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This Review Article puts forth a normative theory for the grid cell representations found in
the entorhinal cortex. It discusses a range of theoretical models and experimental
findings, organizing them around a proposed framework in which grid cells are
interpreted as biologically constrained, high-fidelity codes for path integration. This
framing can be potentially interesting both for readers seeking a conceptual entry point
into the grid cell literature and for those more generally interested in the promises and
limitations of normative theories in neuroscience. Some logical gaps and points requiring
conceptual or technical clarification were nonetheless identified. Moreover, the empirical
support for the path-integration account is not yet as definitive as the manuscript's
framing sometimes suggests. The review would thus be strengthened by clearer
justification of key arguments and fuller discussion of biological complexities, model
limitations, and competing interpretations. Some stylistic choices in how arguments and
literature are sometimes rhetorically framed may lessen the review's appeal for key
segments of its intended audience.

https://doi.org/10.7554/eLife.111058.1.sa4

Abstract
For 20 years the beautiful structure in the grid cell code has presented an attractive puzzle: what
computation do these representations subserve, and why does it manifest so curiously in neurons.
The first question quickly attracted an answer: grid cells subserve path-integration, the ability to
keep track of one’s position as you move about the world. Subsequent work has only solidified this
link: bottom-up mechanistic models that perform path-integration match the measured neural
responses, while experimental perturbations that selectively disrupt grid cell activity impair
performance on path-integration dependent tasks. A more controversial area of work has been
top-down normative modelling: why has the brain chosen to compute like this? Floods of ink have
been spilt attempting to build a precise link between the population’s objective and the measured
implementation. The holy grail is a normative link with broad predictive power which generalises
to other neural systems. We review this literature and argue that, despite some controversies, the
literature largely agrees that grid cells can be explained as a (1) biologically plausible (2) high
fidelity, non-linearly decodable code for position that (3) subserves path-integration. As a rare area
of neuroscience with mature theoretical and experimental work, this story holds lessons for
normative theories of neural computations, and on the risks and rewards of integrating task-
optimised neural networks into such theorising.

1 Introduction
It has been 20 years since the discovery of the most surprising single neuron response yet
described: grid cell activity correlates with an animal’s self-position, activating when the animal is
in a hexagonal lattice of positions (Hafting et al.     ), fig. 1A     . Perhaps even more surprising than
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their original discovery is the finding that the grid cells lattices come in discrete modules of which
a rodent will have a handful (Stensola et al.     ), fig. 1C     . Grid cells in the same module have
receptive fields that are translated (but not rotated) versions of one another which uniformly tile
the space of possible phases, fig. 1B     . Finally, alongside the grid cells in layer II of medial
entorhinal cortex, layer III hosts cells that fire at conjunctions of a hexagonal lattice of positions
and a particular heading direction (Sargolini et al.     ), fig. 1D     . There exists extensive additional
phenomenology; but these four phenomena form a cohesive explanatory target:

P1. Hexagonal-lattice tuning curves
P2. For each grid cell there is a family of grid cells, called a module, which share the same
tuning curve but translated, tiling the whole space.
P3. The grid cell code contains multiple modules with different lattices.
P4. The existence of paired conjunctive grid-heading direction cells.

Giving these striking findings our questions are clear: what do grid cells do? And why in this way?

A large body of work has convincingly answered the first question: the grid cell representation
subserves path-integration. It has long been posited that the mammalian brain is capable of
integrating its velocity to track self-position (Tolman     ), and as soon as grid cells were discovered
they became the likely neural implementation (McNaughton et al.     ). In the intervening time the
evidence has only built.

The second question is normative: why has biology chosen to perform path-integration using grid
cells? Answering this question does not just satisfy curiosity; it promises principles to predict grid
cell behaviour in novel situations, and the possibility that the same principles will generalise to
other neural circuits. With the wealth of careful evidence that has accumulated the normative
question seems well-posed and tractable. Despite this, there has been significant controversy in
the field, producing a menagerie of different models whose commonalities and relative
advantages are unclear.

This review seeks to clarify the normative grid cell theory literature. We proceed as follows:

1. We begin with path-integration. We recall perturbative and mechanistic evidence that links
grid cells to path-integration. Then we intuitively link the existence of translated tuning
curves, P2, to path-integration.

2. We then describe non-path-integrating ‘efficient coding’ theories that model grid cells as
only a high-quality positional encoding, not as position codes that connect to one-another
via path-integration. We contrast with some natural instantiations of efficient coding for
which place cells rather than grid cells are optimal. Then we show that those efficient coding
approaches that do generate hexagonal tuning curves, P1, are unable to match the modular
structure: sets of grid cells with translated axis-aligned tuning curves, P2. We justify this by
explaining how this feature is detrimental for an efficient code, but crucial for path-
integration.

3. Next, we describe models that combine efficient coding with path-integration, and show that
many classes of such models are able to capture the translated, axis-aligned, structure of
grid cells, though most are limited to a single module. Further, we discuss the precise
velocity update mechanism and the discrepancies between normative models and biology,
in particular, P4.

4. Finally, we discuss how nonlinear encoding objectives differ qualitatively from linear. Only
with a nonlinear objective, along with a path-integration constraint, do multiple modules of
grid cells appear, matching data, P3.

5. We conclude with a unified normative view: theories that combine path-integration,
nonlinear position encoding, and efficiency in the form of biological constraints (usually
synaptic or neural activity energy efficiency and nonnegative firing rates) can cohesively
capture P1, P2 and P3: multiple axis-aligned grid modules. Further, we sketch remaining
puzzles, including regarding P4, and lessons for the future.
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Figure 1. Structure of the grid cell code.
A: Neurons are tuned to a hexagonal lattice of positions in 2D space. B: They are grouped into modules: neurons in the same
module have translated (but not rotated) receptive fields, and across a module they uniformly sample the phases
(translations). C: There are only a handful of modules in one animal, each with its own lattice, and ~ 1000s neurons covering
the possible phases. D: For each grid module there is a population of grid cells that are conjunctively tuned to both the
underlying grid of the module, and a particular heading direction. E: These conjunctive neurons can implement path-
integration by pushing the bump of neural activity around the module (Burak and Fiete     ), like the ring attractor in the fly
central complex (Hulse and Jayaraman     ), using a shifted connectivity pattern: pure spatial neurons project to conjunctive
neurons with the same spatial tuning profile (red connections), which project back to the spatial neurons shifted by their
velocity tuning (blue connections). When the rightward neurons are more active than the leftward, this will cause the activity
bump to move rightwards on the ring, implementing path-integration.
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2 Grid Cells Perform Path-Integration
In this section we link the existence of a translated set of tuning curves, P2, to path-integration. We
begin by reviewing evidence that grid cells are involved in path-integration. We then sketch
intuitively how a translated set of tuning curves can naturally underlie path-integration.

2.1 Non-Normative Evidence Linking Grid Cells to Path-Integration
In this section we briefly review two of the key strands of evidence that suggest grid cells subserve
path-integration: mechanistic models and perturbation effects.

Mechanistic Models
Mechanistic models that perform path-integration match neural observations. The most successful
of these are continuous attractor neural networks (CANNs). CANNs were originally developed to
model path-integration of heading direction (Skaggs et al.     ; Redish, Elga, and Touretzky     ). Their
simplest implementations comprise one population of neurons that encode the animal’s heading
direction, and two further populations that code for conjunctions of heading direction and angular
velocity, either to the left or right, fig. 1E     . These conjunctive heading-velocity neurons can then
be used to update the heading direction representation. First theoretically posited in the 90s, these
circuits have since been verified experimentally, most beautifully in the fruit fly (Kim et al.     ).

Subsequent work extended CANNs to two-dimensional space, initially to model hippocampal place
cells (Touretzky and Redish     ; Samsonovich and McNaughton     ; Conklin and Eliasmith     ). One
difficulty in moving from a compact space of heading directions to an infinite space of (2D)
positions is encoding the space in a finite set of neurons. Work that predated the discovery of grid
cells proposed encoding space periodically, predicting lattice tuning curves but with square rather
than hexagonal lattices (Samsonovich and McNaughton     ). Subsequent work has shown how
attractor dynamics in these 2D continuous attractor circuits can naturally leads to hexagonal grid
and conjunctive cells (Fuhs and Touretzky     ; Guanella, Kiper, and Verschure     ; Pastoll et al.     ;
Burak and Fiete     ), and multiple modules (Kang and Balasubramanian     ; Khona, Chandra, and
Fiete     ).

P4, the layer III conjunctive neurons, provide crucial evidence for these models. In a CANN each
pure grid cell (i.e. tuned only to space) excites a set of conjunctive grid cells which have the same
spatial tuning curve, fig. 1E     , but are additional tuned to movement in particular direction, fig.
1D     . In a CANN these cells implement path-integration by projecting back to the pure grid cell
whose receptive field is translated along the direction of motion tuning, fig. 1E     . Not only do
these modelled cells match those observed in layer III, but, remarkably, measured connections
between layer II and III neurons estimated from spike-time connectivity match the shifted
projection pattern (Vollan et al.     ), presenting a ringing endorsement for the model.

