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The authors propose a "simplified" model for intrinsically bursting neurons with explicitly
controllable parameterization of oscillatory dynamics. The evidence that the modeling
approach is generally appropriate and practical for modeling rhythmic bursting neurons
and neural circuits is currently incomplete. Based on what the authors present, this
model appears to have limited neurobiological relevance and utility but may be useful as
a controller for an artificial system, such as in neuro-robotics applications.

https://doi.org/10.7554/eLife.110982.1.sa4

Abstract

Rhythmic neural activity underlies essential biological functions such as locomotion, breathing,
and feeding. Computational models are widely used to study how such rhythms emerge from
interactions between neuron-level and circuit-level dynamics. Intrinsically bursting neurons are
key components of many central pattern generators (CPGs), yet existing models span a tradeoff
between biological realism and practical usability. Biophysical models involve many parameters
that are difficult to tune, whereas abstract models often integrate poorly into neural circuit
simulations. We propose a simplified model of intrinsically bursting neurons derived from a
reduced non-spiking biophysical formulation. The model integrates readily into neural circuits
while enabling direct and independent control of bursting characteristics, including duration,
amplitude, and shape. We show that the model reproduces single-unit biophysical responses to
diverse stimuli as well as circuit-level activity patterns from crustacean and mammalian CPGs.
This model provides a practical tool for studying rhythm generation in neural circuits.

Introduction

Computational models are valuable tools for understanding the nervous system, both at the level
of individual neurons and neural circuits (Torres and Varona, 2012 2). One particularly fruitful
area for such models has been the study of central pattern generators (CPGs), which are neural
circuits that generate rhythmic activity to control a variety of rhythmic behaviors, such as
locomotion, respiration, and feeding (Marder and Bucher, 2001 &3 ; Bucher et al., 2015 2; Grillner
and El Manira, 20202). CPGs provide an excellent testbed for investigating interactions between
neuron-level and circuit-level dynamics, since they often rely not just on structured synaptic
connectivity, but also on neurons with intrinsic bursting dynamics, which act as pacemakers by
producing periodic bursts even in the absence of synaptic input (Bucher et al., 2015 @).

Different models of intrinsically bursting neurons support different research goals. Detailed
conductance-based spiking models (Hodgkin and Huxley, 1952 (; Liu et al., 19987 ) capture the
ionic mechanisms underlying neuronal excitability, enabling investigation into how these
mechanisms produce robust dynamics (Alonso and Marder, 2020 ). Reduced spiking models
(Izhikevich, 2003 @) simplify conductance-based models through mathematical methods into low-
dimensional dynamical systems, allowing burst spiking to be simulated efficiently with few
parameters and integrated into circuits (Tolmachev et al., 2018 ). Reduced non-spiking models
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(Van Der Pol, 1926 (Z; FitzHugh, 1961 &3; Nagumo et al., 1962 ; Ermentrout, 1994 %) produce slow
burst envelope waveforms without fast intra-burst spiking, simplifying integration into circuits
that use firing rate representations. Phase oscillator models (Hopf, 1942 &2 ; Kuramoto, 1975%;
Buchli et al., 2006 @) abstract the core limit cycle of bursting dynamics into polar coordinates,
facilitating theoretical analysis and direct frequency control (Kopell and Ermentrout, 1988 (% ;
Ijspeert et al., 2007 ).

For simulating firing rate activity patterns in complex biological circuits (Danner et al., 2017 2) or
synthesizing circuit-based CPGs for neuromechanical bodies (Ijspeert, 2008 43; Yu et al., 2014 (%), it
is desirable to use a simplified model that is computationally efficient, readily integrated into
neural circuits through synaptic connections, and easily tunable for desired dynamical
characteristics—such as burst duration, duty cycle, amplitude, shape, and input dependence.
However, existing models tend to occupy opposite ends of an abstraction spectrum. On one end,
biophysical models in both spiking and non-spiking variants depend on experimentally derived
parameters or nonlinear polynomial coefficients whose effects on dynamical characteristics are
highly co-dependent and difficult to tune; even small parameter changes can dramatically alter
dynamics (Izhikevich, 2007 2). At the other extreme, abstract models like phase oscillators employ
pulse-coupling or phase-coupling connections, which complicates their integration into circuits
with diverse neurons and synapses; moreover, producing biologically realistic burst shape, duty
cycle, and input dependence requires impractically complicated transformations from a polar
coordinate system (Buchli et al., 2006 ).

In this work, we propose a simplified model of intrinsically bursting neurons that addresses these
limitations. The model is an analytically tractable, 2-dimensional dynamical system designed to
approximate a biophysically derived, reduced non-spiking model. As such, it preserves the
biophysical model’s key dynamics and readily integrates into neural circuits, while enabling direct
and independent control of bursting characteristics. In evaluation experiments, the simplified
model straightforwardly reproduced single-unit responses of the biophysical model under diverse
stimuli, and systematic exploration of its parameter space revealed novel response profiles that
are difficult to obtain with the biophysical model. Additionally, the simplified model integrated
into neural circuits and reproduced canonical activity patterns from crustacean and mammalian
CPGs modeled in prior work using spiking and non-spiking biophysical models.

Overall, we demonstrate that the simplified model can be a practical tool for simulating intrinsic
bursting within neural circuits. Its interpretable and controllable parameters enable precise
tuning to match experimental observations or produce novel dynamics. Consequently, the model
is particularly suitable for applications in biological circuit modeling and neuro-robotics.

Model

We begin with a biophysical model of intrinsically bursting neurons from Danner et al. (2017) 2.
This is a rate-coded, reduced non-spiking model, representing an abstraction over reduced spiking
models and detailed conductance-based spiking models. Nevertheless, this biophyiscal model
captures key dynamics of bursting neurons and has proven useful for simulating circuits, such as
the mammalian locomotor circuit in the spinal cord (Danner et al., 2017 ; Kim et al., 2022 (2).

However, the biophysical model also presents challenges. It consists of nonlinear differential
equations describing ionic and synaptic currents, with multiple terms including conductances,
reversal potentials, activation and inactivation gate dynamics, and time constants. Many of these
terms are voltage-dependent and nonlinear, utilizing various sigmoid and bell curves. As such, the
relationship between parameter values and dynamics is difficult to predict, and the model is
difficult to tune for desired characteristics, which include active and quiet durations at different
stimulus strengths, burst amplitude and shape, state switching delays, and stimulus thresholds for
tonically active and silent regimes. Tuning the biophysical model to simultaneously satisfy all
desired characteristics is cumbersome, even when aided by an automated search algorithm.
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We introduce a simplified model that preserves the key dynamics of the biophysical model yet
presents more interpretable and controllable parameters. For example, each of the characteristics
listed above can be directly controlled through independent parameters. The simplified model is
constructed by approximating the biophysical model’s dynamics with analytically tractable
piecewise-linear functions and hybrid continuous-discrete rules.

The relationship between the models is best understood though their state space geometry, which
is a valuable perspective in dynamical systems approaches to neuronal modeling (Izhikevich,

abstract variables (like membrane voltage and adaptation variables) that together capture a
neuron’s state. A phase portrait visualizes the state space, with trajectories tracing how state
variables evolve jointly through the state space. A nullcline indicates points where a state
variable’s time derivative is zero, with equilibrium points found at the intersection of nullclines.
Analysis of nullclines and the location, stability, and bifurcations of equilibrium points can
provide important insights about the trajectories of a dynamical system.

Biophysical model

The biophysical model is described as a 2-dimensional dynamical system with voltage variable v
and adaptation variable a. The voltage variable (Equation 12 ) represents the neuron’s average
membrane potential, which is related to membrane capacitance C and various trans-membrane
ionic currents i. The adaptation variable (Equation 2 (%) represents the neuron’s excitability, which

the neuron depletes when active and recovers when quiet, and it evolves according to voltage-
dependent functions for the steady-state adaptation a,(v) and time constant ,(v).

dv
C- = = ek (V) —  dexe(®)  — () —  inep (v,0) (6))
Leak current  Excitatory current  Inhibitory current  Persistent sodium current

da
i =ax(v) —a ()

The full description of the model is provided in Methods—Biophysical model.

In the model’s phase portrait (Figure 1A(%), the voltage nullcline is an “S”-shaped function with
two knees where trajectories switch between active and quiet states, while the adaptation
nullcline is a sigmoid curve that separates regions of depleting and recovering adaptation. Due to
differences in the time constants of the state variables, the system exhibits relaxation oscillations
during which a trajectory moves slowly along the voltage nullcline’s active or quiet leg, then falls
off the knee and switches quickly to the opposite leg across the adaptation nullcline and firing

threshold.

At baseline input, the equilibrium point is unstable, and trajectories converge to a limit cycle

attractor corresponding to operation in bursting mode. At different input values, the voltage null-
strongly positive or negative inputs, the unstable equilibrium bifurcates into a stable equilibrium,
and trajectories converge to a point attractor corresponding to tonic or silent modes, respectively.

Additional subtle characteristics can be observed by changing input dynamically. First, when
changing from silent to bursting mode, there is a delay corresponding to the time for a trajectory
starting at the point attractor to move vertically and cross threshold. Such state switching delay is
also apparent in bursting mode as the time between falling off a knee and crossing threshold.
Second, when changing input while remaining in either stable mode (for instance, changing from
strongly negative to weakly negative input while remaining in silent mode), a trajectory may
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Figure 1. Model dynamics.

(A) Phase portrait of the biophysical model, with voltage variable v and adaptation variable a. Nullclines are shown for various
constant stimuli strengths. The firing threshold (dashed line) separates active and quiet states. The system exhibits relaxation
oscillations, with slow movement along nullcline-v and fast movement across nullcline-a to switch between active and quiet
states. At strongly table equilibrium (open circle) bifurcates into a stable equilibrium (filled circle) corresponding to tonic and
silent modes, respectively. (B) Activity of the biophysical model across stimulus strengths, with corresponding phase portrait
trajectories. As strength increases, the neuron transitions from the stable silent mode to the periodic bursting mode to the
stable tonic mode. (C) Phase portrait of the simplified model, with analogous voltage and adaptation variables. Nullclines are
piecewise-linear “S”-shaped functions. Trajectories 1) and quiet (v = -1) legs until reaching the active and quiet bounds to
trigger a fast state switch. The corner ds are unstable in bursting mode and stable in tonic and silent modes. (D) Activity of
the simplified model responding phase portrait trajectories. Burst shape is controlled through a firing function y(v, a, x) that
input x into a firing rate, with a linear-sloped shape used here to approximate the biophysical model. The features of the
activity and phase portrait of the biophysical model.
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either move to the new stable point or effectively fall off a knee to trigger a state switch. The latter
is known as a rebound, which is non-periodic and terminates when the trajectory returns to the
new stable point after a single burst. A trajectory’s location during the input perturbation
determines which case applies, with a implicit separatrix demarcating the rebound and non-
rebound regions.

Finally, the model’s firing activity is a thresholded and scaled function of the voltage variable v. As
such, the activity waveform’s burst amplitude and shape is closely related to the shape of the
voltage nullcline and the rate at which it is traversed (Figure 1B(2).

