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Abstract

Microbial collectives, capable of functions beyond the reach of individual populations, can be
enhanced through artificial selection. However, this process presents unique challenges.
Here, we explore the ‘waterfall’ phenomenon, a metaphor describing how the success in
achieving a desired genotype or species composition in microbial collectives can depend on
both the target characteristics and initial conditions. We focus on collectives comprising fast-
growing (F) and slow-growing (S) types, aiming to achieve specific S frequencies. Through
simulations and analytical calculations, we show that intermediate target S frequencies might
be elusive, akin to maintaining a raft’s position within a waterfall, rather than above or below
it. This challenge arises because intra-collective selection, favoring F during growth, is the
strongest at intermediate S frequencies, which can overpower counteracting inter-collective
selection effects. Achieving low target S frequencies is consistently possible as expected, but
high target S frequencies require an initially high S frequency — similar to a raft that can
descend but not ascend a waterfall. The range of attainable target frequencies is significantly
influenced by the initial population size of the collectives, while the number of collectives
under selection plays a less critical role. In scenarios involving more than two types, the
evolutionary trajectory must navigate entirely away from the metaphorical ‘waterfall drop.’
Our findings illustrate that the strength of intra-collective evolution is frequency-dependent,
with implications in experimental planning.

eLife assessment

This important study of artificial selection in microbial communities shows that the
possibility of selecting a desired fraction of slow and fast-growing types is impacted
by their initial fractions. The evidence, which relies on mathematical analysis and
simulations of a stochastic model, is convincing. It highlights the tension between
selection at the strain and the community level. This study should be of interest to
researchers interested in ecology, both theoretical and experimental.
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Introduction

Microbial collectives can carry out functions that arise from interactions among member species.

perform artificial selection (directed evolution) on collectives: Low-density “Newborn” collectives
are allowed to “mature” during which cells proliferate and possibly mutate, and community
function develops. “Adult” collectives with high functions are then chosen to reproduce, each
seeding multiple offspring Newborns. Artificial selection of collectives have been attempted both
in experiments (5(2-19%) and in simulations (20 2 -30 ), often with unimpressive outcomes.
One of the major challenges in selecting collectives is to ensure the inheritance of a collective
function (31, 32 ). Inheritance can be compromised when genotype and species compositions
change from a parent collective to offspring collectives. During maturation of a collective,
genotype compositions within each species can be altered by intra-collective evolution, while
species compositions can be shifted by ecological interactions. Furthermore, during reproduction
of a collective, genotype and species compositions of offspring can vary stochastically from those
of the parent.

Here, we consider the selection of collectives of two types with different growth rates to achieve a
taget composition in the Adult collective. Earlier work has demonstrated that nearly any target
species composition can be achieved when selecting communities of two competing species with
unequal growth rates (242, 33(%), so long as the shared resource is depleted during collective

growing species was preserved due to stochastic fluctuations in species composition during
collective reproduction. Eventually, both species evolved to grow sufficiently fast to deplete the
shared resource during collective maturation, and evolution in competition coefficients then acted

Here, we mathematically examine the selection of target type compositions in two-type collectives
when nutrient is always in excess. This allows us to analytically examine the evolutionary tipping
point between intra-collective and inter-collective selection. We show that this tipping point
creates a “waterfall” effect which restricts not only which target compositions are achievable, but
also the initial composition required to achieve the target. We also investigate how the range of
achievable target composition is affected by the population size in Newborns and the total number
of collectives under selection. Finally, we show that the waterfall phenomenon extends to systems
with more than 2 types.

Results and Discussions

We start with selecting for a target composition in collectives of fast-growing F and slow-growing S
types. We show that intermediate F frequencies or equivalently, intermediate S frequencies, are
the hardest targets to achieve. We then show that similar conclusions hold when selecting for a
target composition in collectives of more than two types. We mainly describe in terms of F
frequency f'= F/(S + F), which is related to S frequency s=1 - f.
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A selection cycle

A selection cycle (Fig. 1) starts with a total of g Newborn collectives. We consider two genotypes
- slow-growing type (S) and fast-growing type (F), with S mutating to F at a rate y. At the beginning
of cycle k (t = 0), a collective has a fixed total cell number ~ = s{, + 7, where s¢,and r% denote the
numbers of S and F cells in collective i (1 < i< g) at time ¢ (0 < t < 7) of cycle k. The average F
frequency among the g Newborn collectives is 7.., such that the initial F cell number in each
Newborn is drawn from the binomial distribution Binom Ve, 7.,).

Collectives are allowed to grow for time 7 (‘Maturation’ in Fig. 12). During maturation, S and F
grow at rates r and r + w (w > 0), respectively. If maturation time 7 is too small, matured collectives
(“Adults”) do not have enough cells to reproduce g Newborn collectives with N cells. On the other
hand, if maturation time 7 is too long, fast-growing F will take over. Hence we set the maturation
time 7 = In(g + 1)/r, which guarantees sufficient cells to produce g Newborn collectives from a
single Adult collective.

At the end of a cycle, the Adult with the highest function is chosen to reproduce g Newborn
collectives each with Nj, cells (‘Selection’ and ‘Reproduction’ in Fig. 1 ). This allows us to employ
the simplest version of the extreme value theory, and in our case, choosing top 1 outperforms a
less stringent “choosing top 5%” selection regime. Collective function is dictated by the F frequency
f, and is maximized at the target value 7. Thus among all Adult collectives, the chosen Adult has F
frequency f * closest to the target value 7. For the next cycle, the number of F cells in Newborns
follow a binomial distribution with the mean value Nyf *. By repeating the selection cycle, we aim
to achieve the target composition ;.

The success of collective selection is constrained by the target

composition, and sometimes also by the initial composition

Since intra-collective selection favors F, we expect that a higher target ; (a lower target $) is easier
to achieve. Note that once a target frequency is achieved, inter-collective selection is always
required to maintain that frequency due to the fitness difference between the two types.

We fixed Nj,the total population size of a Newborn, to 1000, and obtained selection dynamics for
various initial and target F frequencies by implementing stochastic simulations (Sec. 1@ in
Supplementary Information). If the target value is high (e.g. j =09, Figure 2a™ magenta), selection
is successful in the sense that the absolute error d between the target frequency 7 and the selected
frequency averaged among independent simulations (f *) is smaller than 0.05 (i.e = (") - /| < 0.05
computed absolute errors are shown in Supplementary Information Fig. S3). F frequency of the
chosen collective eventually converges to the target value and stays around it, regardless of the
initial frequency. In contrast, without collective-level selection (e.g. choosing a random collective
to reproduce), F frequency increases until F reaches fixation (Supplementary information Fig.

S4b @).

In contrast, an intermediate target frequency (e.g. /=05 Fig. 2b (@ green) is never achievable. High
initial F frequencies (e.g. 0.6 and 0.95) decline toward the target, but stabilize at an “higher-
threshold” (fH ~ 0.7, solid line segment in Fig. 2a-c%) above the target. Low initial F frequencies
(e.g. 0) increase toward the target, but then overshoot and stabilize at the fH value.

If the target frequency is low (e.g. 7 = 0.1 Fig. 2c red line), artificial selection succeeds when the
initial frequency is below a “lower-threshold” (£, dashed line segment in Fig. 2a-c?). Initial F
frequencies above f (e.g. 0.45 and 0.95) converge to fH instead. Initial F frequencies near f~
display stochastic trajectories, converging to either fH or the target.
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Fig. 1.

Schematic for artificial selection on collectives.

Each selection cycle begins with a total of g Newborn collectives (black open circles), each with N, total cells of slow-growing
type (S, red-colored dots) and fast-growing type (F, blue-colored dots). During maturation (over time 7), S and F cells divide at
rates r and r + w (w > 0), respectively. S mutates to F at rate y. In the selection stage, the Adult collective with F frequency f
closest to the target composition f is chosen to reproduce g Newborns for the next cycle. Newborns are sampled from the
chosen Adult (yellow star) with Ny cells each Newborn. The selection cycle is then repeated until the F frequency reaches a
steady state, which may or may not be the target composition. To denote a quantity x of i-th collective in cycle k at time t (0 < t
<7), we use notation «; where x € {S, , s, f}. Note that time t = 0 is for Newborns and t = tis for Adults.
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Fig. 2.

Initial and target compositions determine the success of artificial selection on collectives.

(a-c) Mutant frequency of the selected Adult collective (f *) over cycles. The target frequency  is marked as a dotted line,
while £ (black solid line) and ' (black dashed line) delineate boundary values that define the region of successful selection.
a A high target F frequency (f = 0.9 > /¥ ; magenta dotted line) can be achieved from any initial frequency (black dots). b An
intermediate target frequency (f* < f = 0.5 < /" ; green dotted line) is never achievable, as all initial conditions converge to
neaer . ¢ Alow target freqeuncy (f = 0.1 < /%) is acheiveable, but only from initial frequencies beIowa. For initial
frequencies ath, stochastic outcomes (grey curves) are observed: while some replicates reached the target frequency, other
reachede. For parameters, we used wildtype growth rate r = 0.5, F growth advantage w = 0.03, mutation rate ¢ = 0.0001,
maturation time 7= 4.8, and Ny = 1000. The number of collective g = 10. Each black line is averaged from independent 300
realizations. d Two accessible regions (gold). Either high f (region 2) or low f starting from low initial f (region 1) can be
achieved. We theoretically predict (by numerically integrating Eq. 1) the boundaries of success regions, f (black solid line)
and f! (black dashed lines), which agree with simulation results (gold regions). e Example trajectories from initial
compositions (black dots) to the target compositions (dashed lines). The gold areas indicate the region of initial frequencies
where the target frequency can be achieved. f The tension between intra-collective selection and inter-collective selection
creates a “waterfall” phenomenon. See the main text for details.
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In summary, two regions of target frequencies are “accessible” in the sense that a target value in
the region can be maintained once reached; gold in Fig. 2d, e @): (1 @) target frequencies above

7r Fro <.