There are other mechanistic models, notably the oscillatory-inteference model (Burgess, Barry,
and O’keefe     ; Burgess     ; Bush and Burgess     ; Giocomo and Hasselmo     ; Hasselmo     ). These
models were motivated by the strong theta-frequency effects in entorhinal, including grid-cell
phase precession (Hafting et al.     ; Reifenstein et al.     ). However, they are unable to explain the
presence of conjunctive grid cells, and more recent versions of CANN models that include theta-
modulations can explain frequency effects like phase precession and theta sweeps (Vollan et
al.     ). As such, there is strong mechanistic evidence that circuits supporting path-integration can
match the measured biological effects.

Perturbation Effects
Concurrently, behavioural evidence has shown that perturbing the grid cell system impairs
animals’ ability to perform path-integration dependent tasks. First, lesions to the medial
entorhinal cortex impair path-integration (Van Cauter et al.     ; Steffenach et al.     ). Second,
disrupted spatial navigation is a known symptom of Alzheimer’s disease, and this effect is thought
to arise due to disruptions in grid coding in the medial entorhinal cortex. Evidence comes from
genetic knock-in models of Alzheimer’s which have disrupted grid cells (Jun et al.     ; Ying et al.     ),
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alongside impaired path-integration abilities (Ying et al.     ). Further, people at genetic risk of
Alzheimer’s show disrupted grid coding long before displaying other symptoms of Alzheimer’s
(Kunz et al.     ). Finally, and most precisely, removal of NMDA glutamate receptors from retro-
hippocampal regions led to a selective disruption of grid cells while leaving other spatially
selective cells intact. This perturbation caused behavioural disruptions to path integration (Gil et
al.     ). In sum, the behavioural evidence is specific and strong.

2.2 An Intuitive Guide to the Grid Cell Solution to Path-Integration
We now outline how translational symmetry amongst tuning curves, P2, forms a natural substrate
for path-integration. For simplicity, we work here with binary neurons that are either on or off,
but the arguments generalise.

Path-integration involves updating your representation in response to movement. Upon taking a
step, Δx, you have to update your internal encoding of position, g(x), appropriately:

(1)

A place cell code would make such updates very easy. The combination of the currently-active
place cell and your movement specify the next representation: the place cell displaced by the
movement, fig. 2A     . However, this requires a place cell for every potential position, limiting how
many positions you can encode.

Figure 2. Path-integration with different codes A: Path-integrating with a place cell code is easy, current cell
plus step uniquely determines next cell, but it is limited by the number of cells. B: Multifield cells improve the
coding capacity but make path-integration more challenging, instead resources must be devoted to learning a
mapping between unique combinations of cells. C: Within a grid moudle, current cell plus movement again
uniquely determines the next cell: no matter which firing field of a grid cell you are in, thanks to the translational
symmetry, you always know which cell to activate after a step. As such, grid cells elegantly combine the easy path-
integration of place cells, with the higher capacity coding of multifield cells, and the path-integration mechanism
generalises across space.

Instead imagine a cell that activates in multiple positions—a multifield place cell, fig. 2B     . These
neurons can improve your encoding of position: rather than giving each position a unique cell,
they are given a unique combination of cells, of which there are many more, improving the
capacity of the code. However, this implies a more complex path-integration mechanism: knowing
that a neuron is active and which movement you make is not enough; you need to know the full
set of currently active neurons, and, upon stepping north, must have a mechanism to map each
combination to its neighbour one step north. This, while possible, is much more complex and
specific only to the particular arrangement of firing fields.

𝑔 (𝑥)→ 𝑔 (𝑥+𝛥𝑥)
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Modules of grid cells combine the coding quality of multifield cells with simple path-integrability
(Kubie and Fenton     ). Each position is encoded by a combination of neurons, one in each module,
leading to a more informative multifield-like code. Crucially, however, the path-integration
problem is separated by modules, and within each module it is simple. Knowing that one neuron
in a module is active and that you make a movement north uniquely determines which neuron in
that module should be active next—the one with a receptive field translated one step north, fig.
2C     . By baking translational symmetry into the multifield pattern path-integration is made easy.

In short, these are the functional insights that underlie the grid cell code: a dense multifield code
for position combined with easy module-wise path-integration. Indeed, in the final section, we
conclude by outlining how a combination of these two functional goals with simple biological
considerations (nonnegative small firing rates) leads to grid cells. For now we turn to attempts to
model grid cells without reference to path-integration.

3 Grid Cells are not the most Efficient Code for Space
In the previous section we outlined the links between path-integration and grid cells, in particular
their modular translated receptive-field structure, P2. In contrast, in this section we review what
we term ‘efficient coding’ theories of grid cells. These normative models posit that grid cells are
the most efficient encoding of position, without mentioning path-integration. We labour on these
models as many have become prevalent, yet they lack the key computational feature that defines
entorhinal cortex—path-integration—and do not match many critical aspects of grid cell data. We
will begin by showing instantiations of efficient coding that do not generate hexagonal tuning
curves. We will then discuss efficient coding that do generate hexagonal tuning curves, P1, but will
show that in each case they do not capture the translated receptive fields, P2, a symptom of
dropping path-integration.

3.1 Context: Many Efficient Coding Models do not generate Grid
Cells
Most efficient coding theories can be decomposed into two parts. The first measures the quality of
the encoding, for example, how well can a linear decoder predict where you are from your
representation. The second measures or enforces the efficiency or biological plausibility of the
code, for example via low nonnegative firing rates. Combinations of the two lead to some of the
famous results in theoretical neuroscience, such as histogram equalisation via the fly eye’s
nonlinearity (Laughlin     ), whitening via centre-surround in retinal ganglion cells (Atick and
Redlich     ), or sparsifcation of natural images via the V1 gabor code (Olshausen and Field     ).

Before studying efficient coding theories that generate grid cells, we make a useful counterpoint:
very natural instantiations of efficient coding of space do not produce grids. Comparing between
these theories clarifies the choices that lead to grids. Sengupta et al.      use the similarity matching
objective: given two inputs (e.g. positions), x and x′, and their neural encodings, g(x) and g(x′), this
objective encourages the dot-product similarity of the representation, g(x)T g(x′), to match that of
the input similarity structure, xTx, through maximising the following loss:

(2)

Sengupta et al.      take inputs from a compact continuous space, such as angles on a ring, and
(reasonably) assume that the input similarity, xTx, decays with distance: nearby points are similar,
distant are dissimilar. From this they analytically derive that, with infinitely many neurons, place
cells are the optimal nonnegative representation. This is not specific to this loss: recent work has
drawn similar conclusions from an information theoretic measure of coding quality (Deighton et
al.     ). This is somewhat natural, place cells are a very informative code, and a much simpler one

ℒ =∬ (𝑥𝑇𝑥′ − 𝛼)⏟⏟ ⏟__ __
Input Similarity

𝑔(𝑥)𝑇𝑔 (𝑥′)⏟⏟ ⏟__ __
Representation Similarity

𝑑𝑝 (𝑥) 𝑑𝑝 (𝑥′)⏟ ⏟ ⏟__ __
Occupancy probability

subject to ‖𝑔 (𝑥) ‖ = 1,⏟⏟ ⏟__ __
Normed activity

‖𝑔 (𝑥) ‖ ≥ 0⏟⏟ ⏟__ __
Nonnegativity
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than multifield codes. When there are enough neurons such that a place cell code can tile the
space with sufficient resolution, these works present evidence that some efficient coding
approaches prefer place cells (in section 5      we also show that place cells are preferred even with
few neurons).

As such, it seems difficult for efficient coding of space alone to produce grid cells. To modify an
efficient coding theory we can either change how coding quality is measured or the efficiency
constraints. Many efficient coding models can be described in this way and succeed in generating
hexagonal lattice tuning curves, P1. They are, however, unable to account for each module’s axis-
aligned translated receptive field structure, P2. We conceptually cluster these approaches into two
groups, nonnegative bandpass filter models, which we review next, and clustering models, which
we review in appendix A     .

3.2 Grid Cells via Nonnegative Bandpass Filtering
We now review nonnegative efficient coding grid cell models that generate hexagonal lattices via
nonnegative Fourier combinations, and in particular, a bandpass filter effect. These include
nonnegative PCA models (Dordek et al.     ; Sorscher et al.     ; Sorscher et al.     ) and metric
encoding models (Pettersen et al.     ).

Nonnegative PCA of difference-of-Gaussian Place Cells
The first set of models use an encoding objective that rewards the representation for containing
high power at a critical spatial frequency, then use nonnegativity to produce a hexagonal lattice.
The pivotal link in these arguments was first described by Dordek et al.      who modelled grid cells
as the nonnegative PCA of difference-of-Gaussian place cells, producing hexagonal receptive fields.
This link is neat, but, in brief, it suffers from two major flaws. First, it relies on the use of
difference-of-Gaussian place cells which are not observed; second, it fails to produce modules of
translationally-symmetric grid cells.

The similarities to the approaches in section 3.1      are large; the largest difference is the choice of
target, x. rather than something like Gaussian place cells, whose similarity structure decays with
distance, they use difference-of-Gaussian cells. Dordek et al.      (later paralleled by Sorscher et
al.      and Sorscher et al.     ) nicely explain the effect of this substitution: difference-of-Gaussian
cells lead to a bandpass covariance structure peaked at a particular frequency band fig. 3A     ,
leading the optimal linearly-decodable representation to highly encode this frequency. Combining
this with a lattice discretisation effect from the finite room leads to square grid cells (Dordek et
al.     ). Finally, enforcing nonnegative firing rates changes the optimal solution from square to
hexagonal grids, justified either through a triplet interaction effect (Sorscher et al.     ; Sorscher et
al.     ), or the efficiency in positivising the code (Dordek et al.     ).