Simplified model

The simplified model approximates the biophysical model as a 2-dimensional dynamical system
with analogous voltage variable v and adaptation variable a. In the model’s phase portrait (Figure

horizontal and vertical segments. A trajectory moves horizontally along the voltage nullcline’s
active or quiet leg (v = +1) until it reaches a bound, where it turns to move vertically towards the
threshold (v = 0); upon reaching it, the trajectory instantaneously switches to the opposite leg.

Such dynamics can be constructed through hybrid continuous-discrete rules. The adaptation

state, with adaptation time constant T, scaling factor K(x), and bounds @ctjye(X) and agy;e(x),
which are dependent on net input x. The adaptation evolves with an exponential trajectory, which
approximates the slow variable trajectory in an averaged burst spiking model (Izhikevich, 2007 &):

’ da
T  K,(z) —
L Kle) S
0—a if active, inside bound: v > 0 and a > aactive (T) 3)
=<¢1—a if quiet, inside bound: v < 0anda < aquie ()
0 otherwise

The voltage variable (Equation 4 (2 ) evolves based on a direction function d(v, a, x) € {-1, 0, +1}

and rate functions rycgjye(x) and rqyje¢(x), with instantaneous switches (of infinite voltage rate)
handled by continuously constraining v to the range [-1, +1]:

Tactive () if active: v >0
d(v,a,z) - { rquet () if quiet: v<0 )
00 if switch: v=0

dv_
dt

For conciseness, these equations do not include all features, such as stable points, state switching
delay, and noise. The full description of the model is provided in Methods—Simplified model.

At different input values, the active and quiet bounds shift, which changes the active and quiet

to achieve desired state durations and input-dependent scaling (Figure 2A(%, Eq uat|0n24B)Thls
is possible since adaptation a is governed by a piecewise-linear and separable differential

equation.

At strongly positive or negative inputs, the corner point of the active or quiet bound becomes
stable, transitioning the model to tonic or silent mode (Figure 1D @). This is achieved by modifying
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Figure 2. Model features.

The simplified model enables explicit control of the bursting waveform through its interpretable parameters. (A) Burst

duration is controlled through the intrinsic active duration T,y and quiet duration Tg;e; (achieved at input strength I'=0)

+1

; +1
and the active scale K, quict

active

=0.25, Kqﬂict = 0.1. (B) Burst amplitude is controlled through the dependence of the firing function f on input strength I. (C)

Burst shape is controlled through the shape of the firing function f across adaptation a. (D) Switching delay is controlled by
active delay Dyve and quiet delay D ier- (E) Stable point rebound is controlled by duration scales K i, and K1 . stable

active quiet'

and quiet scale K, (achieved at I =+1). The example shows Tactive = Tquiet K;Lve

point thresholds X, (jye and Xqjer, and stable point time margins 8,c(jve and Sgyiet-
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Finally, the model decouples the shape of active and quiet legs from the activity waveform’s burst
amplitude and shape through the firing function y(v, a, x). The simplest firing function produces a
rectangular waveform that oscillates between a high rate Y, (e and low rate Yqyie¢:

Yoctive if active v >0

Yrectangular (Ua a, .’IJ) = { 5)

Y uiet if quiet: v <0

but more complex firing functions enable amplitude modulation (Figure 2B ) and different

Results

Simplified model reproduces single-unit responses of biophysical
model

We compared the single-unit responses of the simplified model with those of the biophysical
model under 3 types of stimuli—constant, pulse, and periodic—in order to evaluate how well the
simplified model captures different properties of the biophysical model. Experiments were run

Constant stimuli scale the active and quiet durations

To assess duration scaling, we applied constant stimuli of different strengths ranging from
strongly positive (excitatory) to strongly negative (inhibitory), and we measured the state
durations and duty cycles of waveforms (Figure 3%, Figure 3—figure supplement 1%, Figure 3—
figure supplement 2(@).

In both models, the active and quiet durations decreased with increasing stimulus strengths, with
the quiet duration decreasing more rapidly than the active duration. This increased the duty cycle,
defined as the fraction of time spent in the active state relative to the total cycle duration. At
strongly positive stimuli, both models transitioned into an active-only mode where firing rate
oscillated with no quiet state and eventually produced constant tonic firing. At strongly negative
stimuli, both models transitioned into a quiet-only mode with no active state. The simplified model
closely approximated the duration scaling of the biophysical model. This reflected similarities in
the underlying phase portraits of the models, with voltage nullclines shifting and scaling to
produce the observed waveform changes (Figure 3—figure supplement 1%, Figure 3—figure
supplement 2(%). At the same time, there were subtle differences. The simplified model had
smooth response profiles, but the biophysical model’s nonlinearities introduced slight non-
smoothness for state durations and hence duty cycle. Moreover, the simplified model produced
bursts with sharper state switches, which may be reduced by using a firing function with different
parameters or a different design.

Additionally, we explored the effect of simplified model parameters on the response to constant
stimuli (Figure 3—figure supplement 3 ). The state duration scales could be adjusted to reverse
or abolish duration scaling. The adaptation time constant narrowed or widened the duration
response profile. The stable point thresholds controlled the input strengths that induced tonic and
silent modes. These results suggest parameters to tune for a desired duration response profile.

Pulse stimuli shift the oscillation phase

To assess phase shifts, we applied pulse stimuli of different strengths across phases of the intrinsic
cycle, which often would advance or delay the waveforms. We quantified phase shift by
comparing the perturbed cycle duration to the intrinsic cycle duration, and we plotted finite phase
response curves (Figure 4 2, Figure 4—figure supplement 1%, Figure 4—figure supplement 2 2).
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Table 1. Biophysical model parameters for single-unit experiments.

Symbol Name Value
At Timestep I'ms
C Membrane capacitance 20pF

Gieak Leak conductance 4.5nS
Vieak Leak reversal potential —62.5mV
Goyc Excitatory conductance 10nS
Ve Excitatory reversal potential -10mV
Dy Excitatory drive 0.02
Gin Inhibitory conductance 10nS
Vioh Inhibitory reversal potential -75mV
D, Inhibitory drive 0.00
Gyap Sodium conductance 4.5nS
Viap Sodium reversal potential 55mV
V, Sodium activation midpoint —-40mV
K, Sodium activation slope 6mV
v, Sodium inactivation midpoint —45mV
K, Sodium inactivation slope —-4mV
V., Sodium inactivation time constant midpoint -35mV
K. Sodium inactivation time constant scale 15mV
T, Sodium inactivation time constant baseline 320 ms
T Sodium inactivation time constant maximum 640 ms
Vinreshola ~ Firing threshold voltage -50mV
Vinax Firing maximum voltage OmV

Table 2. Simplified model parameters for single-unit experiments.

Symbol Name Value

At Timestep 1 ms
Tactive Active duration 400 ms
Tuiet Quiet duration 1000 ms

;cltive Active duration scale (positive) 0.35
K;}iet Quiet duration scale (positive) 0.05

e " ) .

acgive Act.lve durat.lon scale (negat.lve) 0.9
Kq‘uiet Quiet duration scale (negative) 1.3

T, Adaptation time constant 2000 ms

:;ctive Active adaptation time constant scale (positive) 1.0
:(‘Met Quiet adaptation time constant scale (positive) 1.2
-, | . . . .

active Active adaptation time constant scale (negative) 12

| . . . .

it Quiet adaptation time constant scale (negative) 0.8
D,ive  Active switching delay 0.0
Dyjee  Quiet switching delay 0.15
X,ave  Active stable point (tonic) threshold 1.0
Xquee  Quiet stable point (silent) threshold 0.0
Sactive Active stable point time margin Oms
Squiet Quiet stable point time margin Oms

B Bias voltage 0.4

c Noise standard deviation 0.02

y Firing function Veiirvee

Neuroscience
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Figure 3. Response to constant stimuli.

Top: Durations of the active state (left, filled bars) and quiet state (right, unfilled bars) at various stimulus strengths, along
with the resulting duty cycles. Bottom: Activity at representative stimulus strengths. In both the biophysical model (A) and
simplified model (B), the quiet duration decreases faster than the active duration as stimulus strength increases, thus
increasing the duty cycle. The models transition into the silent mode (quiet only) at strong negative stimuli and the tonic
mode (active only) at strong positive input. Figure 3—figure supplement 1 2. Biophysical model response waveforms to

figure supplement 3. Simplified model effect of parameters on constant response.
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Figure 4. Response to pulse stimuli.

Top: Phase response curve showing phase shifts induced by various stimulus strengths and phases (calculated from intrinsic
cycle duration T and perturbed cycle duration T'). The phase of the intrinsic active-to-quiet state switch is marked with a
vertical line. Pulse durations are 100 ms. Bottom: Activity of representative responses to excitatory and inhibitory pulses
(strengths are the strongest values shown; phases are marked by arrows in the phase response curve). In both the
biophysical model (A) and simplified model (B), pulse stimuli can advance or delay the waveform, depending on the stimulus
strength and phase relative to the intrinsic cycle. Figure 4—figure supplement 12 . Biophysical model response waveforms
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In both models, excitatory and inhibitory pulses could either advance or delay the waveform
depending on their phase relative to the intrinsic cycle. Excitatory pulses tended to lengthen the
active state and shorten the quiet state, while inhibitory pulses tended to produce the opposite
effects. Stronger pulses of either type produced larger phase shifts. The simplified model closely
approximated the phase response curve of the biophysical model, including the locations of flat
and diagonal segments and the magnitude of phase shifts. This reflected similarities in the under-
lying phase portraits of the models. For instance, diagonal segments of the phase response curve
corresponded to where trajectories were induced to switch legs of the voltage nullcline, while flat

supplement 1@, Figure 4—figure supplement 2 ).

Additionally, we explored the effect of simplified model parameters on the response to pulse
stimuli (Figure 4—figure supplement 3@ ). The state duration scales determined input-dependent
bound shifts, which could dramatically alter the phase response curve. The adaptation time
constant affected the distance between active and quiet bounds needed to achieve desired state
durations, which in turn altered how easily trajectories switched legs due to pulse perturbations.
The adaptation time constant scales resulted in phase-independent speed changes along nullcline
legs, which vertically translated flat segments of the phase response curve. The quiet switching
delay increased the phase range where firing could be delayed by inhibitory stimuli. These results
suggest parameters to tune for a desired phase response curve.

Periodic stimuli entrain the oscillation cycle

To assess entrainment, we applied periodic stimuli of different strengths and periods, which often
would entrain the waveforms such that firing was phase-locked to the stimulus. We quantified
entrainment through the phase coherence of waveform peaks, and we rendered Arnold tongue
plots (Figure 5, Figure 5—figure supplement 12, Figure 5—figure supplement 2@).

In both models, periodic pulse trains could entrain the waveforms, with more robust entrainment
for pulse trains that were stronger or had periods closer to the intrinsic cycle duration.
Entrainment was especially poor for shorter-period, inhibitory pulse trains. The simplified model
closely approximated the entrainment region of the biophysical model, which reflected
similarities in their phase response curves. In particular, the asymptotic locking phases for 1/1
entrainment (Jiménez et al., 2022 (@) corresponded to stable points in the phase response curve,
which are positive-sloped zero crossings. The models also displayed differences, with slightly
stronger entrainment for the biophysical model under excitatory input, and slightly stronger and
wider entrainment for the simplified model under inhibitory input.