Intra-collective evolution is the fastest at intermediate

F frequencies, creating the “waterfall” phenomenon

To understand what gives rise to the two accessible regions, we calculated how the distribution of
F frequency fmight change after one cycle. We consider the case where f;, the F frequency of the
selected Adult at cycle k, is above the target value (s; > /). This case is particularly challenging
because intra-collective evolution favours fast-growing F and thus will further increase faway
from the target. From f;, Newborns of cycle k + 1 will have ffluctuating around f;, and after they
mature,in F frequency over one cycle, the minimum fis selected (£, = £ If the selected
composition at cycle k + 1 can be reduced compared to that of cycle k (i.e. fi;: < f7), the system can
evolve to the lower target value.

Mathematically, the conditional probability distribution ¥ of fi;. (the F frequency of the selected
Adult at cycle k + 1 being f) given the selected f; at cycle kis

f
Y(fin =115 = 9Pres, (F155) [1 - / A Pp (117
0
i

Equation 12 can be broken down into two parts: (i) ¢9#s....(fI#) describes that any one of the g
collectives must achieve f, where 7y, .(fIfi) denotes the probability of an Adult (¢ = 7) in cycle k + 1
achieving fgiven f;. (i) [1-f/ap....c10]" " describes that the remaining g - 1 collectives must all
achieve a frequency above f(and thus not selected). Pr.... (/') is calculated by integrating across ¢
the term Pr.(¢l5) (the probability density of fi.1 o of a Newborn in cycle k + 1 achieving { given
f+) multiplied by the term Py, . (7'lfi+10 = ¢) (the probability density of an Adult achieving f' given

Newborn’s frequency ¢, see Methods).

When we approximate the Adults’ fin cycle k + 1 as Guassian with mean j(r) and variance (),
we can obtain an analytical solution of the change in fover one cycle - the difference between the
median value of the conditional probability distribution ¥ (f;,./f:) and the selected frequency of

Median{¥(fiy1 | f)]— % = Fr)+ {v'(%)} or(n)-f2 2]
where
7 B+t -Rie™ =1
= = . 3
IO = e T B - e =D [3]
and
0'2(7) = 1 x [4]
i - T—fr 3
Noerm (1= f) + freom + M55 (eor — 1)
[(1 _ fi)z (f}:(l _ f;)e(wrmr + f,:exf(e(,,“), —1)
(L= D) (25 o e, T
S —r”s))

+(fiem + B - e - )’
X (L= F)e7 + (L= f)(ET = D).

e is Euler’s number (2.71828...), and @ 1(...) is an inverse cumulative function of standard normal
distribution. For those unfamiliar with ®1(...), y = ® 1(x) (where 0 < x < 1) is the number such that
the probability of a standard normal random variable being less than or equal to y is x (e.g. 0 =
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collectives under selection), 7 (maturation time), 4 (mutation rate), r (growth rate of the slow-
growing S type), and w (growth advantage of F over S). Equation [2] 2 has the same shape as

F frequency can be reduced if the selected f; is low or high, but not if it is intermediate between f
L and fH (Fig. 3a ). Increase in fduring maturation is the most drastic when Newborn fis around
0.5 (Fig. 3b (@ blue). This is intuitive: when Newborn f'is low, the increase will be minor; when
Newborn fis high, the fitness advantage of F over the population average is small and hence the
increase is also minor. Thus, when Newborn F frequency is intermediate, inter-collective selection
may not be able to counter intra-collective selection (Fig. 3b @).

Not surprisingly, similar conclusions are derived where S and F are slow-growing and fast-
growing species which cannot be converted through mutations (Sec. 3@ and Fig. S7& in
Supplementary Infomation).

Overall, inter-collective selection is akin to a raftman, rowing the raft to a target, while intra-
collective selection is akin to a waterfall. This metaphore is best understood in terms of S
frequency s = 1 - f. Then, the lower-threshold f* corresponds to higher-threshold in s7 =1 - fL,
while higher-threshold £ corresponds to lower-threshold in s” = 1 - f . Intra-collective selection
is akin to a waterfall, driving the S frequency s from high to low (Fig. 2f 2). Intra-collective
selection acts the strongest when s is intermediate (s” < s < s), similar to the vertical drop of the
fall. Intra-collective selection acts weakly at high (> s™) or low (< s) s, similar to the gentle sloped
upper and lower pools of the fall (regions 1 and 2 of Fig. 2d, fZ and Fig. 3a®). Thus, an
intermediate target frequency can be impossible to achieve - a raft starting from the upper pool
will be flushed down to s’ (Ff), while a raft starting from the lower pool cannot go beyond s” (f ).
In contrast, a low target S frequency (in the lower pool) is always achievable. Finally, a high target
S frequency (in the upper pool) can only be achieved if starting from the upper pool (as the raft
can not jump to the upper pool if starting from below).

Manipulating experimental setups to

expand the achievable target region

Variation among collectives is a key element for successful selection. Here, variation among
collectives originates from the stochastic nature of growth and mutation during collective
maturation, and of sampling effects during collective reproduction. From Eq. [4] 2, the variance
of fat time 7 (o3(m) scales with ~;'. Indeed, as Newborn size N declines, the region of acheivable
of target frequency expands (larger gold area in Fig. 4a(@). If the Newborn size N, is smaller than
~700, any target frequency can be reached when other parameters are fixed.

The number of collectives g also affects the selection outcomes. With more collectives, the chance
to find a f'closer to the target is more likely. Thus, a larger number of collectives broadens the
region of success (Fig. 4b2). However, the effect of g is not dramatic. To see why, we note that the
only place that g appears is Eq. [2] 2 in the form of +~'(}) - v« . When g becomes large, ® 1(1/g) is
asymptotically expressed as #'(1/g) ~ -/2mg— g + - (Sec. 22 in Supplementary Information)

(34 @). Thus, ¢(g) does not change dramatically as g varies.

The waterfall phenomenon in a higher dimension

In contrast to the above two-type case where the evolutionary trajectory travels along a one-
dimensional line from the initial frequency to the final frequency, in a three-type case the
trajectory travels in a two-dimensional plane. To examine the waterfall effect in a higher
dimension, we investigate a three-type system where a faster-growing type (FF) grows faster than
the fast-growing type (F) which grows faster than the slow-growing type (S) (Fig. 5a @ and Sec.
6 in Supplementary Information). In this system, a target type composition can be achieved if
inter-collective selection reduces the frequencies of F as well as FF (accessible region, gold in Fig.
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Intra-collective selection and inter-collective selection
jointly set the boundaries for selection success.

a The change in F frequency over one cycle. When {5 is sufficiently low or high, inter-collective selection can lower the F
frequency to below fi . The points where Median (fi+1)=fi are denoted ast and fH, corresponding to the boundaries in
Fig. 2% . b The distributions of frequency differences obtained by 1000 numerical simulations. The cyan, purple, and black
box plots indicate the changes in F frequency after intra-collective selection during maturation, after inter-collective selection,
and over one selection cycle, respectively. The box ranges from 25% to 75% of the distribution, and the median is indicated by
a line across the box. The upper and lower whiskers indicate maximum and minimum values of the distribution. ***: p <
0.001 in an unpaired t-test.
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Expanding the success region for artificial collective selection.

a Reducing the population size in Newborn Ny expands the region of success. In gold area, the probability that fi+1 becomes
smaller than fi in a cycle is more than 50%. We used g = 10 and t = 4.8. Figures 22 -3 correspond to Ny = 1000. b
Increasing the total number of collectives g also expands the region of success, although only slightly. We used a fixed
Newborn size Ny = 1000. The maturation time 7 (t = log(100)/r) is set to be long enough so that an Adult can generate at least
100 Newborns.
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5b ). Strikingly, a target composition in an accessible region may not be achievable even when
the initial composition is within the same region: once the composition escapes the accessible
region, the trajectory cannot return back to the accessible region (Fig. 5biii 3, the leftmost initial
condition). However, if the initial position is closer to the target in the accessible region, the target
becomes achievable (Fig. 5biii 2, initial condition near the bottom).

In conclusion, we have investigated the evolutionary trajectories of type composition in collectives
under selection, which are governed by intra-collective selection (which favors fast-growing types)
and inter-collective selection (which, in our case, strives to counter fast-growing types). Intra-
collective selection has the strongest effect at intermediate frequencies of faster-growing types,
potentially creating an inaccessible region analogous to the vertical drop of a waterfall. High and
low target frequencies are both accessible, analogous to the lower- and the upper-pools of a
waterfall, respectively. A less challenging target (low $)is achievable from any initial position. In
contrast, a more challenging target (high $) is only achievable if the entire trajectory is contained
within the region, similar to a raft striving to reach a point in the upper-pool must start at and
remain in the upper pool. Our work suggests that the strength of intra-collective selection is not
constant, and that strategically choosing an appropriate starting point can be essential for
successful collective selection.