This approach has been influential with many papers using the nonnegative PCA of difference-of-
Gaussian place cells (Dordek et al.     ; Sorscher et al.     ; Sorscher et al.     ; Schøyen et al.     ; Tang,
Barron, and Bogacz     ). It has also been controversial, prompting a rebuttal (Schaeffer, Khona, and
Fiete     ), a rebuttal to the rebuttal (Sorscher et al.     ), and two further rebuttals cubed (Schaeffer
et al.     ; Schaeffer et al.     ). One point of disagreement lay in the finetuning of parameters
required to produce grid cells: an interesting point, but clearly not fatal since the brain could
simply use these parameters. A more existential threat comes from the choice of difference-of-
Gaussian tuning curves. These fit hippocampal place cells less well than Gaussian curves, but, as
the theoretical analysis states, are clearly vital for the production of hexagonal grid cells. Many
more realistic choices of place cells don’t produce grid cells in this framework (Schaeffer et al.     ),
since they don’t generate the required bandpass filter. This could be an interesting prediction
about the relationship between place and grid coding, but currently there’s no evidence this
particular link exists.

Second, and fundamentally, these approaches do not capture the translated receptive field
structure of grid modules. Instead, they produce grid cells whose orientations cluster into two
groups offset at 30 degrees (Pettersen et al.     ) fig. 3B     , a pattern that is not observed
experimentally. Further, when they do produce multiple modules, the intermodule relationship
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Figure 3. Grid Cells via Bandpass Filtering.
A: A Gaussian place cell code has a covariance whose frequency content is a smoothly-decaying Gaussian, left, but a
difference-of-Gaussian code has covariance whose frequency content peaks at a non-zero frequency, figure from Sorscher et
al.      B: The grid cells that result from nonnegative PCA on difference-of-Gaussian place cells are not translationally
symmetric, each population contains grid cells whose axes are rotated relative to one another (for example, the left and
rightmost grid cells from dordek have lattices rotated 30° relative to one another), figures from Dordek et al.      and Sorscher
et al.      C: We create a representation, g(x), that contains a single frequency, and plot the conformal loss, eq. (3)     , as a
function of this single frequency for a few σ values. This loss is minimised (dark blue) at an intermediate value of frequency: a
bandpass filtering effect. D: Metric encoding also produces a population of grid cells that are rotated relative to one another,
figure from (Pettersen et al.     ).
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appears to be worryingly governed by numerical discretisation effects (Sorscher et al.     ), nor does
the framework offer an explanation of conjunctive cells, P4. Only when combined with a path-
integrating task (for example by training an RNN to both path-integrate and linearly project to
difference-of-Gaussian place cells) do you get axis-aligned grid cells, a topic we’ll return to. Hence,
this theory appears to be, at best, part of the solution.

Metric Encoding
A seemingly-distinct class of theories study a loss that encourages the ‘neural metric’ to match the
metric of space. We will show that we can understand these as performing a similar bandpassing
effect as discussed.

A metric is a function that measures distances between points. Matching a particular metric
means that the distance between two points, x and Δx, is preserved in the distance between the
representation of those points, g(x) and g(Δx), at least for a small region of space (small Δx):

where s is a scaling factor. Normative approaches including losses like these are common routes to
grid cells often in combination with path-integration (Gao et al.     ; Gao et al.     ; Xu et al.     ;
Pettersen et al.     ). Here we focus on the findings of Pettersen et al.: optimising a nonnegative
unit-norm representation to preserve distances while penalising the L1 norm of the firing rates is
sufficient to generate hexagonal firing fields without path-integration. The loss used is:

(3)

(4)

The first term, called the conformal loss, forces the neural distance, ‖g(x) – g(x′)‖2, to match the

separation in space, but only when x and x′ are close, via the  weighting term. As such,
it is conceptually close to similarity matching, section 3.1     . In particular, the weighting sets a
lengthscale, a, on the local region in which similarity matching has to occur. If σ is much larger

than the environment,  ≈ 1, the loss becomes a similarity matching one, and place cells
are again the optimal representation with many neurons, as in Sengupta et al.     , fig. 6     .

When σ is smaller this loss generates hexagonal grids. We now show that this can also understood
as a Fourier bandpass effect. The loss contains two biases, one that penalises high frequencies,
another low frequencies, that together create a bandpass filter. The local region, encapsulated by
σ, sets a lower bound on the frequency content of the code: if your code contains a component
oscillating slower than  it won’t have varied meaningfully within the regions you care about, so
won’t decrease the loss. Conversely the similarity matching part, (‖x – x′‖2 – ‖g(x) – g(x′)‖2)2, sets a
high-frequency cutoff: the code should contain low frequencies so that nearby points are similar,
and distant ones are different. We illustrate this for a neural code containing a single frequency by
plotting the loss as a function of this frequency fig. 3D     . The loss is minimised at a particular
frequency ring (shown in dark blue) whose radius scales with the inverse of a. This is exactly the
same bandpass filter of (Sorscher et al.     ).

Having established the bandpass filter, similar arguments to the previous section can then be used
to justify how positivity and capacity constraints might lead to grid cells. Indeed, hexagonal grid
cells with a single lengthscale emerge from this optimisation, with the lengthscale controlled by σ
(Pettersen et al.     ). This is not a complete picture: for example, it is an interesting mathematical
puzzle that combining this loss with an L1 capacity constraint, but not an L2, leads to hexagonal
grids (Pettersen et al.     ). Regardless, these grid cells still suffer from the same shortcoming of
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other efficient coding only approaches: the grids are not aligned within the same module, rather,
they feature the same loose 30° alignment as the Fourier approaches, fig. 3E     . Only by adding
path-integration is this effect removed.

Summary
Nonnegative combinations of Fourier components can generate hexagonal grid cells. In addition to
some plausibility concerns (place cells are not well modelled by difference-of-Gaussians), without
path-integration, these models are unable to reproduce the translationally symmetric modular
structure that is vital for path-integration.

3.3 Conclusion: Inefficiency of Axis-Aligned Grid Cells
From this large body of work (see also clustering models in appendix A     ) we conclude that grid
cells, despite clearly being a good code, are not the optimal efficient code of 2D space. In natural
instantiations of the efficient coding problem the optimal solution are place cells (with either one
or multiple fields depending on the problem, section 5     ). This matches unpublished findings
from Tzushuan Ma’s PhD thesis (Ma     ), and recent work that shows multifield place cells, as in
the hippocampus, are a very good code (Rich, Liaw, and Lee     ; Harland et al.     ; Eliav et al.     ).
Changing the problem in various ways can make hexagonal-lattice receptive fields optimal, either
through a bandpass filter, section 3.2     , or a dense packing argument, appendix A     . However, it
never recovers translational symmetry. This is intuitive: the grid-cell code has some glaring design
flaws from a pure efficient coding perspective. The periodicity of grid cells means they identically
encode points separated by the lattice symmetry, rendering a single cell unable to distinguish
them. The translational symmetry within a module means that rather than helping each other to
decode new points, points that are indistinguishable to one neuron are also indistinguishable to all
neurons in the module! Breaking the symmetry, either by rotating and scaling the grid lattices of
different neurons or removing the lattice entirely, usually improves the coding quality. As such,
translated receptive fields, P2, are a key symptom of grid cells’ role in path-integration, and very
hard to justify from an efficient coding perspective.

4 Path-integration + Position Encoding = A Module of
Grid/Place cells
In section 2.2     , we outlined how grid modules’ translational symmetry forms an ideal substrate
for path-integration, something that purely efficient coding approaches are unable to capture.
Here, we review various models that combine path-integration with an encoding loss and recover
a single module of axis aligned grid cells.

4.1 Path-Integrating Models of Grid Cells
Path-Integrable Efficient Codes
Dorrell et al.     , similarly to unpublished work (Ma), use mathematical analysis to combine path
integration with the earlier efficient coding approaches. Identically to an efficient coding
approach, the representation is asked to encode space subject to some efficiency constraints.
However, crucially, the code is also asked to permit path-integration: g(x + Δx) = f(g(x), Δx)
predicting next representation, g(x + Δx), from the current representation, g(x), and velocity, Δx.
For mathematical analysis, this constraint is enforced using action-dependent weight matrices:
each weight matrix has to correctly implement all transformations of the code for a given action,
independent of the animal’s current position:

(5)

This constraint ensures that if the agent is at a position x, it can use W(Δx) to predict where it will
reach next, permitting path-integration. Further, it can be mathematically derived that this
constraint forces the code to contain a small number of Fourier features, providing a basis for

𝑔 (𝑥+𝛥𝑥) = 𝑊 (𝛥𝑥) 𝑔 (𝑥) ∀𝑥
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further analysis. Combining this with an efficient coding loss leads to either one or multiple
modules depending on the choice of loss (Dorrell et al.     ). It does not directly explain the
conjunctive grid coding, nor are action dependent weight matrices particularly biologically
plausible. Both of these problems can be alleviated through action gating, a plausible scheme to
implement action-dependent weight matrices as seen in other models (Logiaco, Abbott, and
Escola     ).