Additionally, we explored the effect of simplified model parameters on the response to periodic
stimuli (Figure 5—figure supplement 3@ ), using the same parameter variations explored for pulse
stimuli. The state duration scales could dramatically alter the entrainment response, which arose
from relocated or removed stable points in the phase response curve. The adaptation time
constant and scales increased entrainment due to the larger and more stable phase shift response.
The quiet switching delay increased entrainment for longer-period, inhibitory pulse trains due to
the wider stabilizing region in the phase response curve. These results suggest parameters to tune
for a desired entrainment response.

Simplified model can be integrated into neural circuits

We evaluated the simplified model’s advantages for circuit modeling by integrating it into 2 neural
circuit models—the crustacean pyloric circuit and the mammalian spinal locomotor circuit. These
circuits are well-studied and have been simulated using different types of neuron models,
including detailed conductance-based spiking models and reduced non-spiking models. We
reproduced key circuit activity patterns from reference works using the simplified model.
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Figure 5. Response to periodic stimuli.

Top: Arnold tongue plot showing entrainment level induced by various stimulus strengths and periods (Arnold and Avez,

19897 ). The entrainment level is quantified by phase coherence (calculated from the circular mean of the phases of
waveform peaks relative to the stimulus). Pulse durations are 100 ms. Periods are normalized by the intrinsic cycle duration.
Bottom-left: Activity of representative responses to pulse trains with shorter and longer periods (strengths and periods are
marked by arrows in the Arnold tongue). Bottom-right: Phase of waveform peaks relative to the stimulus, with stabilization of
the phase indicating entrainment. In both the biophysical model (A) and simplified model (B), activity can entrain to positive
and negative periodic stimuli. Stronger stimuli more effectively produce entrainment, as do stimuli with periods close to the
intrinsic cycle duration. Activity returns to the intrinsic cycle once stimuli are removed. Figure 5—figure supplement 1%
Biophysical model response waveforms to periodic stimuli. Figure 5—figure supplement 2 . Simplified model response
waveforms to periodic stimuli. Figure 5—figure supplement 3 2. Simplified model effect of parameters on periodic response.
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Crustacean pyloric circuit generates a triphasic rhythm

The pyloric circuit is a CPG located in the stomatogastric ganglion of crustaceans that controls the
pyloric muscles of the stomach (Marder and Bucher, 2007 3 ; Maynard, 1972 ). It is composed of
an electrically coupled pacemaking kernel of anterior burster (AB) and pyloric dilator (PD)
neurons, connected through inhibitory synapses to lateral pyloric (LP) and pyloric (PY) neurons
that are mutually inhibiting. The circuit generates a periodic, triphasic rhythm during which
intrinsically bursting AB neurons synchronously drive PD neurons to burst, followed by LP
neurons then PY neurons that are activated through post-inhibitory rebound operating with
different delays. For details, see Marder and Bucher (2007) .

We used as reference the work of Alonso and Marder (2020) %, which modeled the pyloric circuit
using detailed conductance-based spiking neurons within a simplified architecture of 3 neurons
(Figure 6A). Following Liu et al. (1998) %, each neuron was a dynamical system of 13 state
variables: 1 voltage variable, 1 calcium variable, and 11 activation or inactivation gating variables
used by a total of 8 currents—sodium (Na), transient calcium (CaT), slow calcium (CaS), transient
potassium (A), calcium-dependent potassium (KCa), delayed rectifier potassium (Kd),
hyperpolarization-activated inward (H), and leak (L). Each current required parameters for its
maximal conductance and reversal potential. Each gating variable required parameters for its
exponent, as well as its voltage- or calcium-dependent steady-state and time constant functions.
Additionally, the model incorporated chemical synapses with conductance-based dynamics of
various timescales (adding 7 state variables), as well as temperature-dependent scaling for the 8
maximal conductances, 11 gating variable time constants, 1 calcium time constant, and 4 synaptic
parameters (adding 24 parameters). The model parameters were tuned using an multi-stage
evolutionary search algorithm (Alonso and Marder, 2019(2) on objective functions that quantified
desired characteristics for the rhythm, such as burst frequencies, duty cycles, and phase lags.
Through optimization, a temperature-robust model was found that generated stable duty cycle
and phase relationships.

With the simplified model, we reproduced key circuit activity patterns and temperature
perturbation effects from Alonso and Marder (2020) &% . Due to the simplified model’s interpretable
and controllable parameters, we could easily select parameters to match experimental

establish desired burst frequencies and duty cycles, while quiet switching delays of LP and PY
were selected to establish desired phase relationships. The circuit produced the characteristic
ablating synapses to isolate the neurons demonstrated that only PD continued to burst
intrinsically, while LP and PY were silent (Figu reGCE:’) This reflected how LP and PY were
subthreshold at baseline input and were activated in the intact circuit through post-inhibitory
rebound effects, consistent with experimental observations (Marder and Bucher, 2007 (2). Finally,
temperature dependence was introduced as a shared scaling term on time-based parameters,
which comprised the state durations, adaptation time constant, and stable point time margins.
This enabled burst frequency to increase with temperature (Figure 6D (%), while keeping constant
the duty cycle and phase relationships between neurons (Figu @). These results were
qualitatively and quantitatively similar to Figure 12 of Alonso and Marder (2020) @ and may in
fact score better on the optimization objectives, since the simplified model enabled the duty cycle
and phase relationships to remain exactly at desired values, unlike the conductance-based model
that exhibited some variability due to its mechanisms of current compensation.

Mammalian locomotor circuit generates gait patterns

The locomotor circuit is a CPG located in the spinal cord of mammals that produces gait rhythms
for quadruped locomotion (Rybak et al., 2015 ). It is composed of reciprocally inhibiting flexor
and extensor bursting half-centers for each limb, which are connected through excitatory and
inhibitory synapses to non-bursting spinal interneurons. Brainstem command (BC) connections
provide top-down modulation to half-centers and interneurons, controlling burst frequencies and
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Figure 6. Crustacean pyloric circuit.

(A) Schematic of the circuit adapted from Alonso and Marder (2020) . The 3 neurons are connected through inhibitory
synapses (blue circles). (B) Activity of the circuit with intact synapses. A periodic, triphasic rhythm emerges in which neurons
burst in sequence: PD - LP - PY. (C) Activity of the circuit with isolated neurons after ablating synapses. Only the PD neuron
bursts intrinsically, indicating that the LP and PY neurons were activated by post-inhibitory rebound effects. (D) Activity of the
circuit under temperature perturbation, which was modeled as scaling of time-based parameters. (E) Effects of temperature
perturbations on each neuron'’s frequency, duty cycle, and phase. The simplified model reproduces these phenomena from
Alonso and Marder (2020) @3, in which burst frequency increases with temperature, but the average duty cycle and phase

relationships between neurons remain constant.
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Symbol Pyloric Locomotor
PD LP PY Flx Ext
At 1 ms 1ms I ms 1ms 1ms
y S 200ms  250ms  250ms  75ms  75ms
Tquiet 800ms  750ms  750ms 400ms 400 ms
1
;’mve 1.0 1.0 1.0 0.125 0.125
L 1.0 1.0 1.0 0.025 0025
quiet
=L, 0.9 0.5 0.5 0.4 0.4
active
-1
Kquiet 1.1 1:3 1.3 1.1 1.1
T, 1500ms  1500ms  1500ms  450ms 450 ms
+L 1.0 1.0 1.0 1.0 1.0
a,active
1
:quiet 1.0 1.1 1.1 1.2 12
;alcﬁve 1.0 1.1 1.1 1.2 12
;éuiet 1.0 0.5 0.5 0.8 0.8
D,ive 0.0 0.0 0.0 0.0 0.0
Dt 0.0 0.25 0.95 0.1 0.1
X active 1.0 1.0 1.0 1.0 1.0
Xquiet 0.0 0.0 0.0 0.0 0.0
Oactive Oms Oms Oms Oms Oms
Oquiet 10 ms 10ms 10ms  50ms  50ms
B 0.0 —0.1 -0.1 -0.05 1.2
c 0.05 0.05 0.05 0.02 0.02
y yadapting yadapting yadapting Yeurved Yeurved
Table 3. Simplified model parameters for circuit experiments.
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limb synchonization or alternation. The circuit generates periodic rhythms during which limb
half-centers burst to produce fictive gait patterns. As BC increases, the gait transitions from stand
to walk to trot to gallop to bound. For details, see Rybak et al. (2015) & ; Danner et al. (2016) 3.

We used as reference the work of Danner et al. (2017) @@, which modeled the locomotor circuit
using reduced non-spiking neurons corresponding to the biophysical model studied in the present
work. The circuit used a simplified architecture in which single neurons represented populations
of genetically defined neuron types. The original architecture has since been extended by Ausborn
et al. (2019)@ and Zhang et al. (2022) 2 with new connections, which we incorporated into our
simplified architecture (Figure 7A). In Danner et al. (2017) 2, non-bursting neurons were
modeled by omitting the persistent sodium current (NaP), and synapses were modeled without
dynamics. The model parameters were manually tuned to achieve desired locomotor frequencies

and gaits.

With the simplified model, we reproduced key circuit activity patterns and locomotor effects from
Danner et al. (2017) @. We selected state durations and scales to establish desired burst
frequencies and duty cycles at boundary BC values, and we tuned neuronal biases and synaptic
weights to produce the appropriate gaits across BC values. The circuit produced flexor and
extensor activity that transitioned between gaits as BC increased (Figure 7B(%), including a stable
stand gait at low BC not shown in the reference work. These gaits were reflective of BC-dependent
activation of various interneurons types (Figure 7—figure supplement 1 @), with interneuron
activity closely matching Zhang et al. (2022) 3, which used detailed conductance-based spiking
neurons. Furthermore, the model reproduced key metrics of the locomotor rhythm. As BC

increased from 0 to 1, locomotor frequency increased from 2 Hz to 10 Hz (Figure 7C(%), and phase

These results were qualitatively and quantitatively similar to Figure 4 from Danner et al.
(2017) @, which in turn conformed to experimental observations of mouse locomotion.

Discussion

We sought a simplified model of intrinsically bursting neurons that was computationally efficient,
easily tunable, and readily integrated into neural circuits. Our model achieves these goals while
reproducing single-unit responses and circuit-level activity patterns of various biophysical models.

Our model’s core mechanism involves analytically computing the active and quiet bounds to
achieve desired state durations and input-dependent scaling (Equation 20%, Equation 24 %). This
is possible since adaptation a is governed by a piecewise-linear and separable differential
equation. Prior work has explored piecewise-linear approximations, notably the McKean model

nullcline of the FitzHugh-Nagumo model (FitzHugh, 1961 ; Nagumo et al., 1962 %) while
maintaining the latter’s continuous dynamics and biphasic truncated exponential waveform. In
contrast, our model uses a piecewise-linear “S”-shaped function consisting of horizontal and
vertical segments, which decouples movement of the voltage and adaptation variables (Figure

segments to scale state durations as well as on vertical segments to produce state switching delays.
Moreover, having trajectories move along a rectangular limit cycle facilitates transforming state
design incurs the cost of using hybrid continuous-discrete rules to govern dynamics, which
introduces complexity and requires explicit handling of dynamical properties such as stable
points. Nevertheless, this tradeoff seems acceptable since it affords additional control of those
dynamical properties, and since discrete rules are already commonly used in simplified models
(Izhikevich, 2003 @).

