness of the spiral migration
pattern and requirement for limbal stem cells” and shown in Fig. 10 of the revised
manuscript.

What role do boundary conditions play?

In the revised manuscript, we address the role of boundary conditions, in particular the
presence of limbal epithelial stem cell proliferation. Without limbal stem cells, and with all
other parameters kept unchanged, the cornea fails to make the radial striping pattern. We
observe two distinct changes: First, at J=0.1, the amount of alignment at which robust spiral
formation appears normally, the simulated tissue flow is instead disordered, in fact very
similar to our in vitro calibration simulations (revised Figure 4). This shows that the
boundary cue of an ordered influx from the limbus promotes flocking when it otherwise
would not (yet) appear. Second, when we increase the alignment to J=0.15 or J=0.2, we still do
not observe spiral formation. Instead of the expected central vortex shape, we have
anchoring of defects to the boundary, facilitated by the effective compressibility of the tissue
because of the density feedback in the division/extrusion rates.

These findings are discussed in the new section “Robustness of the spiral migration pattern
and requirement for limbal stem cells” and in Fig. 9 in the revised manuscript.

How well do the model's predictions quantitatively match experimental data?

The current comparisons in Fig. 4c-f lack quantitative agreement, and this discrepancy
should be discussed with possible explanations.

Regarding the in vitro cell data and matching simulations: We are aware that we have limited
data to work with, and our match is intended as a rough estimate of physical parameters.

For the revision, we have reanalysed both experimental and simulation data carefully. We
realised that certain details of our numerical model amplify short-range fluctuations, namely
the way cell divisions induce stress dipoles, and the fact that we did not include cell-cell
friction forces. This is not merely a guess but emerged from related theoretical work by some
of us (Keta and Henkes [PMID: 40556485]; Kammeraat et al, arXiv:2508.01046 (2025)).

We therefore compared the time-averaged velocity field excluding divisions to the
experiment, the same quantity that we already introduced as hydrodynamic velocity for the
corneal surface. We also carried out further simulations that included cell-cell friction forces
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for comparison. They led to very similar results, albeit with a transition to flocking at
somewhat lower alignment strength J.

Instead of the Fourier-space velocity correlation functions that are hard to interpret, we
switched to spatial velocity correlation functions. Our experiments have ‘swirly’ velocity
fields with mesoscale spatial and temporal correlations, of the order of 5-6 cell sizes in space
and one hour in time. As can be seen in the revised panels 4c,d for the spatial correlations of
the hydrodynamic velocity, the match between experiment and simulations is in fact good for
both plastic and explant substrates. There are also systematic changes in length and time
scales between the two experiments that emerge without fine-tuning from simulation. We
furthermore have included snapshots of both experimental in vitro conditions and matching
simulations as new panels 4g-j, showing that the mesoscale correlations appear in the
hydrodynamic velocity.

Ultimately the parameter values and length and time scales that we infer for our systems (see
Table 1) are quantitatively consistent with three other estimates of in vitro epithelia (Henkes
et al. 2020 [PMID: 32179745]; Saraswathibhatla et al, Extreme Mechanics Letters 48, 101438
(2021), Kammeraat et al, arXiv:2508.01046 (2025)).

For cell flows on the full cornea, regrettably we lack further quantitative data to compare to
beyond the migration direction fields inferred in Figure 2, and the time scales of corneal
resurfacing (Figure 6).

(3) Importance of polar alignment.

Polar alignment is put forward as one main feature for the observed patterns based on
the simulation results. However, no experimental confirmation for such polar alignment
is presented. The authors instead present various scattered discussions about polar
versus nematic symmetry, which at times reads rather unnecessary and distracting from
their main message.

If they are not providing direct experimental evidence on the polar alignment, at least
they could quantify nematic alignment of cell orientation as the spiral forms. One
possibility is that nematic alignment of cell orientations has a crosstalk with the polar
alignment associated with the self-propulsion of the cells. This is important because, as
acknowledged by authors, several recent works in the context of in vitro epithelial under
disk confinement have revealed alternative mechanisms for spiral vortex formation.

We thank the Reviewer for pointing out the confusion, and we have therefore completely
revised our discussion of alignment. While the evidence remains indirect, the following
observations lead us to conclude that our system is dominated by substrate-based polar
motility and weak polar alignment:

We have investigated nematic alignment of cell orientations. As can been seen in new Figure
3d, corneal epithelial cells do not show evidence of significant elongation in any direction, i.e.
we find no local nematic order.