Efficient Coding of Trajectories
Rebecca et al.     , following similar work by Waniek     , formulate grid cells in a reversed manner:
rather than requiring velocity to update the encoding from one timestep to the next, they instead
predict velocity from each current and next encoding. From this approach, and a small number of
assumptions, they show that a single hexagonal grid module is optimal for predicting velocity.
While elegant, this argument suffers from using binary neurons and a discretisation of space, and
struggles to naturally encapsulate multiple modules. Regardless, this alternate formulation of
path-integration makes some useful novel predictions, such as how a 2D module should encode a
1D sequence.

Grids as Eigendecomposition of Transition Matrices
A set of models have formalised spatial coding via transitions on 2D graphs. For example,
Stachenfeld, Botvinick, and Gershman argue that the hippocampus encodes a successor
representation (a simple function of a transition matrix) of space, and that the thresholded-
nonnegative eigenvectors of the successor representation (and thus the transition matrix)—which
are periodic—correspond to grid cells. Later Yu, Behrens, and Burgess      generalised this
approach, showing that directed, rather than diffusive, transitions matrices can be used to path-
integrate. However, the grid cells that emerge from eigende-composition of such transition
matrices are unlike real grid cells. They exist in modules of only two neurons, many of which are
not hexagonal grids but instead form bands or amorphous blobs, fig. 3C     , especially in non-
square rooms (Stachenfeld, Botvinick, and Gershman     ). Further, while one of the selling points of
the successor representation theory is its sensitivity to transition statistics, pure grid cells only
emerge with a diffusive policy, whereas real grid cells are more robustly hexagonal (Stensola et
al.     ; Vollan et al.     ). Thus, while these models are an elegant mathematical framing, they leave
several unanswered questions: why only some eigenvectors match grid behaviour; why each
modelled grid module has only 2 neurons per module; why empirical grid cells are not so
dramatically affected by transition statistics; and how this model could account for conjunctive
grid cells.
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Figure 4. Successor representation eigenvectors are poor models of grid cells, figure from Stachenfeld,
Botvinick, and Gershman.

Neural Network Models
The most common path-integration approach is to train recurrent neural networks (RNN) to path-
integrate, and then to use the learnt internal representation as a model of grid cells. In its simplest
instantiation, RNNs are provided a sequence of actions, and required to output the corresponding
sequence of positions. This captures all three aspects of the efficient path-integrating code above:
the code must path-integrate, it must distinguish different points so they can be decoded, and it
must do efficiently; with low weights (if using regularisations) and with nonnegative activities (if
using ReLU nonlinearities). However, the precise design choices, and the results, have varied
considerably.

Some models provide the action as a standard input to the RNN, a(t):

(6)

while others learn a mapping between the action and the recurrent weight matrix, similar to
the normative models above:

(7)

Some networks predict (x,y) coordinates, others Gaussian place cells or difference-of-
Guassian place cells.
Some networks use a ReLU nonlinearity, enforcing nonnegativity, others use tanh.
Weight or activity is often constrained, either through a regularisor, or through a unit norm
constraint.
Other regularisors might be added, most often the conformal isometry loss, section 3.2     .

𝑔 (𝑡+ 1) = 𝜎 (𝑊𝑔 (𝑡) + 𝐼𝑎 (𝑡) + 𝑏)

𝑔 (𝑡+ 1) = 𝜎 (𝑊 (𝑎 (𝑡)) 𝑔 (𝑡) + 𝑏)
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An early pair of results suggested that path-integrating RNNs could model grid cells. Cueva and
Wei      trained standard RNNs to path-integrate and found grid and band-like neurons, though
these grids were often square rather than hexagonal. Key choices included the use of tanh rather
than ReLU nonlinearity, meaning the activities were both positive and negative, and reading out
(x,y) coordinates rather than a place cell code. Concurrently, Banino et al.      trained a large
reinforcement learning model and showed that a feedforward layer in the network, heavily
regularised by dropout, learnt somewhat griddy neurons, though there are concerns that these
‘grid cells’ are as grid-cell-like as low-pass filtered noise (Sorscher et al.     ).

Since then, the class of models that learn an action-dependent weight matrix, eq. (7)     , have been
very successful. First studied by Issa and Zhang     , who derived conditions for such a model to
work, these were then used as part of a larger model of the hippocampal-entorhinal system by
Whittington et al.      and Whittington et al.     , who trained sub-networks to path-integrate, and
found hexagonal modules of grid cells, though they baked the modular structure into the network.
Another vein of work used the conformal isometry losses and a difference-of-Gaussian place cell
readout to learn a single module of hexagonal grid cells (Gao et al.     ; Gao et al.     ; Xu et al.     ).
Finally, Schaeffer et al.      showed that training the action-dependent matrices in a ReLU RNN with
a unit-norm constraint, an activity loss to reduce network capacity, a conformal loss, and a
separation loss, led to multiple modules of axis aligned grid cells. Since these models do not
explicitly capture the way velocity is coded by neurons, instead embedding it in the changing
weight matrix, this architecture will never capture the conjunctive grid cells. Despite this, they
present a ringing endorsement for the idea that optimising for a good, efficient, path-integrating
code for position is sufficient for recovering grid-cells.

Path-integrating in more standard RNNs, eq. (6)     , can also lead to grid cells. Sorscher et al.      and
Sorscher et al.      trained such an RNN to predict difference-of-Gaussian place cells and found a
single axis-aligned module of grid cells, later supported by Tang, Barron, and Bogacz. A similar
story was seen in Pettersen et al., who showed that a metric approach combined with path-
integration led to a single module of axis-aligned hexagonal grid cells. Finally, Xu et al.      show
that a standard RNN formulation with a unit-norm, positivity, and conformal constraint is
sufficient to generate a single module of grid cells, matching theoretical work (Schøyen et al.     ).
Each of these approaches highlight a move from efficient coding-only approaches to path-
integration: the coding losses alone produce hexagonal grid cells, but the axes of these grid cells
are not aligned, section 3.2     . Additionally asking for path-integration aligns the axes.

Each of these models demonstrates that RNNs trained to path-integrate naturally generate a
module of grid cells. We will focus on two further points of discrepancies. In section 5     , we will
discuss how many of these models are limited to a single module. First, however, no model has
reported the path-integration mechanism using conjunctive grid cells, P4, as in purely mechanistic
models (Burak and Fiete     ), a discrepancy we will discuss next.

4.2 A Velocity Update Puzzle
In this section we review an ongoing puzzle regarding the precise grid cell velocity-update
mechanism. In section 2.1      we discussed the how the pre-eminent mechanistic models, CANNs,
use conjunctive neurons to path-integrate, matching connectivity measurements (Vollan et al.     ).
Here, we outline a discrepancy between this and normative models.

Of the path-integrating theories listed in section 4.1     , most do not comment on velocity-update
mechanism. They either abstract away from this part of the model, or use an action-dependent
weight matrix that muddies how such dependence arises. The only models which do include such
effects are RNNs with standard updates, eq. (6)     . Surprisingly, Schøyen et al.      and Pettersen et
al.      found that such networks learn a population of band-like cells, and that these are the
neurons that seem to do the work of performing path-integration—the network can path-integrate
without the grid cells! This is in contrast to a CANN model in which the grid cells are vital for the
path-integration. Chu et al.      elegantly explain this finding: in task-optimised RNNs the two-
dimensional path-integration problem is effectively broken down into two one-dimensional
problems. Along two directions a population of cells integrates motion using a standard ring
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attractor architecture and, due to their focus on one dimension, these cell’s tuning curves
resemble band cells. Then, since they are using a bandpass filter loss which specifically
encourages the formation of grid cells section 3.2     , a module of axis-aligned grid cells is
generated from the band cells.

As such, it seems that the brain and task-optimised RNNs with standard architectural choices use
fundamentally different path-integration mechanisms. Resolving this discrepancy remains an
open question.

4.3 Conclusion: Path-Integration and Axis-Aligned Grid Cells
Overall, it seems well established that RNNs optimised to perform a task that includes (1) path-
integration, (2) encoding of position, and (3) biological constraints (mainly nonnegativity and low
firing rates) robustly learn grid cells. However, as yet the precise structure of the set of necessary
constraints is unclear, especially when using a more standard RNN architecture, and the
discrepancy between velocity-update mechanisms remains puzzling.

5 Only with Nonlinear Encoding are
Multimodular/Combinatorial Solutions Optimal
By encoding each position with a unique combination of cells, combinatorial codes achieve higher
capacity than unimodal codes, section 2.2     . However, this comes at a trade-off in ease of
decoding position from such a code. In particular, here we outline how ‘linear’ approaches cannot
make use of multi-field codes and instead prefer either place cells or one module of grid cells; only
with more powerful ‘nonlinear’ approaches do combinatorial multifield place or multimodular
grid representations become optimal. Lastly, we provide a cohesive summary of the conditions in
which grid cells are optimal positional representations—nonlinear efficient codes of path-
integration—and review successes at predicting the optimal size and alignment of grid modules.

5.1 Combinatorial Codes Require Nonlinearity
Consider a population of N binary neurons; assigning each position its own disjoint set of cells can
encode at most N positions, one per neuron. Alternatively, a combinatorial scheme which assigns
each position a unique but overlapping set of cells can produce up to 2N unique codes, enormously
expanding the set of encodable positions. It is this basic fact that makes combinatorial positional
codes, be that the apparently random multi-scale code in the hippocampus (Eliav et al.     ) or the
multimodular structure of grid cells, more effective.

