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Abstract

Reward-rate maximization is a prominent normative principle commonly held in behavioral
ecology, neuroscience, economics, and artificial intelligence. Here, we identify and compare
equations for evaluating the worth of initiating pursuits that an agent could implement to
enable reward-rate maximization. We identify two fundamental temporal decision-making
categories requiring the valuation of the initiation of a pursuit—forgo and choice decision-
making—over which we generalize and analyze the optimal solution for how to evaluate a
pursuit in order to maximize reward rate. From this reward-rate-maximizing formulation,
we derive expressions for the subjective value of a pursuit, i.e. that pursuit’s equivalent
immediate reward magnitude, and reveal that time’s cost is composed of an apportionment,
in addition to, an opportunity cost. By re-expressing subjective value as a temporal
discounting function, we show precisely how the temporal discounting function of a reward-
rate-optimal agent is sensitive not just to the properties of a considered pursuit, but to the
time spent and reward acquired outside of the pursuit for every instance spent within it. In
doing so, we demonstrate how the apparent discounting function of a reward-rate-optimizing
agent depends on the temporal structure of the environment and is a combination of
hyperbolic and linear components, whose contributions relate the apportionment and
opportunity cost of time, respectively. We further then show how purported signs of
suboptimal behavior (hyperbolic discounting, the Delay effect, the Magnitude effect, the Sign
effect) are in fact consistent with reward-rate maximization. Having clarified what features
are and are not signs of optimal decision-making, we analyze the impact of the misestimation
of reward rate-maximizing parameters in order to better account for the pattern of errors
actually observed in humans and animals. We find that error in agents’ assessment of the
apportionment of time that underweights the time spent outside versus inside a considered
pursuit type is the likely driver of suboptimal temporal decision-making observed
behaviorally. We term this the Malapportionment Hypothesis. This generalized form for
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reward-rate maximization and its relation to subjective value and temporal discounting
allows the true pattern of errors exhibited by humans and animals to be more deeply
understood, identified, and quantified, which is key to deducing the learning algorithms and
representational architectures actually used by humans and animals to evaluate the worth of
pursuits.

Introduction

What is the worth of a pursuit? At the most universal level, temporal decision-making regards
weighing the return of pursuits against their cost in time. The fields of economics, psychology,
behavioral ecology, neuroscience, and artificial intelligence have endeavored to understand how
animals, humans, and learning agents evaluate the worth of pursuits: how they factor the cost of
time in temporal decision-making. A central step in doing so is to identify a normative principle
and then to solve for how an agent, abiding by that principle, would best invest time in pursuits
that compose a world. A normative principle with broad appeal identified in behavioral ecology is
that of reward-rate maximization, as expressed in Optimal Foraging Theory (OFT), where animals
seek to maximize reward rate while foraging in an environment (Charnov, 1976a 2, 1976b (2;
Krebs et al., 1977 (%; Pyke et al., 1977 (2 ; Pyke, 1984 (%). Solving for the optimal decision-making
behavior under this objective provides the means to examine the curious pattern of adherence
and deviation that is exhibited by humans and animals with respect to that ideal behavior. This
difference provides clues into the process that animals and humans use to learn the value of, and
represent, pursuits. Therefore, it is essential to analyze reward-rate-maximizing solutions for the
worth of initiating a pursuit to clarify what behavioral signs are—and are not—deviations from
optimal performance in the identification of the process (and its sources of error) actually used by
humans and animals.