Materials and Methods

Stochastic simulations

A selection cycle is composed of three steps: maturation, selection, and reproduction. At the
beginning of the cycle k, a collective i has s, slow-growing cells and r{} fast-growing cells. At the
first cycle, mean F frequency of collectives are set to be 7.. 72 is sampled from the binomial
distribution with mean ~of,,. Then, si=~-£%) S cells are in the collective i. In the maturation step,
we calculate s¢. and # by using stochastic simulation. We can simulate the division and mutation
and b @ in Supplementray Information). However, individual-based simulation requires a long
computing time. Instead, we randomly sample s and =% from the probability distribution re@. 7
. To obtain rs2.#2), we solve the master equation which describes a time evolution of probability
distribution, rsf. 72 under the random processes (see Sec. 1@ in Supplementary Information).
We assumed that rs(.72) follows the Gaussian distribution. The mean and variance of the
distribution are numerically obtained from ordinary differential equations which is derived from
the master equation (see Sec. 1@ in Supplementary Information). We choose the collective with
the closest frequency to the target . The selected collective generates g Newborns. The number of
F cells is sampled from the binomial distribution with the mean of MNo/;. We start a new cycle with
those Newborn collectives. Then, the number of S cells in a collective iis s, ,=~No-F2,,

Analytical approach to the conditional probability

The conditional probability distribution ¥ ¢7,.17;) that we observe /i, at a given /f; is calculated
by the following procedure. Given the selected collective in cycle k with f;, the collective-level
reproduction proceeds by sampling g Newborn collectives with Ny cells in cycle k +1. Each
Newborn collective contains certain F numbers =%, .72, at the beginning of the cycle k + 1,
which can be mapped into 7%, . 7%, with the constraint of Ny cells. If the number of cells in the
selected collective is large enough, the joint conditional distribution function »(s..-- #2..%) is well
described by the product of g independent and identical Gaussian distribution . #(u, 6%). So we

Juhee Lee et al., 2024 eLife. https://doi.org/10.7554/eLife.97461.1 9 of 40


https://doi.org/10.7554/eLife.97461.1

a b Evolutionary trajectories of the type composition
Three-type system

Reactions Rates

SO—00r
#
FO—0® "w
¥
FF@—O0® 2w

Intra-collective selection

Fig. 5.

In higher dimensions, the success of artificial selection requires the
entire evolutionary trajectory remaining in the accessible region.

a During collective maturation, a slow-growing type (S) (with growth rate r; dark red) can mutate to a fast-growing type (F)
(with growth rate r + w; blue), which can mutate further into a faster-growing type (FF) (with growth rate r + 2w; purple).
Here, the rates of both mutational steps are y, and w > 0. b Evolutionary trajectories from various initial compositions (open
circles) to various targets. Intra-collective evolution favors FF over F (vertical blue arrow) over S (horizontal blue arrow). The
accessible regions are marked gold (see Sec. 1% in Supplementary Information). We obtain final compositions starting from
several initial compositions while aiming for different target compositions in i, ii, and iii. The evolutionary trajectories are
shown in dots with color gradients from the initial to final time. (i) A target composition with a high FF frequency is always
achievable. (ii) A target composition with intermediate FF frequency is never achievable. (iii) A target composition with low FF
frequency is achievable only if starting from an appropriate initial composition such that the entire trajectory never meanders

Juhee Lee et al., 2024 eLife. https://doi.org/10.7554/eLife.97461.1 10 of 40


https://doi.org/10.7554/eLife.97461.1
https://doi.org/10.7554/eLife.97461.1

7 eLife

consider the frequencies of g Newborn collectives as g identical copies of the Gaussian random
variable fy.4 0. The mean and variance of fy,q o are given by = f¢ and «* = 20— £2)/No. Then, the
conditional probability distribution function of f;.1 o being {'is given by

Py o €10 = Sz exp (—“2’0 ;‘)2> : )

After the reproduction step, the Newborn collectives grow for time 7. The frequency is changed
from the given frequency ¢ to fby division and mutation processes. We assume that the frequency
fof an Adult is also approximated by a Gaussian random variable ~7.-3). The mean 7(r) and
variance -3 are calculated by using means and variances of S and F (see Sec. 2(% in
Supplementary Information.) Since 7(r) and <= also depend on ¢, the conditional probability
distribution function of f;,; , being fis given by

7 2
Phgs,r 10 = = ex (—“ >3 ) ]

The conditional probability distribution of an Adult collective in cycle k + 1 (.1 ;) to have
frequency fat a given i is calculated by producting two Gaussian distribution functions and
integrating overall { values, which is given by

.
I’fm,(flfi)=/ dC Py (F10) Prpr o €FD). [7)
0

Since we select the minimum frequency 7% among g identical copies of f; 1 ;, the conditional
probability distribution function of % follows a minimum value distribution, which is given in
Eq. [1] 2. Here, For the case of /<, the selected frequency /i;. is the minimum frequency /% So
we have ¥(5;.,157) by replace 71 to fin

We assume that the conditional probability distribution in Eq. [7]& follows a normal distribution,
whose mean and variances are describe by Eq. [3] @ and Eq. [4] 2. Then, the extreme value
theory (38(%) estimates the median of the selected Adult by

Median(f,) =7 + [#7 (2] 750 3

Data and source code availability

Data and source code of stochastic simulations are available in https://github.com/schwarzg/artificial
_selection_collective_composition %
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Supplementary Information

1. Stochastic simulation for the evolution of collective function

In the main text, we design a simple model of artificial selection on collectives. The collectives are
composed of two genotypes, slow-growing (S) and fast-growing (F) genotypes. We start with g
‘Newborn’ collectives and each collective i (i = 1, ..., ) has s S cells and #? F cells. The index k is a
cycle number and ¢ is time indices where 0 < t < 7. At the beginning of cycle k (¢ = 0), any collective
has a fixed total cell number ~-s¢+£%. The collectives are allowed to “mature” for t = 7, where S
and F populations grow at rates of r and r + w, respectively. S cells also mutate to F cells at a rate of
u per cell, and the back mutation from F to S is ignored. After maturation, we choose the collective
with F frequency the closest to the target value f, and the chosen collectiv e“reproduce” g
newborn collectives each with Nj, cells for the next cycle.

Maturation

In this subsection, we ignore the cycle number index k and collective index (i) in convenience. So
we denote S(t) and F (f) as representative notations of s, and £, respectively. The initial S and F
cell numbers in a Newborn collective are s, and 3. We consider mutation that is beneficial to
grow (w > 0).

We consider the population growth of S(¢) and F (t) as a stochastic process. We use P (S, F, t) to
denote the probability to have S S cells and F F at time t from the beginning of a cycle. Birth and
mutation events stochastically happen which are represented by the three chemical reaction

rules:
s I 548, (1]
F ﬁ F+F, 2]
s %4 F [3]

where S and F denote individual cells of a S type and a F type, respectively. The reaction rules can
be simulated via tau-leaping algorithm (7 @, 2), but the individual-based simulation requires
long simulation times to get enough results. Hence we go over probability distribution P (S, F, t) to
sample compositions instead of tracking all events that occurred in individual collectives. First, we
calculate the distribution P (S, F, t) analytically, and then sample numbers of S and F cells from this
distribution at the end of cycle ¢ = 7. Below, we describe the derivation of P (S, F, t).

The master equation of P (S, F, t), which follows reaction rules £q. [1 % -3](3, is given by

dP(S, F,t)

= = r(S—1P(S—1,Ft) 4]

+(r +5)(F = )P(S, F = 1,1)
+u(S+1)P(S+1,F - 1,t)
—(rS+ (r + s)F + pS)P(S, F,t).

Here, dt is small such that at most one cell birth or mutation event could occur. The first term
describes the scenario where a single birth event of a S cell happens during time interval [¢, ¢ + dt),
which changes the collective’s composition from (S -1, F) to (S, F). Similarly, the second term comes
from a birth event of a F cell. The third term indicates the mutation event. The last term
corresponds to the outflow of probability density by birth and mutation processes, which induces
the changes in composition from (S, F) to others.
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Calculating the exact form of P (S, F, ¢) is not simple. Instead, we consider the probability
distributions of S(t) and F (¢) at time t. We assume that the mutation rate is much smaller than the
growth rates, and hence the correlation between S and F is sufficiently small. Then, P (S, F, t) ~ P
(S, )P (F, t). The distributions of S and F can be approximated as Gaussian (-4), which is supported
by the Central Limit Theorem and Figure S1 (note the concordance between the blue and green
distributions). That is, the probability distribution P(s, F, )~ N'(S(®)[S(t), 0% (£))N (F(H)[F(t), o2 (t)) .

The means are defined by s1) =5, > 5, sP(s,Ft and F) = Y5, S5, FP(S,Ft) The differential

equations for means are obtained by applying the definition to the master equation in Eq. [4] 2
as

rS(t) - uS(), 5

= (r+s8)F(t)+ pS(t). [6]

We assume that the mutation rate u is very smaller than r and w. By solving Eq. [5] % and Eq.
[6] %, the means S() and F() are given by

5(t) = Foe(rf”)t ~ 5., [7]
F(t) = Foelr+ot 4 p,_?o (e(r+s)t _e(r—u)t) ~ FoelmHot 4 M_go(e(ms)t _ert)l 8]
s+p s :
where 5, =5(0) and F.=F(o)are the mean number of S and F cells at the beginning of cycle t =0

Note that the second term of Eq. [8] & is consistent with the studies on the distribution of the
number of F cells starting from S, S cells (3).