Yet, using such a combinatorial code requires nonlinear processing. Imagine trying to decode
whether or not you are in position x. In a simple place cell code this can be done linearly: simply
check whether the place cell uniquely corresponding to x is on or off. It’s similarly easy to decode
position in a rotation of a place cell code. But in a combinatorial code, x corresponds to many
place cells, and each place cell corresponds to many x. Decoding x from a combinatorial code thus
requires responding to a specific conjunction of place cells, and this is not something that a linear
decoder can do. It requires nonlinearity.

‘Functionally linear’ losses prefer single grid modules
Losses that rely on linear decoding of place cells, PCA of place cells, or linear similarity objectives,
such as eq. (2)     , struggle to profit from multimodularity. Indeed in our previous work we
demonstrated that losses that are a linear function of similarity, such as eq. (2)     , exhibit a failure
mode: they encourage further distinguishing already well distinguished positions rather than
those that are poorly distinguished. This representational pressure leads to place cells or single
modules of grid cells, rather than a combinatorial code (Dorrell et al.     ). This finding reflects a
broader pattern: all prior works that use metric encoding or nonnegative PCA of difference-of-
Gaussian place cells is similarly ‘functionally linear’, and to the best of our knowledge, all works
that combine such losses with path-integration lead to a single module (Sorscher et al.     ; Sorscher
et al.     ; Tang, Barron, and Bogacz     ; Schøyen et al.     ; Pettersen et al.     ). We note that while
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some models do report multiple modules using these losses, they only do so by baking a multiple
modular structure into the code to begin with (Gao et al.     ; Gao et al.     ; Xu et al.     ), i.e. multiple
modules do not emerge as the optimal code.

‘Functional nonlinearity’ profits from multiple modules
This failure model of linear losses motivated us to introduce the following ‘nonlinear’ similarity
matching objective (Dorrell et al.     ):

(8)

In this loss, if the representations of two points are already well distinguished (g(x) and g(x′) are
already further apart than σ), no further gain is achieved by distinguishing them further. Instead,
the code focuses its efforts on distinguishing poorly distinguished points. This encourages the
formation of combinatorial codes, which make best use of the available neurons. Indeed, we know
of only two normative models that derive multiple translationally symmetric modules as the
optimal solution, ours (Dorrell et al.     ) and Schaeffer et al.      Both use the nonlinear similarity
matching objective we proposed, eq. (8)     .

In sum, we suggest that this division between ‘functionally nonlinear or linear’ losses—which
correspond to linear or nonlinear decodability of position—can neatly explain which approaches
generate single or multiple modules, depending on whether the loss is flexible enough to take full
advantage from a combinatorial code.

5.2 The Interplay of Path-Integration, Nonlinear Decoders, and
Resource Constraints
We are now in a position to summarise the optimality of different spatial representations as a
function of a small number of key modelling choices: linear versus nonlinear loss functions,
whether path integration is required, and neural resource constraints (i.e., the number of neurons;
throughout, we assume nonnegative neural activity with unit norm).

One initially surprising finding is that, when many neurons are available, place cells are optimal
independent of other considerations. In section 3.1      we related how place cells are the optimal
nonnegative similarity matching code when there are more neurons than positions to be
distinguished. We find that the same is true with a nonlinear similarity matching loss, and/or with
an additional path-integration constraint (for example, by enforcing actionability, eq. (5)     , Dorrell
et al.     ). We suggest this is because when there are enough neurons, simple place cell codes can
tile the space at sufficient resolution.

When the number of neurons are scarce, under linear losses place cells are optimal without a
path-integration requirement and a single module of grid cells when path-integration is required.
Both these codes are not combinatorial as linear losses do not profit from combinatorial codes, fig.
5      top. On the other hand, with a nonlinear loss multifield (combinatorial) place cells are optimal
without a path-integration requirement, while multiple modules of axis-aligned grid cells are
optimal when path-integration is required, fig. 5      bottom.
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Figure 5. A Space of Optimal Codes. We optimise a nonnegative, unit-norm representation of position to
minimise a similarity matching objective either linear, eq. (2)     , or nonlinear, eq. (8)     , with or without a path-
integrating constraint, eq. (5)     . With more neurons than positions all choices lead to place cells (not shown).
With few neurons and no path-integration (left column) we get place cells with a linear objective, and random
multifields with a nonlinear objective (see also fig 15C, Dorrell et al.     ). Adding a path-integration constraint leads
to either one grid module for the linear similarity loss, or multiple under the nonlinear loss (for more discussion,
see Dorrell et al.     ).

5.3 Efficient Coding using Multimodular Codes
We have discussed how combining low nonnegative firing rates with a sufficiently flexible
nonlinear decoding and path-integration leads to multiple modules of translationally symmetric
grid cells. We now consider one final normative question: how should these modules actually be
structured? What lattice should they use (e.g. square or hexagon)? What should the relative size
and orientation between modules be? And how many neurons per module?

The first forays in tackling these question assumed a multimodular structure and then optimised
the remaining parameters to maximise the mutual information between neural activity and
position, through proxies such as the Fisher information. Having demonstrated that a
multimodular grid code encodes space with a higher accuracy than a place cell code (Sreenivasan
and Fiete     ; Mathis, Herz, and Stemmler     ), it was found that, of all lattice choices, hexagonal
lattices were optimal (Mathis, Herz, and Stemmler     ; Mathis, Herz, and Stemmler     ). Subsequent
related works derived similar results(Stemmler, Mathis, and Herz     ; Wei, Prentice, and
Balasubramanian     ) and emphasised the effect of independent per-module noise (Towse et al.     ).
Further, the same set of ideas have been used to suggest that fewer neurons are required in grid
modules with longer lengthscales (Mosheiff et al.     ).

Much work then analysed the optimal choice of ratio between the lattice lengthscales of successive
grid modules. Early experimental work suggested a geometric progression of lengthscales with a
constant ratio of between 1.4 and 1.7 (Stensola et al.     ; Barry et al.     ), findings that were matched
by multiple theoretical accounts (Wei, Prentice, and Balasubramanian     ; Mathis, Herz, and
Stemmler     ). However, it remains unclear whether a geometric progression model is actually
well-matched to data, especially as measuring multiple modules simultaneously is technically
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difficult. Indeed, recent models based on developmental arguments predict non-geometric ratios
that also appear to match measurements well (Khona, Chandra, and Fiete     ), while our own work
which suggests that grid modules should be related by non harmonic ratios (Dorrell et al.     ).

Grid modules are not only defined by their lengthscale, but also the relative orientation to other
modules. To understand these relative orientations, we used the same efficient coding arguments
(that show multiple modules of grid cells are optimal) to predict that successive grid modules
should be oriented at small angles relative to one another (Dorrell et al.     ), matching
measurements (Stensola et al.     ; Lykken et al.     ). Finally, encoding arguments have also proved
useful at understanding how grid cells code 1D space (Rebecca et al.     ), the alignment of grid axes
to square rooms (Rebecca et al.     ), and the changing of grid lattice parameters to different room
shapes (Stensola et al.     ; Dorrell et al.     ).

In sum, having arrived at a multimodular structure, efficient coding is a useful framework for
understanding the details of the multimodular arrangement.

6 Discussion
Over a decade of normative grid cell theorising points to a core claim: grid cells form a (1) high-
fidelity, (2) pathintegrating, (3) biologically-plausible code for space. In contrast, normative
attempts to explain grid cells without path-integration cannot match their translational symmetry,
section 3     ; and theories using ‘overly linear’ measures of coding capacity struggle to explain
multimodular structure, section 5     . This coheres with mechanistic and perturbative work to
support a compelling narrative regarding the grid cell code.

There remain puzzles. While models based on action dependent weight matrices recover the
multi-modular axis-aligned structure of grid cells in multiple models (Dorrell et al.     ; Schaeffer et
al.     ), these models are unable to model the conjunctive grid cells. Models using standard RNNs
can make statements about precise velocity update mechanisms (Sorscher et al.     ; Schøyen et
al.     ; Chu et al.     ), but do so in ways that don’t match biology (Schøyen et al.     ; Chu et al.     ), are
at times badly behaved (Schaeffer, Khona, and Fiete     ; Schøyen et al.     ; Pettersen et al.     ), and
struggle to produce multiple modules of grid cells. As such, a normative model that cohesively
captures all four grid cell phenomena we began with remains at large. That said, it seems likely
that a careful combination of the best parts of existing models might succeed. We now discuss two
broader open questions, and a few implications of this body of work.

6.1 Future Work
Grid Cells in Other Spaces
We have focused on grid cells in 2D, a natural question is how might they behave in other spaces.
Normative theories of path-integrable representations naturally generalise to other spaces, and
almost always predict multiple modules densely packed lattices in other spaces (Stemmler, Mathis,
and Herz     ; Dorrell et al.     ), matching similar formulations in one dimension (Aceituno, Dall’Osto,
and Pisokas     ). However, it appears that grid cells are a bespoke 2-dimensional system: 1-
dimensional maps are understood by mapping onto a slice of the grid lattice (Yoon et al.     ; Jacob
et al.     ; Rebecca et al.     ); conversely, 3D grid cells appear to have multiple randomly scattered
fields (Ginosar et al.     ; Grieves et al.     ), in contrast to either the models discussed so far, and
more boutique projection models (Klukas, Lewis, and Fiete     ). Models have been proposed that
cohesively capture some aspects of both 2D and 3D coding (Ginosar et al.     ), but, as reviewed,
appendix A     , they do a poor job at fitting 2D behaviour. Whether there is some preserved
structure in the 3D recordings, or a more general model that explains how grid cells encode spaces
beyond 2D remains a topic for further work.