Equivalent immediate reward (subjective value, sv)

To ask, ‘what is the value of a pursuit?’ is to quantify by some metric the worth of a future state—
the pursuit’s outcome—at the time of a prior one, the pursuit’s initiation. A sensible metric for the
worth of a pursuit is the magnitude of immediate reward that would be treated by an agent as
equivalent to a policy of investing the requisite time in the pursuit and obtaining its reward. This
equivalent immediate reward, as judged by the agent, is the pursuit’s “Subjective Value” (sv), in the
parlance of the field (Mischel et al., 1969(%). It is widely assumed that decisions about what
pursuits should be taken are made on the basis of their subjective value (Niv, 2009 %). However, a
decision-making algorithm needn’t calculate subjective value in its evaluation of the worth of
initiating a pursuit. It could, for instance, assess the reward rate of the pursuit relative to the
reward rate received in the world as a whole. Indeed, algorithms leading to reward-rate
optimization can arise from different underlying processes, each with their own controlling
variables. Nonetheless, any algorithm’s evaluation can be re-expressed in terms of equivalent
immediate reward, providing a ready means to compare evaluation across different learning
algorithms and representational architectures as biologically realized in animals and humans or
as artificially implemented in silico.

Decisions to initiate pursuits

As decisions occur at branch points between pursuits, the value of initiating a pursuit is of
particular importance as it is on this basis that an agent would decide 1) whether to accept or
forgo an offered pursuit; or, 2) how to choose between mutually exclusive pursuits. Though ‘Forgo’
decisions are regarded as near-optimal, as in prey selection (Krebs et al., 1977 3; Stephens and
Krebs, 1986 ; Blanchard and Hayden, 2014 (%), ‘Choice’ decisions—as commonly tested in
laboratory settings—reveal a suboptimal bias for smaller-sooner rewards when selection of later-
larger rewards would maximize the reward rate while foraging in an environment, i.e. the “global

Elissa Sutlief et al., 2025 eLife. https://doi.org/10.7554/eLife.99957.2 2 of 100


https://doi.org/10.7554/eLife.99957.2

i eLife

reward rate” (Logue et al., 1985 (3; Blanchard and Hayden, 2015 ; Carter and Redish, 2016 (%;
Kane et al., 2019 @). This curious pattern of behavior, wherein forgo decisions can present as
optimal while choice decisions as suboptimal, poses a challenge to any theory purporting to
rationalize temporal decision-making as observed in animals and humans.

Temporal Discounting Functions

Historically, temporal decision-making has been examined using a temporal discounting function
to describe how delays in rewards influence their valuation. Temporal discounting functions
describe the subjective value of an offered reward as a function of when the offered reward is
realized. To isolate the form of discount rate from any difference in reward magnitude and sign,
subjective value is commonly normalized by the reward magnitude when comparing subjective
value-time functions (Strotz, 1956 (%; Jimura et al., 2009 @). Therefore, we use the convention that
temporal discounting functions are the magnitude-normalized subjective value-time function
(Strotz, 1956 % ). An understanding of the form of temporal discounting has important implications
in life, as steeper temporal discounting has been associated with many negative life outcomes
(Bretteville-Jensen, 1999 (Z; Critchfield and Kollins, 2001 @ ; Bickel et al., 2007 2, Bickel et al.,
20123; Story et al., 2014 @), most notably the risk of developing an addiction. Psychologists and
behavioral scientists have long found that animals’ temporal discounting in intertemporal choice
tasks is well-fit by a hyperbolic discounting function (Ainslie, 1974 2 ; Mazur, 1987 3 ; Richards et
al., 19973 ; Monterosso and Ainslie, 1999 % ; Green and Myerson, 20042 ; Hwang et al., 2009 (2;
Louie and Glimcher, 2010®). Other examples of motivated behavior also show hyperbolic
temporal discounting (Haith et al., 2012 @).