We define the second momenta of S and F as

S?P(S, F,t), 19]

@l
M
M

P
s
=
I's

F2P(S, F,t). [10]

R
Me
M

w
1
3
~
Il
°

Then, corresponding differential equations are given by

iz

- = 2Ar- w82 + (r + )5, [11]

= 2(r+8)F2 4+ (r +s)F + 2uSF + uS. [12]

The solution of Eq. [11] &2 is

T+/¢

B(t) = B, [l 1] X 4 R e [13]

~ SZe¥t 4+ 5,et (e - 1), [14]
where 52 =32 is the second moment of initial values . Thus, the variance o%(t) = 52(t) — [S(1))*
o5(t) = 05 0e"" + Soe (™ — 1), [15]

where o2, = ¢(0) is a variance of S cell numbers at the beginning of cycle t = 0. In Eq. [12] &2, we
require SF(t) =X o, L, SFP(S F#) to calculate 72(t). The master Eq. [4] &2 provides a differential
equation for 5F7(t) as

dSF

7 = (2r+s— p)SF + p(S2 - S). [16]
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The solution of Eq. [16] & is given by

SF(t) = SFe®rt [17)
+§(§2‘o + o) (et — ety

_ 2u§n (8(27~+.~;)t _ e"').
T+

By using Eq. [17] 2, the solution of Eq. [12] @ is given by

F2(t) = FZoe®9t £ Foel (et — 1) [18]

1S, ( 28 a(r4s)t _ (r+o)t T m)
s \re2s® = * +2s°

4 Z}LiT()e[r+s)t(e(r+s)t —e

+O(4%),

where 72=7(0) is the second moment of initial values . Thus, the variance o2 () = F2(t) - [F(t))* iS
given, up to the order of y, by

0h(t) = 0Bee? T L FoertIt (eIt ) [19]
+uSa ( 2s 2t _ et T ert)
s r+2s r+2s

g Zu(ﬁu; SoFo) (T (gt _

&)

+O(u?).

Using Eq. [72,8#,15,19 ], we construct Gaussian distribution functions for S(t) and F (¢),

F(t), N(8|S(r),0%(r)) and N(F|F(r),0%(7)). Then, numbers of S cells and F cells are randomly sampled
from each distribution: S (7) from ~(s|5(r).0%(r)) and F( ) from ~(F|F(r),0%(r)) . This process requires
only two sampling steps for each collective.

Selection

After the maturation step is finished in cycle k, we compute the frequencies of the F cells in each
collectives .-~y where we denote the frequency of collective i at time ¢ = 7in cycle k as 7, . We
select one frequency which is the closest value to the target frequency ;. The frequency selected at
the cycle k is denoted by f7. In mathematical expression, the selected frequency is

fi = argminf;,)iﬂgn'm o \fé‘z —fl. [20]

Reproduction

We divide the selected collective into g Newborn collectives. We sample #?,,F cells from the
selected collective for the Newborns in the next cycle k + 1. The exact description of reproduction
step is described by consecutive sampling without replacement from the selected collective. Then
the joint probability distribution r,,.--- .72, follows a multivariate hypergeometric distribution.
The selected collective is assumed to have S; S cells and F; F cells. If the size of selected collective
Ni = S; + Fy is large enough, the consecutive sampling is approximated to the independent
binomial sampling (see Fig. S2@). Thus, we independently sample g numbers of F cells,
{(FQ 0 F2, 0}, from the binomial distribution. The probability mass function of #2,, is given by
Pooy (F) = ey ()7 (1= )0 21
After the sampling, the numbers of S cells are set to be s, - ~%-£2,, for each collective. These
Newborn collectives start the maturation in the next cycle.

Simulation Result

In the main text, we simulate artificial selection by using stochastic simulation. In Fig. S3 &, we
draw the absolute error d between the target frequency ; and () (ce. a=|(s*) - f)) at the end of
simulations (1000 cycles). In the colormap, errors higher than 0.15 are marked with gray, which
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Comparison between the calculated Gaussian distribution (“Gauss”, with the mean and variances computed from Eq.
[72,8(2,15(%,19%]) and simulations using tau-leaping (“tau”) and sampling (“samp”) methods. The simulations run 500
times. The initial number of cells are 55 = 200 and Fy = 800. The parameters are r = 0.5, w = 0.03, 4 = 0.0001, and 7= 4.8.
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indicates the failure of selection. The dashed lines indicate the same boundary in Fig 2d & in the
main text.

Figure S4 2 presents the composition trajectories of all collectives using tau-leaping algorithm.
The selected collectives have the closest compotisition to the target composition j at the end of
each cycle. The selected collective can have smaller frequency than its parent collective, so the
composition can be lowered after cycles.

2. Conditional probability distribution

of the selected collective frequency f *

Since maturation and reproduction are stochastic processes, the frequency fi;: of the selected
collective at cycle k + 1 starting from f; is also described by the probability distribution. In this
case, fi.: depends on fi, and the distribution of £, follows the conditional probability
distribution ¥(fi.1/7). Below, we describe calculation of the conditional probability distribution
Vil fi).

We focus on the situation where the change of frequency in the selection step has the opposite
direction of the maturation step. That means the target frequency ; is smaller than f;, and the
collective with the smallest frequency will be selected among g Newborn collectives. We can
calculate the probability distribution of the Newborn collectives’ frequencies at the end of cycle k
+1 by using Eq. [7 2,8 2,152,192 ] and Eq. [21] . Then, we obtain a distribution of the
minimum value among g copies of the collectives. The minimum value distribution is the
conditional probability distribution ¥(fi.[/7).

Let us start the calculation from the reproduction step at the end of cycle k. The probability
distribution of the F cell numbers in Newborn collectives is given in Eq. [21] (2. If the total number
of cells in a Newborn collective N, is large enough, Eq. [21] 2 is approximated by the Gaussian
distribution £2,,~~mfi. 520 - 2)%). Then, the probability density function that 5., to be {in Newborn
collective i is

VNo

By, CUF0) = s I

The Newborn collective i maturates in cycle k + 1 with the initial cell numbers s{?,,=M0-¢ and
rY..=N¢. Since all Newborn collectives are independent and identically distributed, we can drop
the superscript (i) for simplicity. We can express S(t) and F (t) based on Eq. [7%2,8(2,15%,19Z] as

S(t) = S(t) + as(t)Gs(t), [23]
F(t) = F(t) + ar(t)Gr(t), (24]

where Gg (t) and G (t) are random variable following the standard distribution .40, 1 ). Here
we ignore cycle index k + 1 in subscription for convenience. Then, we can approximately write f (t)
as

F(t) + or(t)Gr(t)
S5(t) + os(t)Gs(t) + F(t) + or(t)Gr(t)
FO) +0r )Gy (t). [2r

@ ~

Q

The mean of fis given by

) Cet +E(1-Q) (" 1)

0 (t _
1= S P~ T=Crten +EQL-Oe — 1)’

26]
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Fig. S2.

Comparison between consecutive sampling and independent binomial sampling. A parent collective is divided into 10
collectives. The histogram labeled with ‘MHG' is the probability mass function of F of the fifth collective sampled via
multivariate hypergeometric distribution. The independent binomial sampling is labeled with ‘BN’. The initial numbers of
cells are S =8000 and F = 2000 for the left panel, and S = 20 and F = 5 for the right panel. 10000 samples are drawn for each

distribution.
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Fig. S3.

Color map of the absolute error d = [(f*) - f| between frequency (f*) of the averaged selected collectives at the end of
simulations (k = 1000) and the target frequency 7 . The dashed lines are drawn by the arguments in the main text. For

parameters, we used r = 0.5, w = 0.03, 4 = 0.0001, Ny = 1000, g = 10 and T = 4.8.
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Fig. S4.

a Trajectories of F frequency for 10 collectives (g = 10) over time. The collective whose frequency is closest to the target value
is selected in every cycle (black lines). The gray lines denote the other collectives. For parameters, we used S growth rate r =
0.5, F growth advantage w = 0.03, mutation rate y = 0.0001, maturation time t= 4.8, and Ny = 1000. b Comparison between
frequency trajectories with (black) and without (blue) selection clearly shows the effect of artificial selection. The black line
indicates F frequency of the selected collective fi at each cycle in a. The blue line indicates the average trajectory without
selection 7xs (the average of g = 10 individual lineages without collective-level selection at the end of each cycle).
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and the variance is

(1= F($)*0k ) + F(t)*0%(t)
N(t)?

1
- x

Noert (1= ) + Cest + BU=C) (gst — 1))"

2 [ st (rts) #A=Q) (28 (e2et _ s r
[(1_0 (<£ (et -1+ s (r+25€ ’ _et+r+25))

aft) = [27]

# (e + a0 -n) a-oe - ).

The average size of collectives is N(t) = S(t) + F(t). In terms of a probability distribution, a random
variable that a Adult’s F frequency f (7) = f; follows the Gaussian distribution ~(7,,+%) whose the
probability density function is given by

T

Varos,

E:

e

Py (fIO) = 28]
With indices of cycle k and k + 1, the conditional probability that a offspring collective has
frequency fafter the maturation in cycle k + 1 from the parent frequency j; is

1
Py (F157) = / dC Pryy (F10) Pro o (CLFD)- (29]

After maturation in cycle k + 1, the collective with the smallest frequency 73 is selected among g
Adult collectives. The probability distribution function of sis obtained by the extreme value
statistics (4 @). The cumulative distribution function of the minimum value s is given by

Copy (f175) = Problfii < f1£7]

o
|
g
2
E
3
\"2
=
=

maturation (time 7) in cycle k + 1 have frequencies greater than or equal to f. Frequencies are
independent and identically distributed, and thus Cs;(15) =1 - [Prob(fiss- 2 NIf)* . Note that Prob
Ussrr 2 1151 = 0} & P, (P15 = 1= J & Proc (F150=1 - Cr,o, . G110), @and Eq). [30] &3 becomes

Cf,‘é“i‘; (Flfe) =1—Q = Cpp,  (FIf5))°. [31]

Then, the probability density function w(fi,.|f:) is obtained by differentiating Eq. [31] & with
respect to fand replacing f — fi.1,

(S lfit) = 91 = Crpy,, (Fmal )™ Pry - (Figa | 52). 32]

We compute the probability density function [32] by using numerical integration and compare it
with the stochastic simulation results in Fig. S5 . Both distributions agree with each other.