In certain respects, our model is reminiscent of phase oscillator models. It focuses on capturing the
core limit cycle of bursting dynamics using state variables that oscillate in an abstract coordinate
system (Buchli et al., 2006 @), and it decouples dynamics that are tangential or perpendicular to
the limit cycle. It also relies on a transformation—the firing function—to convert between state
variables and biologically meaningful quantities. However, our model explicitly represents a
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Figure 7. Mammalian locomotor circuit.

(A) Schematic of the circuit adapted from Danner et al.(2017) 2 ; Ausborn et al. (2019) &2 ; Zhang et al. (2022) . The 4 limbs
are each controlled by reciprocally inhibiting flexor and extensor bursting half-centers, which are connected through
excitatory synapses (red arrows) and inhibitory synapses (blue circles) to non-bursting spinal interneurons. Brainstem
command (BC) provides top-down modulation to half-centers and interneurons. Limbs are named fore-left (FL), fore-right
(FR), hind-left (HL), and hind-right (HR). (B) Activity of the circuit in response to increasing brainstem command (BC). Top:
Flexor activity for each limb. Bottom: Extensor activity for each limb (rendered as a simulated footfall plot to facilitate gait
analysis). As BC increases, the gait transitions from: stand - walk - trot - gallop - bound. (C) Locomotor frequency
increases with increasing BC. (D) Locomotor phase durations decrease with increasing BC, with the extension duration

(20172). Figure 7—figure supplement 1 . Activity of neuron types at different locomotor frequencies.
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rectangular limit cycle in Cartesian coordinates, reflecting its roots in the biophysical model. Thus,
state variables and phase portraits closely correspond with biophysical interpretations, and it is
easier to incorporate biophysically relevant dynamical properties such as stable point rebound,
which depend on representations of input-dependent active and quiet bounds.

Despite its similarities to the biophysical model, our model’s approximation has limitations. First,
the voltage variable is an abstract quantity that oscillates between -1 and +1, whereas the
biophysical model’s voltage range is biologically meaningful and can shift with input, even shifting
above threshold entirely at strong excitatory input (Figure 3—figure supplement 1 2). This
discrepancy would be relevant for features like gap junctions where voltage differences matter, so
some function would be needed to transform the variable, similar to the firing function. Second,
the voltage dynamics produce instantaneous jumps from the threshold when switching states

burst shapes like sinusoids would require modifying the firing function or introducing graded
movement similar to state switching delay. Third, the adaptation dynamics uses a single time
constant for depletion and recovery (Equation 19 (2). This could easily be relaxed to allow
asymmetric rates using an additional parameter that makes one a fixed multiple of the other.
Fourth, the adaptation variable monotonically depletes or recovers except when instantaneously
clipped to bounds around stable points (Equation 30%). This approximation is only realistic when
time margins are no greater than the discretization timestep; otherwise, the trajectory should take
multiple timesteps to return to the stable point with reversed movement, though in practice this

edge case has not been an issue.

Compared to detailed conductance-based models, our model—like other reduced non-spiking
models—does not reproduce the full richness of burst spiking dynamics, especially in extreme
conditions. For example, Alonso and Marder (2020 @) show that neurons can “crash” when ion
channel kinetics are modulated by extreme perturbations, producing irregular and aperiodic
spiking activity. In contrast, our model is well-behaved even at extreme inputs, which may be
desirable for constructing robust circuits for neuro-robotics but is nonetheless biologically
unrealistic.

Yet in some cases, our model could produce more biologically realistic activity than the
biophysical model. For example, Shevtsova et al. (2015) 2 simulated a half-center microcircuit
using detailed conductance-based spiking neurons. As input increased, activity transitioned from
silent to bursting to tonic mode, with burst amplitude slowly ramping up then down, peaking
midway through bursting mode. However, when the microcircuit was adapted by shared authors
in Danner et al. (2017) @ to use the biophysical model, this amplitude modulation response was
not maintained. Instead, amplitude immediately jumped to its peak at the silent-to-bursting
transition then ramped down (Figure 3—figure supplement 1 ). It is unclear how to adjust the
biophysical model to reproduce the response, since it involves altering ion channel parameters
that shape the voltage nullcline. With our simplified model, such amplitude modulation is

Beyond producing activity, the simplified model offers insight into how specific responses arise in
the biophysical model. By abstracting active and quiet bound shifts, it becomes evident how
oscillations in different regions of the asymmetric adaptation field influence the duty cycle of the
bursting waveform (Figure 3—figure supplement 2(2). Moreover, by decoupling bound shifts and
adaptation time constant scaling, the model reveals how each mechanism distinctly shapes the
phase response curve (Figure 4—figure supplement 3%). These relationships, complicated by non-
linear interactions in the biophysical model, became readily interpretable in the simplified model.
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Applications of the simplified model can leverage its interpretability and controllability. The
model can be used to rapidly prototype neural circuits to match experimental observations. It can
also complement biologically detailed models by serving as a surrogate during optimization,
producing activity targets that guide parameter tuning. Additionally, the model can be used to
synthesize novel CPG architectures with desired activity patterns. Notably, we have validated its
applicability to neuro-robotics, where it served as a core component of a neural architecture
controlling quadruped locomotion on a physical robot (Bhattasali et al., 20242).

Future work can extend the simplified model in several directions. It could be integrated into
more complex neural circuits, including those involving gap junctions or neuromodulatory
influences. It could also be augmented with intrinsic plasticity mechanisms (Righetti et al.,

would expand the simplified model’s utility for biological circuit modeling and neuro-robotics.
Methods

Biophysical model

Equations

The biophysical model is based on the reduced non-spiking neuron from Danner et al. (2017 (2)
described as a 2-dimensional dynamical system with voltage variable v and adaptation variable a.

The voltage variable v € R represents the neuron’s average membrane potential governed by a
differential equation relating membrane capacitance C and various trans-membrane ionic
currents i, each with its own maximal conductance G and reversal potential V':

dv
c- E = — lleak (U) - Lexc (U)
Leak current Excitatory current ( 6)
- . ( ) o .iNaP (v,a)
Linh \V Persistent sodium current

Inhibitory current

The leak current maintains the resting membrane potential:
ileak (U) - Gleak . (U - I/vleak ) (7)
The excitatory and inhibitory synaptic currents depolarize and hyperpolarize, respectively, the

membrane potential in response to constant drives D and synaptic input, summed over
presynaptic neurons n with synaptic weights w, > 0 and presynaptic firing activities y(v,;) > 0:

iexc ('U) = Gexc . (U - ‘/;xc) .

Dexe + Y wiy (vn)] ®

Z.inh(v) = Ginh . (U - ‘/inh) :

Di+ 3 withy <vn>] ©

The persistent sodium (NaP) current produces bursting through its slow dynamics:

iNaP (U, ) = GNap * (V— VNap) - Moo (V) Actiaation Inactivation (10)
Vi

where activation is modeled as instant with the steady-state activation m(v):

Moo (V) = (1 + exp (— Y ;{:m ))_1 11)
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and inactivation is modeled as slow with the adaptation variable a € [0, 1] governed by a
differential equation relating the steady-state inactivation a,(v) and time constant t,(v):

da
Ta(V) - — = aco(v) —a a2)
- (1 Vo)) (3)
elt) = (1o () )
’ v — VT -1
7a(v) = To + (Ta - Ta) - (cosh ( e - )) 19

and various parameters (V, K, T) control the shape of sigmoid and bell curves.

The firing activity of the neuron is a non-negative function of the voltage variable v:

. v— Vvthreshold
v) = clip (—,O, 1) 15)
y( ) Vmax - ‘/threshold

Discretization

inseparable nonlinear terms:

At . . . .
Vesdr = Ut [—t1eak (V¢) — Texc (V) — Ginh (V¢) — inap (V1 O] (16)

arat = at + oo (vt) — a4 17)

Ta (V1)

Simplified model

Equations: Bounds

The simplified model is built around a core mechanism for controlling active and quiet durations
by setting appropriate bounds for the active and quiet nullcline legs. This section derives the core
mechanism by considering the simplest case, with fixed adaptation time constant and state
durations (no input modulation) and instantaneous state switches between legs at the bounds (no
delay, v € {-1, +1}). The following sections elaborate the core mechanism with additional features.

Formally, given the adaptation time constant T, (controlling the rate of movement along the legs)
and the active duration T,.(ye and quiet duration Tqye; (specifying the desired time spent on each
leg), the goal is to determine the active bound a,jye and quiet bound aqy;e; that together trigger
state switches at the desired times.

The adaptation variable a € (0, 1) depletes toward 0 (“empty”) in the active state and recovers
toward 1 (“full”) in the quiet state, following an exponential trajectory that approaches, but never
reaches, those asymptotic values:

T,

—_—= T, =
¢ dt

a

" da 0—a if active: v=+1 Y
= T (18)

1—a if quiet: wv=-1

For convenience, the adaptation time constant T, is made more interpretable through scaling:
Since an exponential trajectory reaches 98.2% = 1 - exp(-4) toward its asymptote after 4 time

constants, T, = 4T, can be interpreted as the time it takes for the adaptation variable to deplete or
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recover “almost completely” when starting from full or empty, respectively.

The time spent on each leg is analytically derived by integrating the time-per-unit-adaptation
between the (unknown) bounds. The time-per-unit-adaptation is the inverse of the adaptation-per-

Qactive dt Qactive T
Tyctive = / —da = / 2 _da
active “ da . 0 —a

quiet quiet

’

= Ta : [ln (aquiet ) —In (aactive )] (19)

Aquiet dt Aquiet, T
Toviet = / —da = / 2 _da
e a da a 1—a

active active

= Ta : [ln (1 - (lactive) —In (1 — Qquiet )]

This yields a system of 2 equations with 2 unknowns, which can easily be solved for the bounds by
applying logarithmic properties, exponentiation, and substitution:

’

1— exp (Tquiet ) !
Qactive = 7 7 Qquiet = Gactive * €XP (Tactive )
1— €xp (Tactivc + Tquict (20)
T/ _ Tactive T/ _ Tquict
active — B quiet — B
a a

Thus, these bounds a@,c(ive and dqyie; trigger state switches at the desired times.

Equations: Modulation

The simplified model can modulate its properties in response to net input x, which includes bias
input B and synaptic input, summed over presynaptic neurons n with synaptic weights w,, € R
and presynaptic firing activities y,, > 0:

z=B+) wiy @1

Specifically, the net input scales the adaptation time constant T, (using K ! and K*! = )and

a, active a, quiet

the state durations T tjye and Tyjer (using K70, . and K ).

K,00, incorporating an input-dependent scaling factor for the adaptation time constant:

interpolate (a:; K;lacﬁve , 1, Kigcﬁve ) if active: v >0
Kq(z) = (22)

interpolate (ac; K, ;uiet , 1, K : guiet ) if quiet: wv<0

which applies a two-slope linear interpolation over x (clipped between -1 and +1) to
interpolate between the left (x = -1), middle (x = 0), and right (x = +1) values.