Our computational model starts from uncorrelated, substrate-based polar active cell
migration. We have carefully investigated if polar alignment is a necessary ingredient and
found that the in vitro data are inconsistent with the absence of alignment: the flocking order
parameter is too high, and the spatial and temporal correlations are larger than those
expected from persistent driving only.

Still, cell-cell stress patterns in the epithelium may remain nematic. While one cannot exclude
anything, the effect must be sufficiently weak to not affect axon motion. Their naturally long,
thin shapes would strongly react to nematic stresses, but we do not see ±1/2 defects in their
growth patterns, only polar ±1 defects.
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We were recently made aware the work of Lång et al. (2024) [PMID: 38630812], in which the
authors also observe spiral formation in cell migration on a substrate, with +1 topological
defects. They explain their observations using a polar model, and our results are consistent
with their observations and model.

In the active matter community, the ‘active nematic cell sheet’ paradigm is currently
undergoing a revision. Notably, nematic-like phenomenology, in particular ±1/2 defects, can
also arise from the minimal ingredients of uncorrelated polar activity and cell deformability
(Chiang et al. 2024 [PMID: 39302997]).

Minor comments:

- It would help the reader to see some representative images of the cells, explants, and
the simulation (maybe with vectors overlaid), as it could be hard to imagine what exactly
is happening and the other relevant properties to compare.

Please see new panels Fig. 4g-j, and new supplementary videos S3 and S4.

- Add a colorbar that represents direction to Fig. 1a.

We assume the Reviewer meant Fig. 2a. We have added a circular orientation colour chart to
the image.

- When do additional +1,-1 defects appear? The authors just say it is unlikely, but it is not
clear when they are observed. Disease state?

The reviewer is correct about pathology. We now cite (in conclusion) Collinson et al. 2004
[PMID: 15037575], which shows disruption and discontinuity in Pax6-mutant corneas with
chronic corneal degeneration. We also have a publication in prep that shows extra +1 and -1
discontinuities occur during wound healing. We don’t want to include these data in this
manuscript, but cite Sagga et al. (in prep).

Reviewer #2 (Recommendations for the authors):

Overall, the manuscript presents a solid theoretical work. However, I have a few major
concerns on this manuscript. (1) The authors use the concept of topological defect to
refer to stagnation points of the velocity field (2) The comparison to experiments remains
qualitative and it is unclear whether the proposed mechanism is at work, (3) The role of
geometry remains unclear.

Major points:

(1) On page 3 the authors claim that topological defects exist in velocity fields, however
this statement is incorrect and can confuse readers. Unlike the director field of an
ordered phase, their velocity field is a vector in R^2 with a norm that is not fixed, and
therefore the velocity field has no topological defects. In fluid dynamics, these special
points in the velocity field are called stagnation points, fluid sinks or sources. This
distinction is important because the physical nature of the interaction forces between
two "topological defects" in a velocity field is fundamentally different to the interaction
forces between two topological defects in a director field. For these reasons, it can
confuse readers to mix the two concepts (stagnation points vs topological defects). Note
that if the authors address this concern, many parts of the main manuscript should be
rewritten.

Stagnation points are topological defects since the topological classification ignores the
magnitude and looks only at the direction of the vector field away from the core. There are
some caveats related to the role of boundary conditions, since in the case of a fluid, if
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boundary conditions are not fixed, one can eliminate the defect by setting the flow field to
zero everywhere. Mathematically, a pair of point sources or sinks in an incompressible
potential flow interacts through the same Green’s function that gives the elastic interaction
between two-point disclinations in a 2D nematic director field, so their long-range pair
potentials are formally identical (~ln(r) in 2D). The physical mechanism behind these forces
is, as correctly pointed out by the reviewer, quite different. In addition, our coarse-grained
velocity field is effectively compressible, which has consequences for the hydrodynamic
equations we (can) write, see below.

In the revised version, we clarify these points by adding Box 1, which summarizes the idea of
topological defects.

(2.1) How did the authors check that the velocity field that is inferred from the stripe
edges matched the coarse-grained cell velocity field in a life sample? How did the authors
validated the interpolation of the inferred velocity field using an XY model? What is the
scale of the inferred velocity field? Can the authors clarify also this point?