To get the analytic approximation of the median of Eq. [32] @2, we assume that the F frequency
distribution of Adult collective is Gaussian form. Thus, instead of calculating marginal probability
with { variable as in Eq. [29] @2, we only calculate the mean 7(r) and variance «%(r), from
Newborn’s frequency distribution of N(f;, fi(1 - f2)/No):
- T(r) fieT + B(1— f)(eT 1)

0= 5o+ o)~ T-fi+ feer + 50— Jer '

[33]

o3r) = s x [34]

Noerr (1= ) + fpeer + 202 e — 1))4

[(1 Ry (f):(17fl:)e(r+25)7+f’:es’r(e(r+s)’r Yo p(1 :f;:) (T 25{) erH2e)r _ger T )) :

+2s T+2s

+ (e + B - e - ) (i - e + 0= e - 1))]

which are Eq. [3] 2 and Eq.[4] in the main text, respectively.
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Fig. S5.

The probability density functions of the selected collective’s frequency fi,:with the offset of f ¥ The blue distribution is
obtained using 300 stochastic simulation results. The orange distribution represents Eq. [32] @ computed by numerical
integration. The median values of the distributions are shown in Fig. S3a in the main text.

Juhee Lee et al., 2024 elife. https://doi.org/10.7554/eLife.97461.1 20 of 40


https://doi.org/10.7554/eLife.97461.1
https://doi.org/10.7554/eLife.97461.1

7 eLife

We note that +? is proportional to ;" . The variances in Eq. [15] @ and [19] @ are linearly scale
with Ny by using 5, = ~¢ and Fo = Ne(1 - ¢) from Eq. [22] 2. The mean collective size

N() = 3(t) + F(t) is also proportional to N because the average cell numbers in Eq. [7] &2 and [8] &
are linear to Ny. Thus, the scaling relation of Eq. [27] &2 is given

byo(t) = [(1 — F(0)20h(0) + F(0)203(0)]/N()? ~ No/Ng ~ 1/No.

The median (Median [(v(sz,.15) = 7 ) of Eq. [32] 2 satisfies oy (iso = 12, which means 7-c¢;', (2. If we

assume the distribution Eq. [32] @@ is the Gaussian form, the inverse function ;.. () is writen as
ol (%) =T+ [é(%)} as(o), [35)

where @’1()1) is an inverse cumulative density function (CDF) of the normal distribution with the

mean f(r) in Eq.[34] and the standard deviation of(r), a square root of Eq.[34]. Substracting f;

from Eq. [35] @ gives Eq. [2] @ in the main text.

Further, we get an asymptotic expression of ® (In 2/g) when g is large (or @ (y) with small y). We
start from the CDF of the standard normal distribution, ¢(z) = (erfc(~2/v2)/2 Where the function
erfc(x) is an complementary error function. To get the expression of @1, we need an asymptotic
expression of inverse of y = erfc(x) function (x = erfc"l(y)) as the inverse CDF & '(y) = —v2erfc ! (2y) .
Here, we introduce a method in (5&). The known asymptotic expansion of y = erfc(x) for large x is
erfc @) ~e="/2y7 . By taking logarithm in both side, we have

2~ —Iny— % Inma®. [36]

Replacing x? in the righthand side in Eq. [36] 2 into the expression itself, we get continued
logarithmic form of

1 . 1 1 .
2~ —Iny — §ln7r<flny7 §ln7r(71ny7 5111---). (37]

Inserting = erfc 1(y) (square root of Eq. [37] @) into the inverse CDF &~'(y) = —verfc ' (24), we have
-y ~V Tz . S0, the asymptotic expression of ® 1(In 2/g) is given by

fi (11172) ~—y/2Ing—In[lng] +---. [38]

9

3. Selection without mutation

When the mutation rate is zero, two genotypes behave as two distinct species. So the S
corresponds to the slower-growing species and the F corresponds to the faster-growing species.
Then, our problem is generalized to the selection of two-species collective. The compositional
change is provided by Eq. [35] @2 with setting u = 0. Corresponding 7 and -7 become

fie”

IO v g

39]

1

Noer™ (L= fz) + fres)*

[ = )7 (fr = )™ + free (™ — 1))
e (fr(1= e + (1= f)e™ = 1)],

oj(r) = [40]

Equations [39] 2 and [40] @ suggest that when a community consists of two competing species,
we obtain similar conclusions on the accessible region for target composition. The stochastic
simulation results are present in Fig. S7(%.
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4. Selecting more than one collective

In the main text, we choose one collective which have the closest frequency value to the target
among g collectives. Such ‘Top 1’ stratedgy has an advantage on applying extreme value theory
while it has potentially lose the ‘unlucky’ Adults (6 ). Such ‘unlucky’ Adults are further to the
target value than the selected one, but have possiblity to be selected in next cycle. The ‘Top tier’
stratedgy may secure the ‘unlucky’ Adult by choosing more than one collective (6 ). So we test
the ‘top-tier’ stratedgy by choosing 5 among 100 Adults with the distance from the target value in
Fig. S8 2. The top-tier stratedgy is shown to be inefficient in the two-genotype system. This is
because the system is too simple, so lower ranked Adult is lower again in next cycle.

5. Deleterious mutation

In the main text, we show the target composition can be achieved in some ranges of initial and
target values when the mutation is beneficial to growth. The same analogy can be applied even
when the mutation is deleterious. Since the F cells grow slower than the S cells (w < 0), the F
frequency naturally decreases in the maturation step. Then, the conditional probability
distribution ¥(fi,,|f;) is a maximum value distribution of Eq. [29] &. Thus, instead of Eq. [30] 2,
we look for the cumulative distribution function of the maximum value /i such that

Cppor (f1f7) = Prob[fi3 = f1fi)

Prob(fih (1) 2 ) A (G 2 H A== A FEL(0) 2 DI [41]

If all frequencies are independent and identical distributed random variables, the cumulative
distribution function becomes

Crmax (f1f%) = (Crigr,. (FIF))7. [42]

Likewise in the previous section, we get the conditional probability density function by
differentiating Eq. [42] @ with respect to fand replacing f — fi;. as

U(frsal ) = 9Chpr . (FealF)* ™ Proyy (a1 F2)- [43]

The distribution in Eq. [43] &2 is evaluated for various f; in Fig. S9a @ with numerical simulations
and the median values of distributions are presented in Fig. S9b . In the case of w = - 0.03, the
target frequency lower than around 0.3 and larger than around 0.7 can be selected. Since the sign
of w is opposite to the result in the main text, the diagram is reversed from Fig. 2d @ in the main
text.

6. Extension to the system including double-mutation

In the main text, we categorize the target frequencies based on whether the frequency change in
the maturation step can be compensated in the selection step. Here, we extend the idea into more
complex systems in order to suggest a possible generalization. We assume that collectives consist
of three genotypes with slow-growing(S), fast-growing(F), and faster-growing(FF) types. The
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Fig. S6.

Scaling relation of F frequency variance (Eq. [27] @) with Newborn collective size NO. The initial F frequency is 0.3. The
parameters are r = 0.5, w = 0.03, y = 0.0001, and T~ 4.8.
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Color map of the absolute error < = [(f*) — f| between frequency (f*) of the averaged selected collectives at the end of
simulations (k = 1000) and the target frequency 7. For parameters, we used r = 0.5, w = 0.03, y = 0, N0 = 1000, g =10 and 7 =

438.
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Comparison of selecting Top-tier 5 with Top 1. We breed 100 collectives and choose 5 collectives with the closest to the target

value.
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growth rate of S is r. Each mutation adds the growth rate with w. So the F and FF type have growth
rates with r + w and r + 2w, respectively. The mutation rate is y. So, the birth and mutation events
are written by the chemical reactions:

5 5 8+S, [44]
F ™ F4F [45]
s>0
P ppgpF [46]
>0
s 45 F [47]
F 4% FF [48]

Here, FF is an individual of a F type. We write a master equation of the processes for P (S, F, FF, t)
which is the probability to have S S cells, F F cells, and FF FF cells at time ¢.

dP(S, F, FF,t)

& = r(S—1)P(S —1,F,FF,t) — rSP(S, F, FF,t) 49]

+(r+8)(F —1)P(S,F — 1, FF,t) — (r + s)FP(S, F, FF,t)

+(r +28)(FF — 1)P(S, F, FF — 1,t) — (r + 2s)FF P(S, F, FF, t)
+u(S+1)P(S +1,F — 1, FF,t) — uS P(S, F, FF, t)

+u(F + 1)P(S, F + 1, FF — 1,t) — uF P(S, F, FF,t).

The composition of collective i in cycle k is now represented with two frequencies ('),»" ) = p{" ()
where the F frequency 2w = £ w)/(s9 @) + £ ) + FrO ) and the FF frequency

rP ) = IO 1) /(59 (1) + KO0 + FEP 1) . Then, the target composition is set to be (7,4 . The composition of the
selected Adult in cycle k is (f%, k) = p. . We apply the processes used in the above section 2 to
obtain the conditional probability ¥(pi..|pi) by using the master Eq. [49] 2.

At the reproduction step in cycle k, we choose N cells from the selected Adult whose composition
is (fi.hi)=pi . Then, Newborn collectives are independently sampled from a multinomial
distribution. For convenience, we drop the collective index (i). Then, the conditional probability
mass function to choosing Fy o, FFy o cells are represented by

No!

L= £7 — htyNo=Fit1,0-FFit1,0 ( £2YFe1,0 (2 YRkt 1,01
o= Forto — Forig) Frrr ol Fepigl 1% 715 ey oty

[50]

P(Fi41,0, FFq1,0|fi hi) =

where the number of S S, 1 ¢ is automatically set to be Sy.q g = Ng = Fyi1,0 = FFis1,0- Then, the
approximated multivariate normal distribution is N(Nopj, NoMiy1) Where the mean distribution is
p; = (fi,hi) and covariance matrix is My.. The diagonal terms of My, are variances o} = X7 - [X]?
and the offdiagonal terms are covariances oxy = X¥ — X¥ . The matrix is given by

Then a Newborn’s composition p({, n) follows the multivariate Gaussian distribution
(¢,m) ~ N(p}, Miy1) Whose the joint probability distribution function is given by

1 o~ Be=PM} (o}

V2t /det Myt

-
Poyy 1 o(pIDR) = > [52]
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Fig. S9.