The active and quiet bounds are also modified to be input-dependent by calculating the bounds
from Equation 20 for no input (x = 0) and the strongest inputs (x = +1):
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+1
T+1 _ T octive 'K.j;%ivc T+1 . Tquiet 'Kquiec
active | et uiet g+l
Ta'Ku, active q Tu'Ka, quiet
70 = Toctive 70— T
active Tu’ quiet Ta’
_ -1
71— Teve Koy p-1 T Ko (23)
active — [ uiet — 1
Ty K, hevive 4 Ta Ky i
lfexp(T«’. )
T quiet xT T x
at, B =——>—222" _ ¥ =qa . -exp(Tr..)
active 1—exp (T:;:tive +Tqr{uer) quiet active active

and then linearly interpolating between the bounds for intermediate inputs:

_ Lol 0 +1
Qactive () = interpolate (z; a, 4 . » Aoctive » Uoative ) (o)
) _ L1 0 +1
Qquiet () = interpolate (33, Qqniet » Aquiet » Demiet )

Thus, desired state durations are achieved even as the adaptation time constant is modulated.

Equations: Delay

The simplified model can switch between states instantaneously or with some delay. Such delay

Specifically, delay is specified as a fixed fraction Dyctiye; Dguiet € [0, 11 of the inpu
durations:

-dependent state

Tyctive (33) = Ta/ : Ka(x) : [ln (aquiet (:U)) —In (aactive (x))]

, (25)
Tuiet () =T, Ku(x) - [In (1 — aactive (z)) —In (1 — Qquiet (z))]

Without delays, a trajectory moves along only horizontal segments of the active and quiet legs

(Figure 1C2) then instantaneously switches legs at the bounds. With delays, a trajectory moves

along the horizontal segments then turns at the bounds to move along the vertical segments, only

switching legs once v crosses zero. Across these cases, the time spent on each leg must be

conserved in order to achieve the desired state durations. Therefore, delays can intuitively be

interpreted as “stealing time” from horizontal segments and shifting it to vertical segments.

The adaptation variable differential equation from Equation 182 and Equation 22 2 is modified
to speed up movement along horizontal segments and stop movement outside bounds:

T, Ki(x) 2
( 1_%% if active, inside bound: v > 0 and a > aactive () 26)
= 1_15(;‘““ if quiet, inside bound: v < 0and a < aquie ()
0 otherwise

The voltage variable differential equation is defined to introduce movement at a constant rate
along vertical segments and switch legs at zero:

1

o if active: v >0

dv
- = d(v,a,z) - 4 m if quiet: v <0 27)
00 if switch: v=0

where the direction function d(v, g, x) specifies the direction of movement within each leg
region using sign(z) : R - {-1,0, +1}:
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d(v,a,x)
sign(+1 —wv) if active, inside bound: v > 0and a > aactive (T)
sign(0 —wv)  if active, outside bound: v > 0and a < aactive (T) (28)
~ \sign(—1—v) if quiet, inside bound: v < 0and a < aguiet ()
( sign(0 —wv)  if quiet, outside bound: v < 0and a > aquie (%)

and instantaneous switches (of infinite voltage rate due to v = 0 or any D = 0) are handled by
continuously constraining v to the range [-1, +1].

Thus, instantaneous and delayed state switches are achieved with unified dynamics.

Equations: Stability

The simplified model can enter stable modes in which bursting is suppressed. Specifically, it enters
the tonic mode at net input above the active stable point threshold X,jye 2 0, and it enters the
silent mode at net input below the quiet stable point threshold Xg;e¢ < 0.

In stable modes, a trajectory moves along the active and quiet legs but stops at the corner point on
the stable bound, without moving onto the subsequent vertical segment. The trajectory is only
released once net input no longer meets threshold. If a trajectory is already moving vertically
when net input meets threshold, then it reverses direction and returns to the stable point.
Importantly, the trajectory only reverses if it is close enough horizontally to the bound (in terms of
adaptation); otherwise, it continues vertically to trigger a state switch known as a rebound, which
is non-periodic and terminates when the trajectory returns to the stable point after a single burst.

The voltage variable direction function is modified to reverse the direction of movement along
vertical segments in response to net input:

d(v,a,x)

sign(4+1 — v) if active, inside bound or stable bound:

v > 0and

[(a > Qactive (113)) or (a = Qactive (-T) and z > Xactive )]
sign(0 —v)  if active, otherwise:

v>0 (29)
sign(—1 — v) if quiet, inside bound or stable bound:

v < 0and

[(a < aquiet (€)) or (& = aquiet (¢) and z < Xgyiet )]
sign(0 —v)  if quiet, otherwise:

v <0

The adaptation variable dynamics is modified to include an instantaneous constraint that clips
adaptation to bounds if inside bound margins @, ctive(X), Aqyiet(*):

a
( @active () if active, inside bound margin: v > 0 and @active () < a
- S Aactive (£E> (30)
Aquiet ()  if quiet, inside bound margin: v < 0 and aquiet () < a
S CFiquiet (ZE)

where the bound margins are calculated from time margins ,tjve Squiet Similar to in

Equation 19 and Equation 20 (derivation omitted):
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. Oacti -
Aactive (*T) = Qactive (I) - €xp (ﬂ) QA quiet (33>

T, K.(x)
=1-— (1 — Qquiet (.7;)) - exp (/(Sq&) (31)
Ta : Ka,(x)

Thus, stable modes with sophisticated dynamics are expressed in a highly controllable manner.

Equations: Noise

The simplified model can incorporate noise into the dynamics, which is useful for increasing
variability and breaking symmetries. Specifically, it scales voltage and adaptation rates with non-
negative multiplicative noise € sampled at each timestep from a normal distribution with mean 1
and standard deviation o:

€ = max (E/,()) , e~ (1,02) (32)

Thus, state durations are sped up or slowed down while maintaining their relative timing.
Equations: Activity

The simplified model can decouple the shape of active and quiet legs from the activity waveform’s
burst amplitude and shape through the firing function y(v, a, x), which produces non-negative

A simple rectangular waveform can use constant values along both active and quiet legs:

( ) = Yoctive if active v >0 23
Yrectangular (U, @, T) = Yquiet if quiet: v<0 ( )
or an adapting waveform can linearly interpolate between high and low values along the
active leg:
linear (a; Yoy  yhih if active v >0
Yadapting (71, a, $) = ( active 7~ active ) . . (342)
Y uiet if quiet: v <0
where linear interpolation between endpoint values A, B uses z € [0, 1]:
linear(z; A,B)=A-(1—2)+B-z 35)

A more controllable curved waveform can set exact values at the bounds and adjust the curve to be
convex, concave, or approximately linear (by adjusting C):

logarithmic (z; Yend ystart ') if active

active ? ~ active ?
Yecurved (U, a, LC) = . .
Yuiet if quiet:
v<0

z = normalize (a; Gactive (), Gquiet (X))

(36)

where logarithmic interpolation between endpoint values A, B uses z € [0, 1] and base C > 0:

A+ (B—A) -log,(1+(C—1)-2) C#1

linear(z; A, B) C=1 @37

logarithmic (z; A, B,C) = {

and bounds normalization between bound locations A, B uses u € R:
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. . u—A
normalize (u; A, B) = clip (m,o, 1) (38)

Thus, a variety of waveform shapes are achieved with the same underlying dynamics.

Discretization

tractability with separable piecewise-linear terms. The order of integration and constraint
application is important to maintain the correct logic.

Second, the new adaptation is calculated from the dynamics, using a newly sampled noise:

T, U= ——Bte if active, inside bound:
TQ'K(L('/I:i>'<17DBC“VE )
atu g — A& if quiet, inside bound:
Gerar = { T T, Ka(2t)-(1-Daie) ’ (39)
l ay vy < 0and a; < aquier (@)
otherwise

Third, the new adaptation is clipped to bounds if needed to fix overshoot within the timestep.

Fourth, the new voltage is calculated from the dynamics, using the new adaptation to move in the
correct direction along the bounds:

1
Dactive “Tactive (z¢)
Vipar = Uy + At - d (Vg, Gryar, ) - €4 - { 1

Dquiet “Tquiet (zt)

if active: v >0

(40)
if quiet: v, <0

Fifth, the new voltage is set to +1 or —1 to implement an instantaneous state switch if it crossed
zero within the timestep.

Simulation software

Models were simulated and analyzed in Python on Linux machines with 16GB of shared RAM
memory. Computations were parallelized across 8 to 16 CPU workers to ensure completion in
under 30 minutes. A Miniconda virtual environment was used to manage dependencies. Code is
open-sourced on GitHub (https:/github.com/nikhilxb/bursting 2) to facilitate reproducibility.

Single-unit experiments

Parameters

Single-unit experiments were run using a consistent set of parameters, and an additional
parameter I was introduced to net input x to represent stimulus input. For the biophysical model,
parameters were used from Kim et al. (2022 @), which hand-tuned them to match experimental

The firing function used a customized Y veq t0 approximate the biophysical model’s input-
dependent changes to nullcline-v (and therefore the shape of its activity waveform):

_ : .o+l 0
z = normalize (a, @ tive » Cquiet )

Yyttt = linear(clip(z, 0, 1); 0.85,0.9)
v - = linear(clip(z, 0, 1);0.05,0.2) 41
Yquiet = linear(normalize(z;0.8,1);0,0.1)

C=20
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Waveform analysis

A waveform’s cycle duration, along with its active and quiet durations, were calculated from zero-
crossing times, which are when the waveform rises above or falls below zero. An active phase is
bounded by a rise and the subsequent fall, while a quiet phase is bounded by a fall and the
subsequent rise. A waveform’s peaks were identified using a SciPy function that detects local
maxima in a 1D sequence of values by comparing each value to its neighbors.

Constant stimuli analysis

Constant stimuli of various strengths were applied to assess duration scaling. For each response
waveform, the intrinsic cycle duration was measured, along with the active and quiet durations.
Duty cycle was computed as the ratio of active duration to intrinsic cycle duration. These
measurements were limited to waveforms with both active and quiet phases, excluding cases
where the model was in tonic/silent mode or produced entirely non-zero firing activity.

Pulse stimuli analysis

Pulse stimuli of various strengths and phases were applied to assess phase shifts. Pulses were 100
ms in duration. At each strength, pulses were tested across the intrinsic cycle at pulse start times
separated by 25 ms. Phase shift A® was quantified by comparing the perturbed cycle duration T
to the intrinsic cycle duration T:

Ap=—" 2)

Periodic stimuli analysis

Periodic stimuli of various strengths and periods were applied to assess entrainment. Pulse trains
were tested with normalized periods (relative to the intrinsic cycle duration) from 0.75 to 1.25 in
steps of 0.05. Pulses were 100 ms in duration. Pulse trains contained 10 pulses, chosen to balance
the tradeoff between capturing transient and steady-state effects. At each strength and period,
pulse trains were tested with initial pulse phases from 0 to 1 in steps of 0.1.

Entrainment was quantified by phase coherence. For each response waveform, burst peaks were
identified and assigned phases @ € [0, 1) relative to the stimulus. These phases converge to a

steady-state value under entrainment, and their circular mean characterizes convergence speed
and robustness. The circular mean phase ¢ was calculated across pulses and initial pulse phases:

_ 1 omi
¢ — e Tip

Npulses ' Ninits P (43)
Phase coherence is the magnitude of this complex-valued ¢, with a value of 1 if all burst peaks
align at the same phase relative to the stimulus. In practice, phase coherence is less than 1 even for
fast and robust entrainment due to initial transient effects.