Warping of Grid Cells to Environments or Rewards
One finding is that grid cells don’t always look so… griddy. In trapezoidal environments the lattice
bends along the walls (Krupic et al.     ), the lattice lengthscale gets smaller near boundaries
(Hägglund et al.     ), in large environments there are often inhomogeneities (Stensola et al.     ;
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Gutiérrez-Guzmán, Hernández-Pérez, and Dannenberg     ) (though these sometimes disappear with
experience; Carpenter et al.     ), grid fields warp in response to rewards (Boccara et al.     ), and the
grid metric stretches in inhomogeneous environments (Wen et al.     ). Some models have taken
this at face value, and attempted to normatively explain the warped grid responses, for example as
the optimal code for uncertainty (Kang, Wolpert, and Lengyel     ). Others have argued that the
warping is the effect of an optimally mixed encoding of additional variables beyond space
(Whittington et al.     ; Dorrell et al.     ). A final approach models these effects as a re-centering of
the grid code in response to an external cue, such as a boundary (Ocko et al.     ). Since these last
two approaches understand inhomogoneities through perturbations to an underlying pure grid
cell code, they are consistent with existing normative theories. Indeed, the observed rate maps
could represent pure grid code after a spatially dependent recentering operation, making perfect
grids appear bent in some environments or towards some rewards. However, the same is not true
of the first model, and, as yet, no model is able to bridge these two domains clearly.

6.2 Some Implications
How constrained are these ideas?
Across this body of work, the way in which the three ideas: ‘high-fidelity’, ‘path-integrable’, or
‘biological’, have been formalised has varied. This is a good thing, demonstrating robustness to ad
hoc modelling choices. However, some recurring motifs stand-out. In all cases, the biological
constraints limit the capacity of the system (e.g. by limiting the range of firing rates), and ensure
the problem is not rotationally invariant, using a nonnegativity constraint either on neural firing
or on weights. Similarly, path-integration always implies some mechanism for forward modelling:
predicting the next encoding from your previous encoding and an action. Finally, the
implementation of a high-fidelity code has relied on some form of ‘functional nonlinearity’ in the
decoding loss.

Single Neurons are Pleasingly Constraining
Broadly, it is potentially unclear how much measuring a small number of single neurons can
reliably guide our understanding of the brain (Whittington and Dorrell     ). Alternative approaches
advocate for studying population-level metrics (e.g. Stringer et al.     ). There are only ~ 10000s grid
cells in a rat (using estimates from Clark and Nolan     ; Gatome et al.     ; Diehl et al.     ), yet
reviewing this literature we see that it has been incredibly constraining. Fitting just four high-level
properties of the system has identified a core set of computational principles across models, and
has proved adept at discounting alternative hypotheses. This is a ringing endorsement for the
plodding progress of standard neuroscience.

RNNs as neural models
Using task-optimised neural networks as neural models is somewhat controversial; in complex
tasks they are often as confusing as the brain (Banino et al.     ), limiting the insights we can gain
from them. Yet the grid cell literature presents a compelling case for their power when coupled
with clear experimentation, and thorough analysis. Task-optimised networks permit you to try a
variety of hypotheses relatively quickly and flexibly. Their downside is that the signal you
measure might have been caused by any number of choices made in architecture, training, or
regularisation, and it is often hard to test for all of these. Simplifying the model to the point where
theoretical work is possible can provide insight, allowing fine-tuning of the RNN experiments. For
grid cells, iterations of this cycle seem to have nearly converged. We are optimists, and hope this
will be more broadly true, suggesting a version of ‘analytic connectionism’ that pairs careful
theory and network modelling. Yet, we note that in the grid cell world this has already taken a
decade of intense arguments: it is not necessarily easy.

The Power of Normative Modelling
Early work demonstrated that multimodular grid cells are a much more informative code for
space than place cells (Mathis, Herz, and Stemmler     ), leading to a view of grid cells as an efficient
code for space. We hope this review has disabused you of this notion: grid cells are an efficient,
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but not the most efficient code for space—rather, they are the most efficient path-integrating code
for space: random multifield place cells are the most efficient code, fig. 5     . This highlights a role
for normative modelling: by searching amongst all possible codes we are forced to consider all
alternatives, highlighting how, if the only goal was efficiency, the best choice would never be grid
cells. This null result cleanly highlights a key missing ingredient: path-integration.

6.3 Conclusion
In conclusion, the manifold structures present in the grid cell system have provided impressive
constraints for normative theorising. After much work, the field has settled on a consistent set of
normative theories: grid cells are a high-fidelity, path-integrable, biological (i.e. constrained and
axis-dependent) code for space, agreeing with mechanistic and experimental work. In the future
we hope these insights will generalise to grid cells in more complex settings, other neural systems,
and provide broad lessons for successful normative theorising.

Code
A simple jupyter notebook to generate the optimal representations in fig. 5      and fig. 6      can be
found at https://github.com/WilburDoz/If_Grid_Cells_are_the_answer_what_is_the_Question.git     .

Supplementary material
A Hexagonal Lattices via Dense Packing Arguments
Hexagonal lattices are the densest packing of spheres in 2D space, or analogously, the best
arrangement of sensors to minimise the average distance between all points in 2D space and the
nearest sensor. One family of efficient-coding-only approaches use this idea to produce
hexagonally tuned cells.

Mok and Love      argue that place cells form a conceptual clustering of inputs: which place cells is
active for each input corresponds to its cluster and the quality of the encoding is given by the
resolution of the clustering (i.e. the best clustering would give every input its own cluster, the
worst would assign all inputs to one cluster). They argue that space can be thought of as a uniform
continuum of inputs to be explained, and that, thanks to dense packing, the optimal choice of a
finite set of place cells (clusters) is a hexagonal grid. They then argue that grid cells are a measure
of proximity between points in space and their nearest cluster—which in this model is a measure
of how well fit that point is by the learnt clusters. Since the data is best explained at cluster centres
this forms a hexagonal lattice.

Ginosar et al.     , prompted by their discovery of non-periodic encodings by grid cells of three-
dimensional space (see discussion), present a parsimonious model that explains both 3D and 2D
representations. They model grid fields as particles that repulse each other at short distances and
attract at intermediate, the dynamics then pushes the particles towards lower energy states, and
the optimal state is a dense packing. Matching neural observations, running these dynamics in 2D
leads to dense packing hexagonal lattices, while in 3D it often leads to jammed sub-optimal
solutions without global periodic structure.

A slightly related idea appears in Huber     . In this memory model the classic roles of place and
grid cells are reversed, place cells encode where a memory happens (a conjunction of a thing and
a place) while grid cells encode the thing that is happening. Grid tuning curves are produced by
arguing that the grid cell is encoding a variable that is uniform across space. The model then
assumes that inputs that are nearby in space will be grouped into the same memory, while those
beyond a critical distance will trigger a new memory. These dynamics lead to a hexagonal lattice
receptive field, which can be understood via dense packing.

Despite the elegant simplicity of these approaches, simple functional questions remain non-
obvious and key phenomena unexplained. Most pertinently for our current argument, no
approach naturally incorporates the translational symmetry of a grid module: in Mok & Love or
Huber it is not obvious why grid cells would code for a translated version of either the conceptual
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fit to data or a set of memories, while in Ginosar et al. some mechanism would be required to align
these densely packing lattices across neurons. Similarly unclear is why there are modules with a
discrete set of lengthscales or conjunctive grid cells. Finally, why we should think of grid cells as a
measure of hippocampal fit, as a discretised version of a uniform variable, or as a set of repulsing
particles, when more compelling narratives exist is unclear. Nonetheless, in conjunction with
other ideas, dense packing does explain the choice of hexagonal lattice in many models (Stemmler,
Mathis, and Herz     ; Dorrell et al.     ).

B Efficient Coding Metric Loss with Large Lengthscale Produces
Place Cells

Figure 6. We optimise a metric encoding loss, eq. (3)      with large σ and find the optimal representation is
place cells, matching the correspondance with the similarity matching objective, section 3.1     . We use a
periodic environment for convenience, hence the multiple patches observed correspond to parts of the same
field.
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Peer reviews
Reviewer #1 (Public review):

Summary:

The review by Dorrell and Whittington synthesizes the progress made over the past few years
with respect to a normative theory of grid cells. The core question addressed by normative
frameworks of grid cells is what primary computational function grid cells serve. The review
discusses evidence from mechanistic models and experimental data that point to path
integration as the computational function of grid cells, consistent with results from
normative models. The main goal of the review is to clarify the normative grid cell theory
literature. However, the current version of the article reads at times more like a perspective
or opinion article in support of the path integration hypothesis rather than a critical review
of normative frameworks in the grid cell literature that contrasts the benefits and limitations,
as well as pitfalls and caveats, with other modelling approaches.

Some specific comments are as follows:

(1) Abstract: "The first question quickly attracted an answer: grid cells subserve path
integration ..." - I am not sure if this statement is correct. The first grid cell paper by Hafting
and Fyhn in 2005 suggested that grid cells are part of a path integration-based map, and the
paper emphasizes the map part. It remained unclear, and is still debated, whether grid cells
are part of a system performing path integration or whether grid maps reflect the
output/result of a path integration process. Other theories about the function of grid cells
were brought forward as well. Although the main competing theory is discussed in this
review, this review article at times appears more as a perspective or opinion article with a
clear bias toward the path integration hypothesis rather than objectively discussing the
evidence.