Artificial selection also works for deleterious mutation. a Conditional Probability density functions of fi. — fi for various fi
values. The left-hand side distribution is obtained from simulations and the right-hand side distribution is numerically
obtained by evaluating Eq. [43] 2. Small triangles inside indicate the median values of the distributions. b the median value
of distributions at a given /; . The points where the shifted median becomes zero, Median [¥(fi;; — fz|fi)] = 0 are denoted as
ftand fY respectively. c The relative error between the target frequency f and the ensemble averaged selected frequency
(/) is measured after 1000 cycles starting from the initial frequency 7., . Either the lower target frequencies or the higher
target frequencies starting from the high initial frequencies can be achieved. The black dashed lines indicate the predicted
boundary vaIuest and fL ina.
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At the beginning of cycle k, a newborn collective starts to maturate from (S, F, FF) cells (for
convenience, cycle index k is dropped.) In terms of (¢, 1), each initial numbers are Sy = Ny(1 - (- 1),
Fy = No(, and FF = Ngn. Their initial covariance matrix is ~3m,... By using Eq. [49] @, we can
write ordinary differential equations up to the second moment.

ds(t)

o = 18 - ks, (53]
O~ (¢t F@) + uE0) - F0), (54
dﬁdt(” = (4 20)FF(t) + uF (), [55]

B - wF e+ + B, 56
% = 2r+s—pwWEF2+(r+s+pF + p2SF + F), [57]
@ — 9r 4 28)FFR 4 (r + 28)FF + p(3FFF 4+ F), 58
? = (2r+s-2u)8F+u(52-7), (59]

% = (2r+43s— p)FFF + u(SFF + F? — F), (60]

d? = (2r+2s— u)SFF + uSF. (61]

The initial conditions of the system in coupled Egs. [53-61] are obtained by the mean and
(co)variances of Eq. [50] . By solving equations numerically, we obtain a set of mean cell
numbers (5,F,FF) and a set of variances (s,0},0%-) as well as covariances (0gg, Opf, Ogpp). We

assume that the covariances are smaller than the variances. We consider S, F, and FF as Gaussian
random variables

5(t) = 5(t) + os(t)Gs(t), 62]
F(t) = F(t) + or(t)Gr(t), [63]
FF(t) ~ FF(t) + o (1) Ger(2). [64]

Then, the F frequency becomes

o) o~ F(t) + or(t)Gr(t)
S(t) + os(t)Gs(t) + F(t) + or(t)Gr(t) + 0(t) + orw(t)Grr(t)
~ f(t) + o5 (6)Gy(t),

[65]
where f=F/(E+F +FF) and «=(Fei+ena-7et)s+7-m . Similarly, the FF frequency is

Wt ~ FF(t) + orr(t)Grr(t)
S(t) + as(t)Gs(t) + F(t) + or(t)Gr(t) + FF(t) + o (t)Grr(t)
~  h(t) + on(t)Gh(2),

(66]

where & =TFF/(5+F +FF) and «- (Fe+n-0-max)s-r+m, If the covariances are small enough, we can
approximate the joint probability distribution of Adult’s composition (f;, h;) = p; as

1
Py, (plp) = Tomon®

With cycle index k, we get conditional probability of matured collectives P, (plpi) by

1. 1
P, 0l = [ dc f nPog sy, (PIC 1) Pony 1.0 (G 1IPY)- o8]
0 0
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We select the Adult collective among g Adult collectives such that the change in frequencies during
maturation could be compensate. During maturation, a freuquency distribution moves different
direction in (f; h) space depending on the initial composition (f,#). So, we take different
directions to obtain the extreme value distributions. Considering only the sign of the frequency
changes in fand h, we take either maximum or minimum. The mean change in h is always positive
in the whole (f, h) space since J4FF/dt is always positive in Eq. [55] 3. Thus, we choose the
minimum value 3 in every selection step.

If the mean 17, - jiar sl aw sp.....r.wwp) 1S larger than fi, the minimum value among 5.7 ... f%. will
be chosen in selection step to compensate the frequency change in maturation step. Let us denote
the selected valued of fand h fi. = min(), .. 20,02 £%) @D ki = min(?, 02, L, 1 ) . We temporally
drop time index 7 for simplicity. Then, the joint cumulative distribution function

(£, hIpR) = Pr{fipa < f Ahiy < hIpi) IS

PA-H

oy (LihIBD) = /”/df’/’hdh’Pp;“(f’,h’hu;)
= (/ﬂ‘~/j‘>df’(/0‘—/'“)dh’Pp;‘,<th’\nz,)
= [ar [ ar, wwd - [ [ ary, o)
—/u‘df’/:dh'PpH,(f Wb+ / o / AW Py (F 11D}

= 1=Pr(fis1 2 flpi] = Prlbices 2 BpE] + Prlfies = f AR 2 hIpj). 69]

The probability Pr(fi;; > f Ahii > hipi] can be converted as

Pr(fies > f Abia 2 hIpi] = Pr{fl 2 FARL) S hA S > FARZ > hA- AFE > £ ARE, > hip}]
[Pr(fir1 = f Ahisr 2> h\m]]"

= [1—Pr[frs1r < fIpk] — Pr{has1 < hlpg] + Pr(fes1 < f A hesr < h]|pp)?

= [1=Chps (f1P2) = Chiss (DY) + Copey (£, hIDE)]? [70]

where ¢, (f.hpi) = [} 4’ fi aw' Py, (7, Ip3) 1S @ conditional joint cumulative distribution function of (f (l),
h). The marginal cumulative distribution functions are

f

o) = [ o / Al Py, (' H|90), )
1 h

i (BlDY) = / d / AW oy, (s 1192 (72
o 0

Similarly, the probabilities Pr(fi.. > flpi] and Prlhi,, > klpi] are converted into Pilfi. > flpil = [1 - Cr, (f100)]°
and Pl > Alp] = [1- O, (kipy)]) . Thus, the joint cumulative distribution function is

Cp,, (£ hlpR) =1 = [1= Cr (I00)]” = [1 = Oy (RlDE)])* + [1 = Oy (FI192) — Cpsy (RIDR) + Crpy (£, BIp3)]° - [73]

Then, the conditional probability of the selected collective is given by

Poy,, (f.hlp) = a;?ah Cop,, (£ hIDY)

= 99— 1) [1 = Cppy (F1P3) = Chgys (blD_1) + oy (£ Rlp)] " [74)
X (P (f1Pi-1) = 8 Copey, (£ BIDR)) (Ciy (hrpk 1) = OnCoy . (f hIDE)
+9 (1= Cpyp, (£1P2) = Cnr (BIDE_1) + Copps (11D~ oy (£, h1D7),

Where oCo..,.(7.hlpi) = &Cpp,, (F.hlp}) = [ d' Py ., (£, 11p7) AN 94Cppyy (£ kDY) = & Couy (o hID}) = [ A Py, (F hIDY)
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If the mean 7....- is smaller than i, the chosen collective is likely to have maximum fvalues
among g matured collectives. Then, the definition of f * is written by i =max( 52 5% . We
rewrite the joint cumulative distribution function C,.,(s.2lp) to be little different from Eq. [69] &
because now we have to utilize the condition f~ < finstead of f~ > f,

f h
Cocathblp)) = [ ar [“ Ry (7 m0)

= [la [ - [rawrg e
= [lar [[ar o - [ [ g, .

= Prlfin < JIpi] = Prlfie < f A > hipil. (73]
The probability Pr(fi,, < fAhi., > hipi] is converted as

Pr(fivs < fARiss 2 Bt = P < FARD, > hAFD, < FARE, 2ha--AfP) < FARE, = hp]]
[Pr[fis1 < f Ahis1 > hlpi))®
= [Pr[fisr < fIPE] — Pr[fesr < f A hitr < h|pi])?

[Croa (F1PE) = Conys (£, RIPR)] - [76]

Thus, the joint cumulative distribution function is given by
CP:,H (f hlpi) = [ka+1 (ﬂp;.)} = [ka+l (flpx) — Cpiia (fs h[p:)] % [77]
In this case, the conditional probability distribution function is given by

" & »
Pop, (hipD) = 525Cor., (bl

= 9(g=1) [Chrsr (FIPR) = Coppr (£, 1IDY)] 2 (78]
X(Criess (F1PR) = 01 Corey (£, hIPR) 9w Coy i, (£, BlD7)
+9[Cras (1192 = o (1 11pR)] ™" oy (£, hIDY).