Circuit experiments

Equations: Basic

Circuits use basic neurons in addition to bursting neurons. The simplified model of basic neurons
used for experiments has standard linear dynamics that can modulate firing rate in response to
net input x, which includes bias input B and synaptic input, summed over presynaptic neurons n
with synaptic weights w, € R and presynaptic firing activities y,, > 0:

x = clip (B + anyn, -1, +1> (44)
n
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=z—v T, = (45)

©dv T,
v dt v 4

For convenience, the voltage time constant T;, is made more interpretable through scaling, as in

The firing activity of the neuron is a non-negative function of the voltage variable v:
y(v) = clip(v,0,1) (46)

For simulation, the differential equation for voltage was discretized and integrated using the
Backward-Euler method due to its stability and tractability with linear terms:

Ve + Ty u At
— 0 u=—

v

VitAt = @7

Parameters

Circuit models included parameters for neuronal dynamics and synaptic weights. For bursting
neurons, the parameters were specific to each circuit (Table 3 ). For basic neurons, the

parameter T,, = 10 ms was used for all circuits. Biases and synaptic weights were hand-tuned to
reproduce the circuit activity in reference works. The full list of these parameter values can be

found in the code.

For the crustacean pyloric circuit, the triphasic rhythm was targeted to a period of 1 second, with
PD active for 200 ms, LP for 250 ms, and PY for 250 ms. Quiet switching delays of LP and PY
established the appropriate firing phases following post-inhibitory rebound induced by PD.
Temperature c (in Celsius) was incorporated as a scaling factor 7(c) on the adaptation time
constant Ty, active duration T qye, quiet duration Tpyjer, and quiet stable point time margin §gy;et:

7(c) = exp (— = ;201 ) 48)

with constants C; = 10 “C and C, = 13 °C to match the empirically observed scaling relation.

The firing function used Yagapting With Y —1.0,Y)ov, = 0.5, and Yquiet = 0

active active

For the mammalian locomotor circuit, flexor and extensor centers used the same set of
parameters except biases, which were set differently to ensure that extensor centers operated in
tonic mode at baseline input while flexor centers operated in bursting mode. Synaptic weights

with Ye¢ modified to begin rising at net input of 0.6 (rather than 0.8).
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Figure 3—figure supplement 1. Biophysical model response waveforms to constant stimuli. Activity for all

stimulus strengths shown in Figure 32, along with the corresponding phase portraits. For stimulus strengths

above 0.04, the activity does not have a quiet phase as the neuron fires at low rates between bursts. For stimulus
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strengths above 0.08, the neuron enters a stable tonic firing mode. For stimulus strengths below -0.04, the
neuron enters a stable silent mode. Intervals show the active and quiet durations (in milliseconds) and the duty
cycle (as a percentage of the oscillation period).
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Figure 3—figure supplement 2. Simplified model response waveforms to constant stimuli.

Activity for all stimulus strengths shown in Figure 32, along with the corresponding phase portraits. Across stimulus
strengths, the activity and phase portraits of the simplified model closely approximate that of the biophysical model. The
simplified model decouples the shape of active ad quiet legs from the activity waveform’s shape and amplitude through the
firing function.
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Figure 3—figure supplement 3. Simplified model effect of parameters on constant response.

(A) Baseline response with default parameters from T

2, modified to use a rectangular burst shape (in order to remove

Neuroscience

possible confounding effects of the firing function on waveform measurements). (B) Increasing only the active duration scale
makes the active duration 65% longer than the intrinsic active duration T, e at maximum input strength, while the quiet
duration response is unchanged. (C) Removing both active and quiet duration scales results in the intrinsic durations T,¢ve
and Tquiet being expressed at all input strengths. (D) Shortening the adaptation time constant narrows the response profile.
(E) Lengthening the adaptation time constant widens the response profile. (F) Lowering both active and quiet stable point
thresholds lowers the input strengths that induce tonic and silent modes, respectively.
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Figure 4—figure supplement 1. Biophysical model response waveforms to pulse stimuli.

pulses (strength 0.08, duration 100 ms) tend to lengthen the active phase and shorten the quiet phase. (B) Inhibitory pulses
(strength -0.08, duration 100 ms) tend to shorten the active phase and lengthen the quiet phase.
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Figure 4—figure supplement 2. Simplified model response waveforms to pulse stimuli.

both excitatory and inhibitory pulses, the activity and phase portraits of the simplified model closely approximate that of the
biophysical model.
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Figure 4—figure supplement 3. Simplified model effect of parameters on pulse response.

(A) Baseline response with default parameters from T. 7, modified to use a rectangular burst shape, no adaptation
time constant scales, and no switching delay. (B) Changing the active and quiet duration scales (for positive input) results in
different active and quiet bounds, which can dramatically alter the phase response curve in addition to the waveform duty
cycle. In this example, excitatory and inhibitory pulses in the active phase have flipped advancing or delaying effects. (C)
Shortening the active duration scale (for negative input) enables a stronger advancing effect by shortening the active phase.
(D) Lengthening the adaptation time constant results in active and quiet bounds that are closer together (to maintain the
desired active and quiet durations), with active and quiet nullcline legs overlapping less across different input strengths,
leading to more responsive state switches due to falling off the legs. (E) Changing the adaptation time constant scales results
in phase-independent speed changes along the active and quiet nullcline legs (corresponding to vertical translation of the
flat segments in the phase response curve), while maintaining state switches due to falling off the legs (corresponding to the
diagonal segments in the phase response curve). (F) Increasing the quiet switching delay creates a delay preceding the state
switch, which is input-dependent since the delay is a constant fraction of the quiet duration.
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Figure 5—figure supplement 1. Biophysical model response waveforms to periodic stimuli.

Activity for stimuli across various strengths and periods shown in Figure 5%, along with the corresponding phase plots. The
entrainment response is closely related to the phase shift response from the pulse stimuli analysis. (A) Shorter-period pulse
trains (normalized period 0.85, duration 100 ms) entrain leftward to stable points in the phase response curve (active start for
excitatory pulses, quiet start for inhibitory pulses). (B) Longer-period pulse trains (normalized period 1.15, duration 100 ms)
entrain rightward to stable points in the phase response curve (active end for excitatory pulses, quiet end for inhibitory

pulses).
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Figure 5—figure supplement 2. Simplified model response waveforms to periodic stimuli.
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Activity for stimuli across various strengths and periods shown in Figure 5C2, along with the corresponding phase plots. (A,B)

Across both shorter-period and longer-period pulse trains, the activity and phase plots of the simplified model closely

approximate that of the biophysical model.
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Figure 5—figure supplement 3. Simplified model effect of parameters on periodic response.

(A) Baseline response with default parameters from Table 2 2, modified as in the pulse stimuli analysis. (B) Changing the
active and quiet duration scales (for positive input) results in different active and quiet bounds, which can dramatically alter
the entrainment response. In this example, entrainment is difficult due to the lack of stable points in the phase response
curve (positive-sloped zero crossings), except for a small region for positive input at the quiet-to-active switch that is utilized
by shorter-period, excitatory stimuli. (C) Shortening the active duration scale (for negative input) increases entrainment for
inhibitory stimuli due to the larger phase shift response for negative input. (D) Lengthening the adaptation time constant
increases entrainment due to the larger phase shift response. (E) Changing the adaptation time constant scales increases
entrainment due to the larger and more stable phase shift response. (F) Increasing the quiet switching delay increases
entrainment for longer-period, inhibitory stimuli by shifting the stable point for negative input earlier and enabling a
subsequent pulse to arrive in the stabilizing region of the phase response curve.
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Figure 7—figure supplement 1. Activity of neuron types at different locomotor frequencies.

Limbs are plotted with hindlimbs on the left (red) and forelimbs on the right (blue), with limb colors and neuron names
corresponding to Figure 73, Gaits are lateral-sequence walk (at BC = 0.2), trot (at BC = 0.6), and bound (at BC = 1). Flexor
half-centers are nominally in silent mode and increase bursting frequency with BC. Extensor half-centers are nominally in
tonic mode and increase burst frequency with BC. The V0d neurons promote limb alternation and dominate at walk (both
cross and diagonal descending) and trot (cross only). The V3f neurons promote limb synchronization and dominate at bound
(cross only). The V3e neurons promote limb synchronization and are important for establishing the correct phase relations
for lateral-sequence walk by suppressing rebound (Danner et al., 20162 ). The VOv neurons and V3a promote limb
synchronization and dominate at trot (diagonal descending and diagonal ascending, respectively). These activity profiles
approximate those from Zhang et al. (2022) &, which modeled the circuit using populations of conductance-based spiking
neurons.
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Data availability

The current manuscript is a computational study, so no data have been generated for this
manuscript. Code is open-sourced at https.//github.com/nikhilxb/bursting 4.
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Peer reviews
Reviewer #1 (Public review):

Summary:

The authors present a simplified neural bursting model with explicitly controllable
parameterization of oscillator dynamics designed for neural circuit modeling involved in
rhythm generation.

Strengths:

(1) The purpose of the model and applied abstractions are well articulated and justified (2D
model, independent parameter control).

(2) Explicit control of burst duration, inter-burst interval, amplitude, resetting-
behavior/entrainment. This allows modelers to focus on circuit interactions and is especially
useful when details of intrinsic currents and bursting mechanisms are unknown. One could
even imagine a scenario where this model would help identify predictions on key underlying
burst generation mechanisms.

(3) The model is well described and validated with simulations and comparisons to the base
model and one alternative model.

(4) Circuit-level validation is convincing, as it reproduces not only trivial examples.

(5) The underlying mechanism in phase space is well reasoned and justified, extends
previous work, e.g., by McKean, by improving usability.
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Weaknesses:

(1) The paper heavily relies on numerical demonstrations but does not provide a formal
analysis of stability, bifurcations, or entrainment. While appropriate for the intended
purposes, a more formal footing could strengthen the model.

(2) Lots of nice demonstrations are shown, but it is less clear how model parameterization
was chosen, how behavior depends on parameterization, and in what parameter ranges
certain behavior can be expected. A more detailed description of
parameterization/exploration of parameter space would greatly benefit anyone using this
model in the future.

(3) Some claims on reproduction of prior locomotor CPG model and production of "more
biologically realistic activity" by the presented model are overstated. The key feature of the
locomotor CPG models cited was that they not only reproduced speed-dependent gait
expression of intact mice, but also changes of gait expression after silencing/removal of
specific commissural and long propriospinal interneurons (e.g., selective loss of trot after
deleting of VOV; changes in gait expression and step-to-step variability after silencing of
descending long-propriospinal neurons or ascending V3 LPNs). While likely (at least partially)
feasible with the model formulation, the correspondence of these silencing/ablation of
neuron classes has not been shown by the model. Importantly, though, it appears that authors
didn't show how the model in general behaves under the influence of noise, which is key to
reproducing LPN silencing.

https://doi.org/10.7554/eLife.110982.1.sa3

Reviewer #2 (Public review):

Summary:

The authors propose a reduced model for intrinsically bursting neurons. The model simply
consists of exponential decay of an adaptation variable in a phenomenological silent phase,
an exponential growth of that variable in an active phase, and imposed thresholds for jumps
between these phases, with some add-ons to allow for effects such as input-dependence.

Strengths:

The model could be used as a controller for an artificial system that needs to switch between
on and off states with separate control of state durations. It has some flexibility to allow for
variable levels of the activity variable during the active phase. The authors show that the
model can be tuned to capture phase response properties of neurons and patterns generated
by small networks of neurons.