Often, this perspective assumes that the delay in and of itself devalues a pursuit’s reward, failing
to carefully distinguish the impact of its delay from the impact of the time required and reward
obtained outside the considered pursuit. As a result, the discounting function tends to be treated as
a process unto itself rather than the consequence of a process. Consequently, the field has
concerned itself with the form of the discounting function—exponential (Glimcher et al., 2007 &;
McClure et al., 2007 %), hyperbolic (Rachlin et al., 1972 (%; Ainslie, 1975 (%; Thaler, 1981 2; Mazur,
1987 @ ; Benzion et al., 1989(%; Green et al., 1994 ; Frederick et al., 2002 (% ; Kobayashi and
Schultz, 2008 @ ; Calvert et al., 2010), pseudo-hyperbolic (Laibson, 1997 7 ; Montague et al.,
2006 3; Berns et al., 2007 @), etc., as either derived from some normative principle, or as fit to
behavioral observation. An exponential discounting function, for instance, was derived by
Samuelson from the normative principle of time consistency (Samuelson 1937 @) and is widely
held as rational (Samuelson, 19372 ; Koopmans, 1960 (2 ; Laibson, 1997 (73 ; Montague and Berns,
20023 ; McClure et al., 2004 2; Mazur, 2006 (2 ; Schweighofer et al., 20067 ; Berns et al., 2007 (3;
McClure et al., 2007 % ; Nakahara and Kaveri, 2010 ; Kane et al., 2019 (%), and by implication,
reward-rate maximizing. Observed temporal decision-making behavior, however, routinely
exhibits time inconsistencies (Strotz, 1956 3 ; Ainslie, 1975 ; Laibson, 1997 @; Frederick et al.,

19857 ; Frederick et al., 20022 ; Green and Myerson, 2004 (%), and on that contrasting basis,
humans and animals have commonly been regarded as irrational (Thaler, 19812 ; Loewenstein
and Thaler, 1989 ; Loewenstein and Prelec, 1992 (@; Frederick et al., 2002 (@ ; Baker et al., 2003 ;
Estle et al., 2006 (@ ; Kalenscher and Pennartz, 2008 (%). In addition, the case that humans and
animals are irrational is, ostensibly, furthered by the observation of the ‘Magnitude Effect’
(Benzion et al., 1989 4; Green et al., 1994(#, 1997 (3 ; Frederick et al., 2002 @ ; Baker et al., 2003 ;
Estle et al., 2006 2; Yi et al., 20067 ; Grace et al., 2012(%; Kinloch and White, 2013 ) and the ‘Sign
Effect’ (Thaler, 1981 (Z; Loewenstein and Thaler, 1989(% ; Loewenstein and Prelec, 1992 (2 ; Frederick
et al., 2002 @; Baker et al., 2003 ; Estle et al., 2006 ; Kalenscher and Pennartz, 2008 @) (where
the apparent discounting function is affected by the magnitude and the sign of the offered
pursuit’s outcome, respectively), and the ‘Delay Effect’, where preference between pursuits can
switch as the time required for their obtainment changes (Rachlin et al., 1972 (2 ; Ainslie, 1974(%;
Bateson and Kacelnik, 1996 (7 ; Stephens and Anderson, 2001 (% ; Frederick et al., 2002 @ ; Hayden
and Platt, 2007 3; McClure et al., 2007 @ ; Carter et al., 2015 @; Carter and Redish, 2016 2).
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Here, we aim to identify equations for evaluating the worth of initiating pursuits that an agent
could implement to enable reward-rate maximization. We wish to gain deeper insight into how a
considered pursuit, with its defining features (its reward and time), relates to the world of pursuits
in which it is embedded in determining the pursuit’s worth. Specifically, we investigate how
pursuits and the pursuit-to-pursuit structure of a world interact with policies of investing time in
particular pursuits to determine the global reward rate reaped from an environment. We aim to
provide greater clarity into what constitutes time’s cost and how it can be understood with respect
to the reward and temporal structure of an environment and to counterfactual time investment
policies. We propose that, by determining optimal decision-making equations and converting them
to their equivalent subjective value and temporal discounting functions, actual (rather than
asserted) deviations from optimality exhibited by humans and animals can be truly determined.
We speculate that purported anomalies deviating from ostensibly ‘rational’ decision-making may
in fact be consistent with reward-rate optimization. Further, by identifying parameters enabling
reward-rate maximization and assessing resulting errors in valuation caused by their
misestimation, we aim to gain insight into which parameters humans and animals may (mis)-
represent that most parsimoniously explains the pattern of temporal decision-making actually
observed.