(2) Grid cells may serve multiple functions. What would be the implications for our
understanding of grid cells and for interpreting the results of normative models? In general,
the review could discuss some pitfalls or caveats of normative models in more detail.

(3) A normative framework can be helpful in two ways: (a) Given sufficient details on
biological constraints, a normative model can help identify the computational function of
grid cells. If a computational function is given and - under the given simulated biological
constraints - grid cells were part of the solution, the results of the model would support the
hypothesis that grid cells serve the computational function in question. (b) If a computational
function were identified beyond any doubt (e.g., assume experimental data demonstrated
that grid cells are necessary and sufficient for path integration), a normative model would
help identify biological parameters necessary to produce grid cell firing. Unfortunately, the
review falls short in making this clear distinction between (a) and (b) and in discussing
important caveats regarding mixing up these two ways. E.g., the neural network model
approaches by Sorscher et al. and others have been criticized because they try to achieve two
things at the same time: find support for the computational function of grid cells and identify
optimal parameters that result in grid cells. But doing both at the same time provides a strong
bias in tweaking the parameters in exactly the way you need for the model to produce grid
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cells as a solution (other solutions may be possible given other parameters), preventing
strong conclusions regarding the computational function of grid cells and preventing
conclusions about what the parameter choices mean for biological connectivity motifs. These
caveats in setting up normative models and interpreting them could be discussed in greater
detail.

(4) A common assumption underlying most grid cell models is that head direction is viewed
as identical to movement direction. However, head direction can differ at times from
movement direction, and entorhinal head direction cells code head direction rather than
movement direction (Raudies et al., 2015; 10.1016/j.brainres.2014.10.053). This missing link in
how movement direction signals reach and inform grid cells could be discussed.

(5) "Knowing that one neuron in a module is active and that you make a movement north
uniquely determines which neuron in that module should be active next" - I agree that this
rule follows from the fact that grid cells within one module differ in phase but share spacing
and orientation. However, I am surprised that the authors do not also make the argument
here for the value of a normative model. Rebecca R.G. et al. (10.7554/eLife.96627) use exactly
the rule cited above as a normative function. They demonstrate that this rule begets grid
cells. Isn't this a prime example of how a normative approach can contribute to scientific
inquiry? First, a hypothesis about a computational function is derived from experimental
data. And in turn, using a normative framework, the experimental data are derived from the
computational function (under appropriate biological results). The paper is discussed later
together with Nicolai Waniek's work (10.1162/neco_a_01255). However, in my opinion, their
work seems to be somewhat misrepresented in that later paragraph. E.g., velocity is still
required as an input to determine which neuron should be active next, neurons do not need
to be binary units, and space is not discretized beyond the fact that space is encoded by
neurons with spatial firing fields.

https://doi.org/10.7554/eLife.111058.1.sa3

Reviewer #2 (Public review):

Summary:

This review by Dorrell and Whittington covers a number of aspects related to normative
modeling of grid cells. They begin by discussing key experimental insights on grid cell
phenomenology. Then, they discuss how grid cells can be used to perform path integration
and how they size up as efficient codes of space. These two sections then lead the authors to
discuss how combining path integration and efficient coding objectives leads to models of
axis-aligned grid cells in a single module. Discussion on non-linear objectives leading to
multi-modules is presented. The review ends with several outstanding questions and an
optimistic outlook of how normative models (particularly, task-optimized RNNs) can be used
as tools for advancing understanding in neuroscience.

Strengths:

(1) The review is timely and covers an area that has seen a lot of recent activity. This
discussion around many of the different results (and kinds of models), I think, will be
generally helpful for the field.

(2) Although I think the story could be a little more coherently made (see below), in general I
enjoyed the author's flow from efficient coding -> efficient coding + path integration ->
efficient coding + path integration + non-linear objective. This framing supports the specific
conclusion the authors arrive at.
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(3) I also really liked the message that the review made of how normative modeling, despite
some of its challenges/limitations, can be used effectively in neuroscience. The discussion of
cycling between "experimental" modeling (e.g., vanilla RNNs) and theoretically-grounded
models was nice, and I think it helps demonstrate the value of this approach.

(4) Showing how the metric loss could be seen as a bandpass filter (Figure 3C) was nice and a
contribution of the review.

(5) While the focus of P4 (conjunctive HD-grid cells) felt initially a little cast aside, the
discussion around "brain and task-optimised RNNs with standard architectural choices use
fundamentally different path-integration mechanism" was nice and I think helpful for
steering the community to an interesting open problem.

(6) Identifying how "non-linear functionality" can lead to multi-modules was nice and not
something that I have seen as clearly presented before.

Weaknesses:

(1) The authors view the experimental evidence for grid cells being linked to path integration
as "specific and strong" and that the " key computational feature that defines entorhinal
cortex [is] path-integration". I think experimentalists (at least the ones I work with) would
push back on that. First, it's hard to isolate path integration in rodent experiments. So while
Gil et al. (2018) did about as good a job as you could do, there are still other interpretations of
the results that are not purely path integration dependent. And second, as the authors point
out later in the review, there is experimental work finding that grid cells are disrupted in
large environments and 3D. Path integration certainly happens (to some extent) in these
spaces, which begs the question of how it is achieved with weakened grid coding. Thus, I
think reducing the claims about how strongly grid cells are experimentally linked to path
integration is called for.

(2) The authors introduce the idea of efficient coding of space and discuss how grid cells are
not optimal. It is later clarified (Sec. 5.3) that multi-module codes can be efficient (even if not
the most optimal). I was confused reading Section 3, because in Section 2 the multiple
modules are discussed, but then in Section 3, they are dropped, and only a single module is
being considered. Equation 2 was also a little confusing to me. Alpha is not defined, and I
would have thought that it would be x^Tx' - g(x)^T g(x') and not x^Tx' g(x)^T g(x'). Given that
there is no page limit here, I think a little more detail in Section 3 would be helpful.

(3) In Section 3, the authors make use of P2 (translation invariance within a module) to rule
out (or, at least, question) certain models/approaches. While this is certainly a standard
assumption made in theoretical work, it is not very well supported by experimental findings.
In particular, Diehl et al. (2017), Ismakov et al. (2017), and Dunn et al. (2017) all found that
individual grid fields systematically vary in their peak firing rate. In addition, Redman et al.
(2025) found that, within a given module, there was a small but robust diversity of grid
orientations and spacings. These suggest that grid cells within a single module may actually
be able to encode properties of local space and give some support to normative models that
find efficient space coding with grid cells by finding non-axis-aligned grid fields. I think this is
all important to mention because: a) it provides more biological nuance to the question about
spatial coding; b) it provides more ways in which to test models. For instance, in Redman et
al. (2025), the Sorscher et al. (2022) model was shown to produce variability in grid properties
that loosely matched what was found in real data. For tests like this (e.g., how much does a
model reproduce variability in grid firing field peak rates), I think it is going to be important
for continuing to evaluate models.

(4) The focus of the review, I know, is grid cells, but of course, grid cells are part of the MEC
and the larger hippocampal network. I totally understand, at some level, you have to make a
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decision of what to model, but it seems that there are other functional classes of neurons
(border cells, head direction cells) that all play an important role in path integration. And
while the models the authors consider at the end of the review capture properties of grid
cells really well, they do so at the cost of not modeling anything else. The authors mention
this in the context of the models not capturing conjunctive grid-head direction cells, but I
think the point is a deeper one, and more discussion of at what level it makes sense to
consider grid cells only is important.

(5) As I mentioned in the Strengths section, I did enjoy the flow of the paper on how path
integration + efficiency is needed to get grid single modules and path integration + efficiency
+ non-linearity is needed to get multiple grid modules. This creates the story that adding
more of these theory-driven constraints helps lead to more "accurate" models of grid cells.
But one alternative view is that, if path integration + efficiency is enough to get a single grid
module (but only a single grid module), then maybe the utility (or need) of multiple grid
modules comes from something else. That is, instead of saying "we need more constraints to
get multiple modules", it could be evidence for "we need to re-think whether multiple
modules might need a different theory to explain". While I understand this is a big picture
question that maybe isn't entirely fair to ask of the authors, I think: 1) the authors do a nice
job of positioning their review as a kind of discussion on what normative modeling can
provide to neuroscience, so having this discussion on when the failure of a model to capture
ALL aspects of the biological features motivates further constraints as opposed to a new
approach, would be useful; 2) this question connects with the title of the paper, i.e. "what is
the question?"

https://doi.org/10.7554/eLife.111058.1.sa2

Reviewer #3 (Public review):

Summary:

The authors present an extensive review of the literature on normative grid cell theory,
asking what kind of cost function might be minimized by the entorhinal grid cell code. The
authors show which of the main features of grid cells emerge from combinations of terms in
a cost function that optimizes for spatial fidelity, biological plausibility, and path integration.
They conclude by outlining potential future directions for the field.

Strengths:

The structure of the review makes it particularly useful for researchers who are familiar with
grid cells but not necessarily with normative models. Equations are kept to a minimum and
are usually explained conceptually.