Weaknesses:
The proposed approach lacks biological relevance, practicality, and originality.
(1) Biological relevance:

Central pattern generators and other bursting neurons use specific physical principles to
generate their bursts of activity. These principles place constraints on the tuning of these
bursts, including relationships between active and silent phase durations and other
properties. By discarding these relationships, the proposed model risks losing key constraints
that affect performance in biologically relevant scenarios. The proposed model does not
allow for the emergence of interesting dynamical phenomena, which occur naturally in
neurons and neuronal networks.
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It is also important to note that spikes within bursts can be important and of interest.
Biophysical models allow for easy extension to include spikes via fast sodium and potassium
currents. The proposed model does not allow for such extensibility.

Finally, as shown in the seminal early-2000s work of Izhikevich, building on fast-slow
decomposition work by Rinzel and others, there is a wide variety of possible neuronal
bursting patterns. At the very least, several of these have been observed in neuronal
recordings. The authors' model is specific to square-wave bursting.

(2) Practicality:

The model makes use of various cut-off functions and other aspects that are implemented as
rules. Combining rules with differential equations makes for an awkward modeling
framework that is inconvenient to implement, conceptualize, and analyze (e.g., from a
bifurcation perspective). Moreover, the authors add more and more adjustments to their
basic framework to capture additional features, but these add-ons simply make the model
more, and unnecessarily, complicated and awkward. It's worth noting that the authors argue
for their model based on the idea that more biophysical models are difficult to tune, yet they
compare their model to a biophysical one that they were able to tune to achieve the various
patterns that they study. They do not give any indication of how easy or hard it was to tune
their own model, nor do they compare simulation times between the two models. I do note
that the biophysical model seems to have 22 parameters, whereas the simplified one has 21 in
Table 2, which is essentially the same number. Finally, although the authors give some
extensions of the model to match observed data, their model does not seem useful for
predicting performance in never-before-tested scenarios.

(3) Originality:

As the authors note, the use of low-dimensional, specifically planar, neural models dates back
to early authors such as FitzHugh and Nagumo. What the authors fail to acknowledge is that
Rinzel, Terman, Kopell, and others did seminal work on neuronal activity, including
phenomena such as post-inhibitory rebound and fast threshold modulation, using a
relaxation oscillation framework, starting several decades ago. Their work included
applications to central pattern generators (e.g., see Terman and collaborators on respiratory
CPGs). It is astonishing that the authors don't seem to be aware of this work and do not
mention it at all. Moreover, I don't see any advantage of the proposed framework over the
earlier relaxation oscillator setting, where many important mechanistic principles have
already been analyzed, including extensions to networks. On a related note, even through
they propose a piecewise linear model, the authors do not cite the substantial existing work
on piecewise linear models (e.g., Hahnloser, Neural Networks, 1998, for an early example;
2024 SIAM Review article by Coombes et al and references therein for much more) including
work specifically on bursting, nor do they cite various other previous efforts to capture
bursting with simplified models including work on piecewise linear maps by Aguirre et al.

https://doi.org/10.7554/eLife.110982.1.sa2

Reviewer #3 (Public review):

This computational modeling study introduces the methodology of replacing bursting
neurons in a model circuit with a simplified piecewise-linear model with an "active" and a
"quiet" state representing, respectively, the burst of spikes and the inter-burst interval. The
shape of the active state loosely represents the intra-burst firing rate. Because (piecewise)
linear systems are explicitly solvable, the transitions from quiet to active and vice versa can
be calculated explicitly to match exactly what a biophysically realistic model or a biological
neuron does in different conditions. The base piecewise-linear model is built to represent a
2D biophysical neuron with a cubic v-nullcline. The simplicity of the model allows for
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matching the kinetics of more complex models with a tractable simplified set of equations, as
exemplified by approximations of burst duration and amplitude, phase-response curves,
entrainment, and, finally, mimicking the activities of two CPG circuit models using this
simplified representation.

Major comments

(1) The use of piecewise linear approximations to explicitly estimate properties of biophysical
neurons is a well-known and common technique. This study adds nothing to the technique in
terms of novelty.

(2) Although the model explicitly matches active and inactive durations of a circuit neuron,
the dynamics are explicitly "clamped" by the user because the reduced model parameters
explicitly depend on the input. There are cases where this is useful, for example, when we are
interested in the dynamics of _other_neurons (B, C, D, ...) within the context of activity, and
we "clamp" the dynamics of neuron A. One should note that this is no better than having a
look-up table. Effectively, to give a comparison, it is like using a sine wave to represent a
pacemaker neuron and explicitly define its frequency at different input levels so that it
responds "dynamically". However, the neuron is restricted to what the user puts in, and
therefore, calling it a dynamical system is entirely wrong. I am afraid that the use of this
crude tool is not described well enough in the manuscript to warn a naive user not to fall for
this trap.

(3) The phase resetting curves are used incorrectly. PRCs are useful when the perturbation is
weak (soft), which would demonstrate the nature of the vector field near the limit cycle and
therefore inform us of the nature of its stability or instability. A hard PRC would always reset
the cycle to the fixed offset from the perturbation phase and is therefore uninformative in
understanding dynamics. (It is, however, useful experimentally in identifying which neurons
are part of the CPG.) The authors clearly know that the dynamics of the system away from the
limit cycle do not conserve those of a biophysical neuron. So what is the point?

(4) I work on the STG, one of the systems exemplified here. Even in the small and relatively
regular CPGs of the STG, the definition of the active and quiet parts of a burst is often less
clear than what the authors suggest. Bursting neurons often do multiple bursts in a cycle, and
therefore, substituting the burst envelope is a subjective matter. This is even more
problematic in bursting neurons in the brain, where there is often no quiet period. This
should be discussed.

https://doi.org/10.7554/eLife.110982.1.sa1

Author response:

We thank the editors and reviewers for their time and feedback. We are encouraged by the
feedback that the purpose and abstractions of the model are well articulated and justified,
that the explicit control of bursting characteristics is useful, and that the circuit-level
validations are convincing.

Before responding to individual reviewer comments, we would like to address the framing in
the current assessment that the model "appears to have limited neurobiological relevance
and utility but may be useful as a controller for an artificial system, such as in neuro-robotics
applications." We respectfully suggest that this framing understates the model's relevance to
neuroscience. Specifically, a growing body of literature aims to understand biological motor
control by building embodied simulations. Yet, these simulations either use overly simple
artificial neural network (ANN) units without dynamics or computationally intensive
biophysical ones that are difficult to train. Our model is not intended as a biophysical account
of how individual neurons generate bursts at the level of ionic mechanisms or spikes that
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goal is already well served by the conductance-based and reduced biophysical models we
cite. Rather, its contribution is to make intrinsic bursting dynamics readily incorporable into
neural circuit models that can be used in complex settings, with parameters that map directly
onto quantities that circuit-level neuroscience most often measures and tunes in models
(burst duration, duty cycle, amplitude, shape, input dependence). Indeed, Reviewer #1 notes
that: "The purpose of the model and applied abstractions are well articulated and justified [...]
This allows modelers to focus on circuit interactions and is especially useful when details of
intrinsic currents and bursting mechanisms are unknown. One could even imagine a
scenario where this model would help identify predictions on key underlying burst
generation mechanisms."

We see our work as a neuroscience contribution as much as a neuro-robotics one. Bringing
tractable, controllable bursting into this regime allows circuit modelers to study how intrinsic
bursting interacts with circuit connectivity without committing to specific biophysical
mechanisms, and it lets ANN-style models incorporate a class of dynamics that is biologically
pervasive but currently underrepresented. We validated the model against two well-studied
biological CPGs (the crustacean pyloric circuit and the mammalian locomotor circuit)
precisely because the target use case is biological circuit modeling.

While we remain committed to the belief that bringing bio-inspired neurons with
interpretable intrinsic dynamics into ANN-style modeling of biological control systems is a
useful contribution as an eLife Methods paper, the reviews have made clear that we have not
situated our work clearly enough within the literature. In revision, we will sharpen this
positioning in the Introduction and Discussion, and better situate the model relative to both
the long tradition of non-spiking relaxation-oscillator and piecewise-linear modeling in
neuroscience and also to current trends in simulated control.

Public Reviews:
Reviewer #1 (Public review):
(1) Formal analysis

The paper heavily relies on numerical demonstrations but does not provide a formal
analysis of stability, bifurcations, or entrainment. While appropriate for the intended
purposes, a more formal footing could strengthen the model.

We agree that a formal dynamical-systems treatment would deepen the work, and we
appreciate the reviewer's acknowledgment that the numerical-only approach may
nevertheless be appropriate for the intended purposes. Because the model is hybrid
(continuous dynamics combined with discrete switching rules), a full formal analysis is non-
trivial, and we view it as a substantial follow-up rather than something to fold into the
present manuscript. In revision, we will discuss more explicitly the opportunities such formal
analysis presents.

(2) Parameter tuning and parameter-space characterization

It is less clear how model parameterization was chosen, how behavior depends on
parameterization, and in what parameter ranges certain behavior can be expected.

We agree that this would substantially improve usability, and we will expand this aspect of

the paper. The revision will include: (a) more details describing how parameters maps onto
observable features of the bursting waveform, (b) recommended parameter ranges and the

qualitative behaviors expected at their boundaries, and (c) practical guidance for tuning the
model to match observations or embed into circuits.

| (3) Locomotor CPG interneuron ablation and noise
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The correspondence of these silencing/ablation of neuron classes has not been shown by
the model. Importantly, though, it appears that authors didn't show how the model in
general behaves under the influence of noise.

The reviewer is right that the cited work establishes validity of the circuit model in large part
through silencing/ablation experiments, and we did not reproduce those experiments. We
understand those gait expression phenomena to be arising from non-bursting interneuron
activations and a robust solution found for connection weights between them. The half-
center bursting neurons only see a time-varying input signal, and their response is well-
characterized by the constant, pulse, and periodic analyses we perform. As such, we chose to
reproduce a few key experiments to retain a focus on our simplified neuron model. We will
rephrase the relevant passages to make this scope explicit and ensure that our reproduction
claims are appropriately stated. We will also expand on how the model interfaces with noise
together with the proposed parameter-space characterization.

Reviewer #2 (Public review):
(1) Biological relevance

Central pattern generators and other bursting neurons use specific physical principles to
generate their bursts of activity. These principles place constraints on the tuning of these
bursts, including relationships between active and silent phase durations and other
properties. By discarding these relationships, the proposed model risks losing key
constraints that affect performance in biologically relevant scenarios.

We agree that biophysical models impose constraints that arise from underlying mechanisms.
For instance, as input alters the curved shape of nullcline-v in Figure 1, the active/quite phase
durations and duty cycle change in constrained ways. The question seems to be if our model
is too flexible for instance, making it too easy to achieve desired phase durations, duty cycles,
and other input-dependent responses. We see this as a valuable feature of our model, not a
bug. Firstly, even if our model may be expressive enough to achieve a variety of response
profiles (as in Figure 3—figure supplement 3), the careful modeler will ensure matching to
experimental observations. Moreover, in many circuit systems, the relevant biophysical
details are often unknown for the specific neurons being modeled as noted by Reviewer #1,
and the modelers' primary goal is to reproduce circuit-level activity. Such can be achieved
easily with a simplified model, and also with a biophysical model as data becomes available.
Finally, we should note that modelers can and do tune the parameters of biophysical models
within determined ranges in order to achieve desired phase durations and duty cycles,
relaxing constraints somewhat in order to reproduce appropriate activity.