Results

To gain insight into the manner by which animals and humans attribute value to pursuits, it is
essential to first understand how a reward-rate-maximizing agent would evaluate the worth of
any pursuit within a temporal decision-making world. Here, by considering Forgo and Choice
temporal decisions, we re-conceptualize how an ideal reward-rate-maximizing agent ought to
evaluate the worth of initiating pursuits. We begin by formalizing temporal decision-making
worlds as constituted of pursuits, with pursuits described as having reward rates and weights
(their relative occupancy). Then, we examine Forgo decisions to examine what composes the cost
of time and how a policy of taking/forgoing pursuits factors into the global reward rate of an
environment and thus the worth of a pursuit. Having done so, we derive two equivalent
expressions for the worth of a pursuit and from them re-express the worth of a pursuit as its
equivalent immediate reward (its ‘subjective value’) in terms of the global reward rate achieved
under policies of 1) accepting or 2) forgoing the considered pursuit type. We next examine Choice
worlds to investigate the apparent nature of a reward-rate optimizing agent’s temporal
discounting function. Finally, having identified reward-rate maximizing equations, we examine
what parameter misestimation leads to suboptimal pursuit evaluation that best explains behavior
observed in humans and animals. Together, by considering the temporal structure of a time
investment world as one composed of pursuits described by their rates and weights, we seek to
identify equations for how a reward-rate-maximizing agent could evaluate the worth of any
pursuit composing a world and how those evaluations would be affected by misestimation of
enabling parameters.

Temporal decision worlds are composed

of pursuits with reward rates and weights

A temporal decision-making world is one composed of pursuits. A pursuit is a defined path over
which an agent can traverse by investing time that often (but not necessarily) results in reward
but which always leads to a state from which one or more potential other pursuits are
discoverable. Pursuits have a reward magnitude (r) and a time (t). A pursuit therefore has 1) a
reward rate (p, rho) and 2) a weight (w), being its relative occupancy with respect to all other
pursuits. Here we refer to the defining features of a pursuit (its reward, time, reward rate, or
weight) by subscripting the pursuit’s name or type to each feature’s symbol (r, t, rho or w,
respectively), e.g. (Ppyrsuit, Wpursuit)- [ this way, the pursuit structure of temporal decision-making
worlds, and the qualities defining pursuits, can be adequately referenced.
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The temporal decision-making worlds considered are recurrent in that an agent traversing a
world under a given policy will eventually return back to its current location. As pursuits
constitute an environment, the environment itself then has a reward rate, the ‘global reward rate’
pg achieved under a given decision policy, pgPolicy. Whereas the global reward rate realized
under a given policy of choosing one or another pursuit path may or may not be reward-rate
optimal, the global reward rate achieved under a reward-rate maximal policy will be denoted as