The murine cornea LacZ reporter system was specifically designed to allow for lineage
tracing, i.e. following coarse-grained cell motion and growth patterns. The combination of
macroscopic size (3.6 mm diameter), two-week resurfacing time and the curved surface
however stymied our early attempts to directly measure the cell velocity field on the cornea
using confocal time-lapse microscopy. However live sample fluorescent reporter systems are
fully consistent with our in vivo model and shown conclusively that inferred velocity fields
are recapitulated in vivo (Park et al., 2019 [PMID: 31843909]).

For the XY model inference: We first note that approximately 30% of the corneal surface is
covered by directly estimated velocity directions from the stripe edges (red arrows, Fig. 11f).
This rises to more than 50% near the central spiral (red arrows, Fig. 11h) due to the way the
stripes narrow near the centre due to cell extrusion. Therefore, the inferred areas are only
slightly more than half of the cornea, and in regions where we expect the flow field to be
largely uniform with no defects. The red arrows provide sufficient boundary conditions that
a simple annealing simulation (or equivalently an energy minimisation) of the XY model
rapidly converges to a slowly varying field consistent with those boundary conditions.

Furthermore, in simulation we observe that stripe edges and the macroscopic velocity field
correlate strongly with each other once the spiral has fully formed (Fig. 6b-c).

The scale of the inferred velocity field is the distance between arrows in our digital version of
the cornea, approximately 40 concentric rings over a 70° cone angle for a R = 1800 μm micron
cornea, resulting in a spacing of 55 μm between velocity arrows. This is about at the scale of
the in vitro velocity correlations. We are not able to obtain velocity magnitudes using this
procedure.

Furthermore, the spiral angle profile reported in Fig. 7b-c appear to be different to that
found in experiments Fig. 2b. Can the authors clarify if their theoretical framework
reproduces the spiral angle profiles?

First, we note that empirically, simulations with the largest two radii (R = 1000 μm, R = 1500
μm), approaching the full experimental size, match the observed angle profile best. They both
consist of a radially inward profile α(0) = 0° at the edges, only increasing, corresponding to a
tightening spiral, below about θ = 20°. Note that very near the corneal centre, few cells
contribute to data, and additionally the central defect position fluctuates somewhat.
Therefore, the angle profile not reaching α(0) = 90° in the simulations is due to fluctuations
and lack of statistics. As these simulations were run with our best fit experimentally matched
parameters, this convergence is meaningful and cannot be scaled out.
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Second, our partial model (eq. 4, reproduced below) links the spiral profile angle α(θ) with the
macroscopic velocity magnitude v(θ) and the net cell loss rate A(θ), and it depends explicitly
on the corneal radius R.

That is one equation for three radial fields. If we make the reasonable assumption that
simulations at fixed 𝐽 that differ only in R have the same constitutive law A(ρ), and would
follow the same continuum velocity equation that ultimately sets v(ρ), the radius R still
appears explicitly in the equation. This is consistent with the different radial profiles for
different R that we observe in Fig. 7c. Furthermore, in Fig. 7b we observe that above the
flocking threshold, different J lead to very similar profiles. This indicates that the system
enters a fully polar phase.

The same is true in experiment: We expect that cell mechanics and planar cell polarisation
coordination are local effects that will set J, A(ρ), and v(ρ). Thus, we do predict that the radius
R will explicitly affect the spiral profile consistent with the equation above, but we would
need more direct measurements of J, A(ρ), and v(ρ) to go any further.

Properly answering this question would first require simulations of a non-dimensionalised
model with different radii, boundary influx, alignment strengths and constitutive laws for the
division / extrusion dynamics. Then one would want to construct a matching equation for the
polarisation and / or velocity field, going beyond the Malthusian flock approximations of
constant magnitude v(θ) and net cell loss rate A(θ) = 0. This is well beyond the scope of this
publication, and there is certainly no experimental data to compare to.

(3.1) It appears that the formation of the spiral velocity pattern results from a
combination of a radial flow of cells due to cell division at the outer boundary and
apoptosis at the geometrical center and azimuthal flow of cells due to flocking in
confined geometries. Is this correct? Can the authors explain how does the 3d geometry
of the spherical cap modify each of these flow fields?

The Reviewer is broadly correct; however, the true picture is more subtle. Almost all of the
divisions and extrusions occur in TA cells, neither at the limbus or at the corneal centre
(please see the A(θ) profiles in Figure 8). Flow is then a spiral flock that is partially radial and
azimuthal, and with a variable velocity magnitude. It ultimately all has to follow the flux
equation 4, in steady state.