It is also important to note that spikes within bursts can be important and of interest. [...]
The authors' model is specific to square-wave bursting.

We agree that spikes are important and interesting in many settings, and we believe that
biophysical models would be most appropriate in these cases. In many cases, too, some
abstraction and simplification is desirable, and this would not necessarily detract from the
model's biological relevance. As we discuss in our high-level comments, we aim to bring
intrinsic bursting dynamics into the ANN-style modeling regime that typically neglects
intrinsic dynamics altogether. While the simplified model may be limited in some ways, it is
nevertheless useful for many common biologically relevant scenarios, as validated by our
circuit experiments. Finally, we would note that many of the raised limitations (no intra-burst
spike structure, restricted bursting class, abstracted constraints) are shared by the relaxation-
oscillator and piecewise-linear traditions that the reviewer cites approvingly, which suggests
that our model lies along a familiar abstraction continuum rather than outside it. In revision,
we will explicitly acknowledge that the model captures a basic/regular form of bursting
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within a broader taxonomy, and clarify the conditions under which abstracting the
biophysical constraints is appropriate.

(2) Practicality

The model makes use of various cut-off functions and other aspects that are
implemented as rules. Combining rules with differential equations makes for an
awkward modeling framework

On the modeling framework, we would defend the hybrid formulation (rules + ODE) as our
aim is to prioritize usability by modelers, not the simplicity or elegance of equations. While a
"pure-ODE" Fitzhugh-Nagumo-style polynomial may seem simple and elegant—with dv/dt =
avA3 +bvA2 + cv +d and a, b, ¢, d parameters as the reviewer has pointed out a lot of
complexity can arise from this. Tuning these parameters is far from intuitive, as small
changes can produce nonlinear effects and qualitative shifts in behavior. Achieving the right
phase durations, input-dependent scaling, waveform amplitude and shape, phase delays, and
other characteristics simultaneously to match experimental data is quite cumbersome in the
elegant models, not to mention the biophysical models. In contrast, these characteristics are
easy to control in our model, because we translate complex dynamical behavior from implicit
to explicit and surface a set of interpretable and tunable parameters.

The authors argue for their model based on the idea that more biophysical models are
difficult to tune, yet they compare their model to a biophysical one that they were able to
tune to achieve the various patterns that they study. They do not give any indication of
how easy or hard it was to tune their own model [...] The biophysical model seems to
have 22 parameters, whereas the simplified one has 21 in Table 2, which is essentially the
same number.

To clarify, we did not tune the biophysical model, but rather copied its parameters from the
cited work. We will make this more explicit in the relevant Methods section.

We could not simply specify or tune these parameters because they have complex biological
priors that must be derived from experimental data for example, the membrane capacitance
(20 pF), ionic conductance and reversal potentials (4.5 nS, -62.5 mV), and many gating kinetics
parameters (slopes, midpoints, time constants for sigmoid/bell curves).

It is often the case that such parameters must be estimated in specific preparations then
reused and refined over many years. For instance, the biophysical model we compare to
borrowed parameters from (Kim et al. 2022), which retuned time constants relative to
(Danner et al. 2017), which altered NaP conductance from (Danner et al. 2016), which retuned
duty cycles from (Molkov et al. 2015), which adapted from respiratory networks of (Rubin et
al. 2008), which used gating kinetics parameters from (Butera et al. 1999). Similarly, the
crustacean pyloric circuit model we compare to is from (Alonso and Marder 2020), which
augmented the circuit and parameters of (Prinz et al. 2004), which sampled from a database
of procedurally generated parameters from (Prinz et al. 2003), which developed parameter
priors from the lobster STG experimental work of (Turrigiano et al. 1995). These brief
descriptions of the multi-decade lineage of parameter sets omit the substantial parallel and
preceding work related their development, but they suffice to demonstrate the incredible
science and effort that goes into building biophysical models for particular circuits. Such data
is often unavailable and such detail is often undesirable for different research goals, in which
case our simplified model is a valuable and practical tool.

The key parameters of our simplified model are observable quantities like active/quiet
durations (in seconds), input-dependent duration scaling (as a fraction of intrinsic durations),
input strength that induces tonic firing, etc. As such, tuning the bursting neuron parameters
for circuit models was easy, with manual tuning from scratch taking less than 1 day. As Table
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3 shows, the resulting parameters are often simple, elegant numbers and can be derived
directly from observations. For instance, the pyloric PD active and quiet durations (200 ms
and 800 ms, respectively) are set using the exact target values that (Alonso and Marder 2020)
encode in their objective for a genetic algorithm to tune their model’s biophysical parameters
(or rather, a subset of them for tractability).

Thus, the 22-vs-21 comparison is not very informative, because the parameters are not
comparable in kind. However, to make it easier to tune our model, we will revise the
manuscript to include: (a) more details describing how parameters maps onto observable
features of the bursting waveform, (b) recommended parameter ranges and the qualitative
behaviors expected at their boundaries, and (c) practical guidance for tuning the model to
match observations or embed into circuits.

(3) Originality

What the authors fail to acknowledge is that Rinzel, Terman, Kopell, and others did
seminal work on neuronal activity [...] The authors do not cite the substantial existing
work on piecewise linear models [...] I don't see any advantage of the proposed
framework over the earlier relaxation oscillator setting, where many important
mechanistic principles have already been analyzed, including extensions to networks.

We thank the reviewer for these pointers and apologize for the gap in our literature coverage.
While we had cited McKean, FitzHugh-Nagumo, Izhikevich, et al. as representative examples
of different model classes, we agree that the broader relaxation-oscillator and piecewise-
linear traditions deserve more comprehensive treatment including Rinzel, Terman, Kopell, et
al. on relaxation-oscillators; and Hahnloser, Coombes, Aguirre, et al. on piecewise-linear
models. We will expand the related work discussion and clarify how our contribution is novel
and valuable.

To be clear, we do not claim to be the first to use piecewise-linear models for neurons. Our
intended contribution is the specific construction a rectangular limit cycle whose
horizontal/vertical decoupling permits a closed-form mapping from interpretable parameters
to burst features and the demonstration that this construction integrates cleanly into firing-
rate circuit models of biological CPGs, which we believe will provide realism for more
complex models with learned components.

Moreover, in contrast to many other relaxation-oscillator models including the elegant
Fitzhugh-Nagumo-style model we discussed above, our model is not aimed at establishing
mechanistic principles or being simple enough to analyze formally. It is a practical tool that
affords precise control of many bursting characteristics, which is important for closer
alignment between firing-rate circuit models and biological activity. We will state this
contribution more precisely in the revision so it is not conflated with a broader novelty claim.

Reviewer #3 (Public review):
(1) Novelty of piecewise-linear approximation

The use of piecewise linear approximations to explicitly estimate properties of
biophysical neurons is a well-known and common technique. This study adds nothing to
the technique in terms of novelty.

We agree that piecewise-linear approximations of neurons are not themselves novel, and we
have not intended to claim otherwise: We cite the McKean model as a direct predecessor and,
prompted by Reviewer #2, we will substantially expand citations to the relaxation-oscillator
and piecewise-linear traditions (Rinzel, Terman, Kopell, Hahnloser, Coombes, Aguirre, et al.).
Our intended contribution is not the use of piecewise-linear pieces per se but the specific
construction: a rectangular limit cycle whose horizontal/vertical decoupling permits a closed-
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form, interpretable mapping from burst features (duration, duty cycle, amplitude, shape,
input dependence) to dynamics, and clean integration into firing-rate circuit models of
biological CPGs. We will revise the relevant passages so this contribution and the boundaries
of our novelty claim are stated precisely.

(2) Dynamical system mechanism

This is no better than having a look-up table [...] The neuron is restricted to what the user
puts in, and therefore, calling it a dynamical system is entirely wrong.

We would like to take the opportunity to clarify this point, because the model's behavior is
much richer than the lookup-table characterization suggests. The model is closed-loop:
trajectories evolve through coupled state variables whose response to time-varying input
depends on current state, not on a precomputed table of input-to-output values.

Specifically:
(a) The input represents the net time-varying synaptic drive, not a clamped voltage level;

(b) The adaptation and voltage variables evolve according to coupled differential equations
both on and off the limit cycle;

(c) The duration and scale parameters only constrain active/quiet durations at input
endpoints (-1, 0, +1), while the response at intermediate inputs is determined by the dynamics
and other parameters such as the adaptation time constant, which can qualitatively reshape
the constant-input response curve (Figure 3—supplement figure 3);

(d) The response to a transient input depends on the current state for example, excitatory
pulses early in the active phase have little effect, as in the biophysical model.

This is a direct result of the simplified model using a similar limit cycle and nullcline
structure as the biophysical model’s dynamical system (Figure 1).

(3) PRC usage

The phase resetting curves are used incorrectly. PRCs are useful when the perturbation is
weak (soft) [...] A hard PRC would always reset the cycle to the fixed offset from the
perturbation phase and is therefore uninformative in understanding dynamics.

We appreciate this point and would like to clarify what we show and why. We present finite
(non-infinitesimal) PRCs across a range of input strengths and signs, spanning both the "soft"
(weak-perturbation) regime as well as the "hard" (strong-perturbation) regime, rather than
focusing on the "hard" regime alone. Importantly, even in the strong-perturbation regime we
do not see that pulses "always reset the cycle to the fixed offset from the perturbation phase".
In Figure 4, we see that the active phase exhibits a non-resetting region whose size and
location depend on parameters. This region governs entrainability and phase-locking offset,
and is thus a key aspect of the neuron's dynamics. Moreover, the strong-perturbation regime
is also biologically relevant in our circuit examples. For instance, the inhibitory connections
within the pyloric CPG are strong enough to cause hard resets, and these resets shape the
circuit-level dynamics we reproduce. We will revise the pulse-input section to state these
points more explicitly so the rationale is clear for showing PRCs across a range of inputs.

(4) Defining active/quiet phases

The definition of the active and quiet parts of a burst is often less clear than what the
authors suggest. Bursting neurons often do multiple bursts in a cycle, and therefore,
substituting the burst envelope is a subjective matter. This is even more problematic in
bursting neurons in the brain, where there is often no quiet period.
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We agree that waveform envelope can be subjective in some preparations, and we can add
this caveat to the discussion.

On neurons with no quiet period, we note that this behavior is in fact already supported in
our model, as seen in Figure 3: under strong excitatory input, both the biophysical and
simplified models enter a regime in which firing rate never reaches zero. As the model can
generally be viewed as an abstract limit cycle that maps onto periodic waveforms through
the firing function, the quiet phase need not correspond to literal silence.

On more complex waveforms, we could imagine different firing functions that produce
richer burst shapes including multi-peak bursts, but we have not tried this explicitly. Of
course, for research questions concerned with irregular bursting or spike-to-burst transitions,
a lower-level biophysical model would be more appropriate. In revision, we will expand on
how the firing function could produce more complex burst shapes.

https://doi.org/10.7554/eLife.110982.1.sa0
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