By replacing (f, h) to pi.., we finally obtain the conditional probability distribution ¥(pi..lpi),

9(9 = 1) [1 = Cpopy (F411PE) = sy (2 PE) + Cop (PR IPE)]*

X(Ppyey, (f110%) = 05 Copys (P [PR)) (P, () = OnCopy, (P IPR)

+9 (1= Cpep, (fsalPR) = Oy (BiegalPR) + Coy (Pisa 1))~ Porss (P [DR)
for frsr,r — fr =0 and hgyr,r —h >0

99— 1) [Cre, (F1108) = Corey, PR lp)]

(Pry s (f4110%) = 91 Cory (07411PE)OnCops (P 411PE)

+9 [Cruss (F2411D%) = Corps 07421PR)] ™" Popys (s PE)
for fri1,r — fr <O0and hgy1r —hi >0

U(pis1|pi) = [79]

Using Eq. [79] 2, we get the mean values of f~ and h” as

1 1
fin = [ [ a5 by D, 150]

1 1
Mo = [ Wy g (152D, 81

We define the accessible region in frequency space where the signs of the changes in both F
frequency and FF frequency after a cycle are opposite to that of maturation (see Fig. S10 %),

sign (ﬁ - f,:} X sign (fk_,_],, - f;:.‘) < 0 and sign (WH — h,:) x sign (hk+1,r - hi) <0, [82]

where ;- and ko, are the mean values after the maturation step in cycle k + 1. Figure S10a(@
shows a concise explanation of the classification of regions where the initial and target
compositions satisfy the above conditions in Eq. [82] (2. Or, if the condition is not met, the
composition of the selected collective may diverge from the target composition after several
cycles. The accessible regions are marked in the gray-colored area in Fig. S10b . Similar to the
case of the two-genotype population, the accessible region is shaped by the flow velocity of the
composition in the maturation step, as depicted in the flow diagram in Fig. S10b%. Both F and FF
frequencies tend to increase, and the inter-collective selection can compensate for these changes if
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the composition changes slowly when the F and FF frequencies are small. However, if the changes
occur too rapidly when the FF frequency is intermediate, the frequency cannot be stabilized. So
the accessible region is limited to the regions where the composition changes slowly.

7. Derivation of equations
In this section, we go over the derivation of Eq. [7(2-27] @ for readers not equipped with
advanced mathematics training.

Assumptions: y K w, r

Equations [7] @ and [8] 2. Equation [7] @ is straightforwardly solved by integrating Eq. [5]
Equation [8] 7 is obtained from Eq. [6] using integration factor e "+t
dt

[@ —(r+ s)f(t)] e~ (o)t — 5 (T st (rtealt [83]

d[F(t)e o]
dt

= pgoe_(”"")t. [84]
Integrating both sides, we get Fe+*-F@) = 2% (1 --«+1), Thus,

T F ot , HSo ¢ (rie ~— e So (et _ ot
F(t) = Fe +.)r+s.u+;(e(+)17€( u)t)zpoe(Jr):Jr#So (e(J'“fe'). [85]

Equations [11] 2 and [12] 2. Applying Eq. [4] &, we have

as? iiszdp(s,nz)
dt

§=0 F=0

22[75 (S —1)P(S —1,F,t) + §*(r + s)(F — 1)P(S,F — 1,t) 86)
s=0F=0
+u(S S — (rS + (r + 8)F + 115)S?P(S, F, 1)].

We collect the two violet-colored terms and change the order of summation. Note that the first
violet-colored term does not change regardless of whether S starts from 0 or 1 because the term is
zero for S = 0. Thus, the first violet-colored term is equivalent to i, >3, [»s*s-1Ps-1,Fy]. Leta=§
-1, and this becomes s;,5, [+ %P Fy]. We reassign a as S, and obtain:

il
Ma {\gl
ol ‘:My

[m(s+1) SP(S, F,t)) ZZ 3P(S, F,t)
F=0S=!

[(25 + 1)S) P(S, F, t)

L]

]
=
E};l I
=
fra

We collect the two green terms, and similarly obtain:

NS [82r 4+ )(F —1)P(S, F = 1,t) - (r + $)FS*P(S, F, 1)
S§=0 F=0

=(r+9)Y > [S’FP(S,F,t) - FS*P(S,F, 1))
8=0 F=0
0. [88]

Finally, we collect the two orange terms. For the first orange term, the sum is the same regardless
of whether we start from S = 0 or -1. Let S start from -1, and we have >3 ,55 , [1(S + 1)S*P(S + 1,F - 1,1)]
,then the term becomes 7, ¥, [nata— 1)?P(o, F - 1,5)]. We reassign a as S, and additionally apply index
changeon F - 1:
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a Prediction of accessible region by collective selection

1. Adult distribution 2. Selected distribution
® Initial Adult Selected
3. Case: Accessable 4. Case: Not accessible
Fig. $10.

b Composition flow in maturation step and accessible region
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a The schematic procedure to determine accessible regions by collective selection. From the given parent composition (blue
dot), the probability distribution of offspring Adults (Eq. [68] &) is computed (marked in the orange-colored area). From
Adult compositions, the probability distribution of the selected collective (Eq.[79]) is computed (marked in the green area). If
the signs of the changes in both F frequency and FF frequency after the selection (from blue dot to green dot) are opposite to
that of maturation (from blue dot to orange dot), the given composition is accessible. Otherwise, the composition is not
accessible and will change after cycles. b The accessible regions are marked by the gray area. The vector field is the flow of
compositions during maturation. The length and color of the arrows indicate the speed of composition changes. The figures

are drawn using mpltern package (7).
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Now, add the three parts together, and we have

n(=25% +35) + (257 +5)

25%(r — p) + S(r + p), [90]

S=0 F=0

= ZZ[rFQ(S_1)P(S—1,F,t)+F2(r F$)(F—1)P(S,F —1,%)

S=0 F=0
+u(8 + 1)F*P(S +1,F — 1,t) — (rS + (r + 8)F + uS)F*P(S, F, 1))
= Y DN [rFPS+ (F+1)°(r+ 8)F+uS(F + 1)° = (rS + (r + 8)F + puS)F*] P(S, F, t)
S=0 F=0
= ZZ [(F +1)%(r + 8)F+uS(F + 1)* — ((r + 8)F + pS)F*] P(8, F,t)
S=0 F=0
= YD " l(r+ s)FQ2F +1) + uS(2F + 1)) P(S, F,t) [91)
S=0 F=0
= 2r+8)F2 4 (r+s)F +2uSF + uS (92)

which is Eq. [12] &
Equation [13] 2 and [15] . Using integration factor e 2t gng Eq. [11]1Z, we have:
[dﬁ

i 2(r - u)ﬁ] eIt = (p g )G ,emHte A 93]

d [Fe2e-m1]

- = (r+u)§ae(‘*””, [94]
Mt o L*_ L3, et - 1] + 57, [95]
Since u <« r,we have
§ o= TEEG, [ty et g3,

e, (96]

where 32, is the expected S% at time 0. For Eq. [15] 3,

okt) = S -[BOP
N Foe?t [1— e ] + T — (5o’
S,

T (?o— (ga)z) =B [1 = ] + ad(0). 7]
Equation [16] 2 and [17] 3. Since 5F =35, 5., SF P(w,m,1),

aSE S SIS Pr(S = DP(S = 1,F,t)+ S F(r + 8)(F = 1)P(S, F - 1,1)
SSoF=o
+S Fu(S+ 1)P(S +1,F —1,t)
—S F(rS + (r+ s)F + uS)P(S, F,t)]
= Z Z[(s +1)FrS + S(F +1)(r + s)F + (5 = 1)(F + 1)uS
8§=0F=0
—S F(rS + (r + s)F + uS)|P(S, F,t)

= Y N [2SF+sSF—pSF+ps® —us)| P(S,Ft)
s0ro

= (2r+s—p)SF+puS?-3). (98]

We can solve this, again using the integration factor technique above:

d[S Fer+e—s

_ T3 Ty, (2rts—u)t
— (82 = Se : (9]
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Thus, we have

SFe @t wt _5F, — p / (5% —B)e-@rte-mig
- / (CEES, [olemt = 1] st st gl m)mCrbemiligy

_ ”/<;+ ;:gu [e'“"'" . e?(r—)‘.)z] e~ @rammt | G Ar-it = @rts—pt

_B,elrmmt=@rtemitygy

Y [ R T I s Tl

h—r
B o et 1 pgp et
= “{;L—TS" D) +(sza—“_rsu)m}, [100]
which results in
TE() — TFe2rts—mt 2 2 N1 rps e 1 gy
SF(t) = SFoe # +u{“_rso Y +(5207u_r5.,) =) e L
e {iedaali g OO0 elr=mt _ g@res—p)t T 2r=—wt _ Cris—pt
= S Foe +”_TS(,4_(H_S) + p(S?, M—_Tso) pr prps)
~ SR+t _ % (@m0t _ ety 4 Agt(—s'.go +50) (et — 2rt). 01
Equation [18] 2. From Eq. [12] 2, we have
= 0 d ﬁ —2(r+s)t o o .
(dTIT -2(r+ s)Fz) e A+t - 7( edt ) = ((r+s)F + 2uSF + uS) e At [102]

The right-hand side becomes

T (rts So ( (r4s o —2(r+s = (s = —(r2e
~(r+s) (Foe( * ”+Su+—”(e( +a)t _ ol “”))e 2+t | oS Foe™ Wt 4 [ Boem(TH2etmt 4 5(,2)

=(r+s) (foef(rﬂ)e I sﬂi&; (e—(r+s)e _ e—(v+2s+u)t)) G zuﬁoef(swn 3. ”goef(rﬂwu)e i o(”Q)

L 3 o B
(e (Foz i ‘szoyef(rmz _ ;1;57('*2”“”) 4 2US Foe~ (TR | =PRI | o(,2). [103]

Note that we have checked that the second and third terms of 7577 can be ignored after we
compare the full calculation with this simpler version. Integrate both sides:

T2 _FE a Fos + No, (o)t S, —(r 2t
Fre 20t _F2, (r»-s)((”—w*(H%(l-c‘ ')4»m(e( “-1))
+7:iic<l Z ettty r+#2;+;4(1 _ ety (7). 104]
Then, we have
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Equations [25] 2-[27] 2. To derive this equation, we use the fact that 1/(1 + x) ~1 - x for small x.
We will omit (¢) for simplicity. Also note that we are considering relatively large populations so
that the standard deviation is much smaller than the mean.
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Reviewer #1 (Public Review):
Summary:

The authors demonstrate with a simple stochastic model that the initial composition of the
community is important in achieving a target frequency during the artificial selection of a
community.