Weaknesses:

I identified one main weakness, related to the fact that the introduction to experimental
results around grid cells and what they allow us to conclude is less nuanced than the rest of
the review. However, since this is not the main focus of the manuscript, I consider this a
secondary limitation.

The review organizes the current literature on the subject within a coherent conceptual
framework, helping to define possible paths forward for the field.

https://doi.org/10.7554/eLife.111058.1.sa1
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Author response:

We thank the reviewers for their time and attention which will significantly improve the
paper. Further, we are grateful for their appreciation of our goals and work. In sum, the
reviewers point to our overstated discussion of experimental evidence which we will tone
down, some slightly confusing points of argumentation which we will clarify, and some
discussion points on the role of normative theories that we will add text to address. We
believe this will improve the paper significantly and hope you agree!

Major Concern: Experimental Support for Path-Integration is not as strong as suggested

The major point raised by all reviewers (reviewer 1 comment 1, reviewer 2 comment 1,
reviewer 3’s only weakness) was that our presentation of the experimental perturbation
evidence for path-integration is stronger than the reality. On reflection, we agree with this
evaluation. We thank the reviewers for raising it; we will moderate our writing and include
the sensible caveats raised. In sum, we still think that the convergence of evidence points to
path-integration: first, disruptions to grid cells lead to path-integration problems, though
these perturbations admittedly aren’t perfectly precise; second, normative theories of path-
integration lead to grid cells and predict grid cell behaviour; third, mechanistic models of
path-integration match grid cell behaviour and predict connectivity subsequently measured
in entorhinal cortex. However, the evidence is not as all-encompassing as we suggested.

That said, we’d like to further comment on one point. It is argued (reviewer 1, comment 1)
that there are other theories of grid cell function, and that we discuss these theories. We
discuss efficient-coding only models of grid cells and emphasise strongly why we reject them.
We also briefly discuss oscillatory-interference models of path-integration and our reasons
for not pursuing them further. As such, the reviewer is correct that our reading of literature
strongly points us towards path-integration rather than other theories. We will slightly
change the framing of the paper to make it clear that we are making a case. However, we are
not aware of other theories the reviewer might be referring to. If the reviewer can point us to
the other suggested theories that we do not address we would be happy to evaluate and
include them.

We now turn to the remaining comments, and how we plan to address them.

Reviewer 1, Comment 2 – There could be multiple roles for grid cells

The reviewer is indeed right that grid cells might perform multiple functions. This could just
mean that the same computational motif (e.g. path-integration) is reused across different
computations though that introduces no changes to the required normative theory. A
stronger claim would be that grid cells perform both path-integration and some other
function. This, according to a normative perspective, would most likely change how grid cells
were optimally structured. We use the fact that large parts of the grid cell code can be
captured with only path-integration as an argument against additional roles for grid cells.
That said, there exist properties of grid cells not well-captured by path-integration which
could well be smoking guns for additional roles of grid cells. The review already discusses
both discrepancies between grid cells in three and two dimensions, and inhomogeneities in
the grid in complex environments, and we will add two more (heading direction and peak-to-
peak/angular variability, discussed below) that we are grateful to the reviewers for raising,
and we discuss each of these in detail below.

That said, whether these are necessarily arguments against purely path-integration or a
reflection of interesting mappings of the core path-integration mechanism to the
measurements we make remains to be seen. We would argue that both 3D grid cells (as
explained below: there appear to be 2D slices in which grid cells behave as you’d expect) and
spatial inhomogeneities (as explained in the paper: mappings of torus to world can introduce
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warping) can be explained without reference to additional computational roles of grid cells,
which remain to us the most parsimonious explanation. We discuss next the slight update to
path-integration only that the heading direction story suggest. But in sum, our view is that
these discrepancies are likely not fatal for our path-integration-centric view of grid cells, but
may well suggest some very interesting clarifications.

Reviewer 1, Comment 4 – The system has two heading signals: true & internal, why?

The reviewer is right to point to the puzzle over true vs. purely internal heading direction
and which drives grid cells. We believe recent work from Abraham Vollan has effectively
solved this puzzle: there appear to be two parallel circuits, one theta-modulated and
following internal heading direction, another theta-unmodulated and aligning more with
true heading direction. We will make sure to include discussion of this exciting work in our
revised submission. This serves as a good example of an update we concede to the most
austere version of the path-integration only view. Rather, it seems there are two parallel path-
integrators working with different heading signals. The reasons for this remain unclear, but
seem to be related to attention and planning (Vollan et al. 2026).

Reviewer 2, Comment 3: Real Grid Cells have peak-to-peak variability & Angular
variability

The reviewer is right to point to the discrepancy in peak-to-peak firing rate and angles within
a module that we did not adequately address. First, it is Sorscher’s RNN models, not
nonnegative PCA that can generate a distribution of grid angles (Redman et al. 2025), which
suggests that path-integration and such variability are compatible. We emphasise this point
because the non-path-integration results from nonnegative PCA produce grid cells oriented at
30 degree offsets, something not measured even when you’re careful as in Redman et al.
2025. Thus, this becomes an interesting target for future work: perhaps using theories of
path-integration up to an error threshold (rather than perfect) such angular diversity would
be recovered. We will include this in our discussion. Further, we will include discussion of
peak-to-peak variability that, as yet, has no obvious role.

Reviewer 2, Comment 1: grid cells are inhomogeneous in 3D or complex environments,
doesn’t that break the theory?

Disrupted grid coding in extended or 3D environments indeed deserve more discussion,
which we will add. In particular, we will add recent evidence that grid cells in 3D can be
understood via the correct sequence of 2D projections(Qi & Yartsev, 2026). These two
phenomena seem, to us, consistent with a path-integration only view of grid cells, as
discussed above, and we hope to make this position clearer.

Reviewer 2, Comment 5: Couldn’t there be other reasons for multiple modules?

We have suggested a consistent normative framework in which multiple modules are
explained through their role in non-linear coding. We think this elegant, and the most
parsimonious current theory. We could, of course, be wrong. The discrepancies pointed to
above might be good clues to follow to work out what else these modules might be doing, but
currently these alternative explanations seem not to exist. We will text to clarify this.

Reviewer 1, Comment 3: The review confuses computational and parameter parts of
normative theory

We disagree with the reviewer’s dichotomisation of normative theory. We view a normative
theory as the complete procedure that produces the predictions. Almost all such theories
have parameters and hence fitting a theory to data comprises both elements (a)
[computational role] and (b) [specific parameters] identified by the reviewer. Occasionally
theories have no parameters in the traditional sense, e.g. Rebecca et al.; instead they have
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heavy assumptions that play an equivalent role. It is true that, as the reviewer says, Sorscher
et al.’s work was criticised for producing grid cells only for specific parameter values. We
never found this as damning as Schaeffer et al. argued: simply it says that that theory is only
correct within the given parameter range. Rather, arbitrating between models, parameters,
or assumptions seems the same basic process: see what they predict and keep working with
models while they remain useful ways to understand measured phenomena. If a model with
very specific parameter values remains useful, that seems okay. In fact, we argued
extensively why we think the nonnegative PCA model is not a useful model, but this was for
completely different reasons. To us this story just reinforces the importance of hygiene in
normative research: perform parameter sweeps and clarify how they constrain the claims
you are making, carefully arbitrate what models can capture. Indeed, that is the whole goal of
this review. We might be misunderstanding and, if so, we welcome correction.

Reviewer 2, Comment 4: Normative Models of Cells Beyond Grid Cells

The reviewer is right that extending these models to other cell types is an interesting area for
further work, and that other cell types do seem to be involved in aspects of navigational
computations both in RNNs and the brain. We will include a discussion to this effect in the
revised manuscript. That said, we think the modularity of grid cells and their tight-linking to
path-integration calculations should also be appreciated as a win!

Reviewer 2, Comment 2: Multi-modularity is not cleanly explained

We thank the reviewer for the comments, we agree. We will clarify the story regarding
multiple modules, and will explain the equation further.

Reviewer 1, Comment 5: the early introduction of phase-shifted Grid Cells seem the
perfect place to normatively argue for Path-integration!

We agree with the reviewer that this point can be made both normatively (‘oh look! If I try to
do this optimally, I get translations!’) or, as we did early in the paper, mechanistically (‘oh
look! With these cells I can do this!’). Indeed, a large part of the point of our paper is that
path-integration is what is required to normatively derive phase-shifted grid modules,
something discussed by Rebecca et al., our earlier work, and RNN studies, and appreciated for
two decades. The earlier part of the paper does not discuss these papers as that section is
aimed at giving intuition for the solution (mechanism). Later sections then heavily discuss the
normative angle. We hope that division of labour makes sense.

Finally, we will refine our summary of Rebecca et al. The reviewer is right that neurons don’t
have to be discrete, we apologise for that error, but our understanding is that the only
meaningful role of a neuron in Rebecca et al.’s work is the region in which is active,
effectively making every neuron a binary unit, which seems dubious. We will clarify that by
“predict velocity from each current and next encoding” we mean that the normative
constraint they enforce is axiom 1: sequential activity of sets of neurons i then j can be
uniquely interpreted as a trajectory, i.e. a step or velocity. Their work is elegant, and we will
try to do more justice to it in the revision.

To conclude, we thank the reviewers for their extensive comments, and look forward to
releasing a version that addresses their concerns.

https://doi.org/10.7554/eLife.111058.1.sa0
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