For the modification of the flow field due to 3d geometry: Broadly, they simply change the
amount of corneal surface available at different angles from the limbus when switching to
isomorphic surfaces like, e.g. the disk. Thus, we still observe spirals, but of somewhat
modified shapes. Please see the reply to Reviewer 1 above, and new Figure 10 for simulations
of different geometries.

A full theory of radially symmetric corneal shapes would again need additional velocity and
constitutive equations and is beyond the scope of this publication.

(3.2) In their model, it appears that the geometry is introduced by constraining the
dynamics of agents, and it has not direct influence on the alignment of agents. Can the
authors explain how the geometry of the spherical cap influences the emergent spiral
states? Can the authors show whether their results are robust to changes in the substrate
geometry? For example, by changing the substrate geometry from a spherical cap to
another convex shape. Can the authors identify differences between the spiral patterns
on a spherical cap vs that on a flat disk?

Developmental Biology | Physics of Living Systems

https://doi.org/10.7554/eLife.106061.2
https://elifesciences.org/?utm_source=pdf&utm_medium=article-pdf&utm_campaign=PDF_tracking
https://elifesciences.org/subjects/developmental-biology
https://elifesciences.org/subjects/physics-living-systems


Kostanjevec et al., 2025 eLife 14:RP106061.  https://doi.org/10.7554/eLife.106061.2 56 of 57

Please see the response to Reviewer 1, above, and new Figure 10. Briefly, the results are
robust to changes in the corneal geometry as long as they are other convex shapes. There are
differences in details of the spiral shape.

Minor comments:

- On page 3, the authors claim that the Euler characteristic of a spherical cap or a disk is
1. Unfortunately, this statement is incorrect. The Euler characteristic of a spherical cap or
a disk is determined by the winding of the vector field around the open boundary. In
their case the Euler characteristic is 1 because the velocity field is oriented towards the
top of the spherical cap, which give a winding of +1. The authors explain this correctly on
page 13.

The Euler characteristic is a topological invariant of the surface and does not depend on the
tangent vector field. A disc or spherical cap has Euler characteristic 1. What depends on the
boundary winding is the index formula for a vector field on a surface with boundary: the
winding of the field along the boundary determines the corresponding boundary
contribution, and hence the sum of interior indices. Thus, while the reviewer is correct about
the role of boundary winding in computing the field’s index, this does not alter the Euler
characteristic of the surface itself.

We note that the orientation of the velocity field does indeed matter in our simulations: In
new Figure 10, we show that in the absence of the boundary condition of inward flux at the
limbus, we do not observe a spiral robustly, and we do see anchoring of defects to the
boundary, with winding numbers that are now different.

- On page 5, the authors claim the clockwise and counterclockwise -oriented spirals are
equally likely, however no quantification is provided to support this claim. Can the
authors clarify this point?

The approximately equal likelihood is as described in Collinson et al. (2002) [PMID:
12203735].

- On page 8 the authors state "Dipolar active force cannot cause a single cell to migrate,
and the flow is an emergent collective phenomenon", here I was confused, because a
bacteria swimming in a Newtonian fluid can self-propel by exerting a dipolar active force
on the fluid. See for instance work by E. Lauga or I. Aronson. Can the authors clarify this
point?

The Reviewer is correct about how bacteria can swim using dipolar active forces. However,
and unfortunately, that language was straight ported to very different conditions, that of cells
migrating on a frictional substrate with no induced flow, with the equation of motion

. Unless there is a net force arising from the stress profile, the cell cannot move,

and with microscopic models where the active stress is a single value per cell, that statement
is always true. Of course, more detailed cell models with active stresses exist, but their
motion is still due to the net force arising from them. We have clarified the statement in the
revised manuscript.

- On page 16, the expression for the velocity seems to miss a parenthesis.

Fixed. Thanks!

- On page 16, the authors claim that the flux profiles in the simulations and in the XYZ
model are in good agreement. However, there are clear differences for theta> 50 deg.
Can the authors discuss the possible explanation for these differences? Note that one
may expect a between agreement between two theoretical approaches.
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These disagreements are due to imperfections in the observed spiral patterns in simulations.
They are not perfectly radially symmetric, and the defect is not always in the dead centre of
the cornea. Thus, the theoretical predictions are not quite accurate. Numerically, what
happens for θ > 50° is that the radial bins sometimes include part of the limbal zone with
strong proliferation, and the corneal edge itself. Both are not described by the flux prediction.
We decided not to crop out this region and rather explain where it comes from in the text.

https://doi.org/10.7554/eLife.106061.2.sa0
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