Strengths:
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To my knowledge, the intra-collective selection during artificial selection has not been
seriously theoretically considered. However, in many cases, the species dynamics during the
incubation of each selection cycle are important and relevant to the outcome of the artificial
selection experiment. Stochasticity from birth and death (demographic stochasticity) plays a
big role in these species' abundance dynamics. This work uses a simple framework to tackle
this idea meticulously.

This work may or may not be related to hysteresis (path dependency). If this is true, maybe it
would be nice to have a discussion paragraph talking about how this may be the case. Then,
this work would even attract the interest of people studying dynamic systems.

Weaknesses:
(1) Connecting structure and function

In typical artificial selection literature, most of them select the community based on collective
function. Here in this paper, the authors are selecting a target composition. Although there is
a schematic cartoon illustrating the relationship between collective function (y-axis) and the
community composition in the main Figure 1, there is no explicit explanation or justification
of what may be the origin of this relationship. I think giving the readers a naive idea about
how this structure-function relationship arises in the introduction section would help. This is
because the conclusion of this paper is that the intra-collective selection makes it hard to
artificially select a community that has an intermediate frequency of f (or s). If there is really
evidence or theoretical derivation from this framework that indeed the highest function
comes from the intermediate frequency of £, then the impact of this paper would increase
because the conclusions of this stochastic model could allude to the reasons for the prevalent
failures of artificial selection in literature.

(2) Explain intra-collective and inter-collective selection better for readers.

The abstract, the introduction, and the result section use these terms or intra-collective and
inter-collective selection without much explanation. A clear definition in the beginning would
help the audience grasp the importance of this paper, because these concepts are at the core
of this work.

(3) Achievable target frequency strongly depending on the degree of demographic
stochasticity.

I would expect that the experimentalists would find these results interesting and would want
to consider these results during their artificial selection experiments. The main Figure 4
indicates that the Newborn size NO is a very important factor to consider during the artificial
selection experiment. This would be equivalent to how much bottleneck is imposed on the
artificial selection process in every iteration step (i.e., the ratio of serial dilution experiment).
However, with a low population size, all target frequencies can be achieved, and therefore in
these regimes, the initial frequency now does not matter much. It would be great for the
authors to provide what the NO parameter actually means during the artificial selection
experiments. Maybe relative to some other parameter in the model. I know this could be very
hard. But without this, the main result of this paper (initial frequency matters) cannot be
taken advantage of by the experimentalists.

(4) Consideration of environmental stochasticity.

The success (gold area of Figure 2d) in this framework mainly depends on the size of the
demographic stochasticity (birth-only model) during the intra-collective selection. However,
during experiments, a lot of environmental stochasticity appears to be occurring during
artificial selection. This may be out of the scope of this study. But it would definitely be
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exciting to see how much environmental stochasticity relative to the demographic
stochasticity (variation in the Gaussian distribution of F and S) matters in succeeding in
achieving the target composition from artificial selection.

(5) Assumption about mutation rates

If setting the mutation rates to zero does not change the result of the simulations and the
conclusion, what is the purpose of having the mutation rates \mu? Also, is the unidirectional
(S -> F -> FF) mutation realistic? I didn't quite understand how the mutations could fit into the
story of this paper.

(6) Minor points

In Figure 3b, it is not clear to me how the frequency difference for the Intra-collective and the
Inter-collective selection is computed.

In Figure 5b, the gold region (success) near the FF is not visible. Maybe increase the size of
the figure or have an inset for zoom-in. Why is the region not as big as the bottom gold
region?

https://doi.org/10.7554/eLife.97461.1.sa2

Reviewer #2 (Public Review):

The authors provide an analytical framework to model the artificial selection of the
composition of communities comprised of strains growing at different rates. Their approach
takes into account the competition between the targeted selection at the level of the meta-
community and the selection that automatically favors fast-growing cells within each
replicate community. Their main finding is a tipping point or path-dependence effect,
whereby compositions dominated by slow-growing types can only be reached by community-
level selection if the community does not start and never crosses into a range of compositions
dominated by fast growers during the dynamics.

These results seem to us both technically correct and interesting. We commend the authors
on their efforts to make their work reproducible even when it comes to calculations via
extensive appendices, though perhaps a table of contents and a short description of these
appendices at the start of SI would help navigate them.

The main limitation in the current form of the article is that it could clarify how its
assumptions and findings differ from and improve upon the rest of the literature:

- Many studies discuss the interplay between community-level evolution and species- or
strain-level evolution. But "evolution" can be a mix of various forces, including selection,
drift/randomness, and mutation/innovation.

- This work's specificity is that it focuses strictly on constant community-level selection versus
constant strain-level selection, all other forces being negligible (neither stochasticity nor
innovation/mutation matter at either level, as we try to clarify now).

- Regarding constant community-level selection, it is only briefly noted that "once a target
frequency is achieved, inter-collective selection is always required to maintain that
frequency due to the fitness difference between the two types" [pg. 3 {section sign}2]. In other
words, action from the selector is required indefinitely to maintain the community in the
desired state. This assumption is found in a fraction of the literature, but is still worth
clarifying from the start as it can inform the practical applicability of the results.
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- More importantly, strain-level evolution also boils down here to pure selection with a
constant target, which is less usual in the relevant literature. Here, (1) drift from limited
population sizes is very small, with no meaningful counterbalancing of selection, (2) pure
exponential regime with constant fitness, no interactions, no density- or frequency-
dependence, (3) there is no innovation in the sense that available types are unchanging
through time (no evolution of traits such as growth rate or interactions) and (4) all the results
presented seem unchanged when mutation rate mu = 0 (as noted in Appendix III), meaning
that the conclusions are not "about" mutation in any meaningful way:.

- Furthermore, the choice of mutation mechanism is peculiar, as it happens only from slow to
fast grower: more commonly, one assumes random non-directional mutations, rather than
purely directional ones from less fit to fitter (which is more of a "Lamarckian" idea). Given
that mutation does not seem to matter here, this choice might create unnecessary opposition
from some readers or could be considered as just one possibility among others.

It would be helpful to have all these points stated clearly so that it becomes easy to see where
this article stands in an abundant literature and contributes to our understanding of multi-
level evolution, and why it may have different conclusions or focus than others tackling very
similar questions.

Finally, a microbial context is given to the study, but the assumptions and results are in no
way truly tied to that context, so it should be clear that this is just for flavor.

https://doi.org/10.7554/eLife.97461.1.sa1

Reviewer #3 (Public Review):

The authors address the process of community evolution under collective-level selection for a
prescribed community composition. They mostly consider communities composed of two
types that reproduce at different rates, and that can mutate one into the other. Due to such
differences in 'fitness' and to the absence of density dependence, within-collective selection is
expected to always favour the fastest grower, but the collective-level selection can oppose this
tendency, to a certain extent at least. By approximating the stochastic within-generation
dynamics and solving it analytically, the authors show that not only high frequencies of fast
growers can be reproducibly achieved, aligned with their fitness advantage. Small target
frequencies can also be maintained, provided that the initial proportion of fast growers is
sufficiently small. In this regime, similar to the 'stochastic corrector' model, variation upon
which selection acts is maintained by a combination of demographic stochasticity and of
sampling at reproduction. These two regions of achievable target compositions are separated
by a gap, encompassing intermediate frequencies that are only achievable when the
bottleneck size is small enough or the number of communities is (disproportionately) larger.

A similar conclusion, that stochastic fluctuations can maintain the system over evolutionary
time far from the prevalence of the faster-growing type, is then confirmed by analyzing a
three-species community, suggesting that the qualitative conclusions of this study are
generalizable to more complex communities.

I expect that these results will be of broad interest to the community of researchers who
strive to improve community-level selection, but are often limited to numerical explorations,
with prohibitive costs for a full characterization of the parameter space of such embedded
populations. The realization that not all target collective functions can be as easily achieved
and that they should be adapted to the initial conditions and the selection protocol is also a
sobering message for designing concrete applications.
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A major strength of this work is that the qualitative behaviour of the system is captured by an
analytically solvable approximation so that the extent of the 'forbidden region' can be
directly and generically related to the parameters of the selection protocol.

I however found the description of the results too succinct and I think that more could be
done to unpack the mathematical results in a way that is understandable to a broader
audience. Moreover, the phenomenon the authors characterize is of purely ecological nature.
Here, mutations of the growth rate are, in my understanding, neither necessary (non-trivial
equilibria can be maintained also when \mu =0) nor sufficient (community-level selection is
necessary to keep the system far from the absorbing state) for the phenomenon described.
Calling this dynamics community evolution reflects a widespread ambiguity, and is not
ascribable just to this work. I find that here the authors have the opportunity to make their
message clearer by focusing on the case where the 'mutation’ rate \mu vanishes (Equations 39
& 40 of the SI) - which is more easily interpretable, at least in some limits - while they may
leave the more general equations 3 & 4 in the SI. Combined with an analysis of the
deterministic equations, that capture the possibility of maintaining high frequencies of fast
growers, the authors could elucidate the dynamics that are induced by the presence of a
second level of selection, and speculate on what would be the result of real open-ended
evolution (not encompassed by the simple 'switch mutations' generally considered in
evolutionary game theory), for instance discussing the invasibility (or not) of mutant types
with slightly different growth rates.

The single most important model hypothesis that I would have liked to be discussed further is
that the two types do not interact. Species interactions are not only essential to achieve
inheritance of composition in the course of evolution but are generally expected to play a key
role even on ecological time scales. I hope the authors plan to look at this in future work.

https://doi.org/10.7554/eLife.97461.1.sa0
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