pg™

Forgo and Choice decision topologies

Having established a nomenclature for the properties of a temporal decision-making world, we
now identify two fundamental types of decisions regarding whether to initiate a pursuit: “Forgo”
decisions, and “Choice” decisions. In a Forgo decision (Figure 1, left @), the agent is presented
with one of possibly many pursuits (and see Supplemental 1 & 2() that can either be accepted
or rejected. After either the conclusion of the pursuit, if accepted, or immediately after rejection,
the agent returns to a pursuit by default (the “default” pursuit). This default pursuit effectively can
be a waiting period over which reward could be received and reoccurs until the next pursuit
opportunity becomes available. Rejecting the offered pursuit constitutes a policy of spending less
time to make a traversal across that decision-making world, whereas accepting the offered pursuit
constitutes a policy of spending more time to make a traversal. In a Choice decision (Figure 1,
right(@), the agent is presented with a choice between at least two simultaneous and mutually
exclusive pursuits, typically differing in their respective rewards’ magnitudes and delays. Under
any decision, upon exit from a pursuit, the agent returns to the same environment that it would
have entered were the pursuit rejected. In the Forgo case in Figure 1%, a policy of spending less
time to traverse the world by rejecting the purple pursuit to return to the gold pursuit—and thus
obtaining a smaller amount of reward (left)—must be weighed against a policy of acquiring more
reward by accepting the purple pursuit at the expense of spending more time to traverse the
world (right). In the Choice case in Figure 12, a policy of spending less time to traverse the world
(left) by taking the smaller-sooner pursuit (aqua) must be weighed against a policy of spending
more time to traverse the world (right) by accepting the larger-later pursuit (purple).

Behavioral observations under Forgo and Choice decisions
These classes of temporal decisions have been investigated by ecologists, behavioral scientists, and

1977 &3; Stephens and Krebs, 1986 % ; Blanchard and Hayden, 2014 ). Choice decisions have
extensively been examined in intertemporal choice experiments (Rachlin et al., 19727 ; Ainslie,
19742 ; Bateson and Kacelnik, 1996 % ; Stephens and Anderson, 2001 (2 ; Frederick et al., 2002 (3 ;
Hayden and Platt, 2007 3; McClure et al., 2007 2 ; Carter et al., 20153; Carter and Redish, 2016 ).
Experimental observation in temporal decision-making demonstrates that animals are optimal (or
virtually so) in Forgo (Krebs et al., 19777 ; Stephens and Krebs, 1986 (2; Blanchard and Hayden,
2014 ), taking the offered pursuit when its rate exceeds the “background” reward rate, and are
as if sub-optimally impatient in Choice, selecting the smaller-sooner (SS) pursuit when the larger-
later (LL) pursuit is reward-rate-maximizing (Logue et al., 1985 ; Blanchard and Hayden, 2015%;
Carter and Redish, 2016 @; Kane et al., 2019®).

Deriving optimal policy from forgo decision-making worlds

We begin our examination of how to maximize the global reward rate reaped from a landscape of
rewarding pursuits by examining forgo decisions. A general formula for the global reward rate of
an environment in which agents must invest time in obtaining rewards is needed in order to
formally calculate a policy’s ability to accumulate reward. Optimal policies maximize reward
accumulation over the time spent foraging in that environment. In a forgo decision, an agent is
faced with the decision to take, or to forgo, pursuit opportunities. We sought to determine the
reward rate an agent would achieve were it to pursue rewards with magnitudes ry, r, .... r, each
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Fundamental classes of temporal decision-making regarding
initiating a pursuit: “Forgo” and “Choice”. 1st row-Topologies.

The temporal structure of worlds exemplifying Forgo (left) and Choice (right) decisions mapped as their topologies. Forgo: A
forgo decision to accept or reject the purple pursuit. When exiting the gold pursuit having obtained its reward (small blue
circle), an agent is faced with 1) a path to re-enter gold, or 2) a path to enter the purple pursuit, which, on its completion, re-
enters gold. Choice: A choice decision between an aqua pursuit, offering a small reward after a short amount of time, or a
purple pursuit offering a larger amount of reward after a longer time. When exiting the gold pursuit, an agent is faced with a
path to enter 1) the aqua or 2) the purple pursuit, both of which lead back to the gold pursuit upon their completion. 2nd
row-Policies. Decision-making policies chart a course through the pursuit-to-pursuit structure of a world. Policies differ in
the reward obtained and in the time required to complete a traversal of that world under that policy. Policies of investing less
(left) or more (right) time to traverse the world are illustrated for the considered Forgo and Choice worlds. Forgo: A policy of
rejecting the purple pursuit to re-enter the gold pursuit (left) acquires less reward though it requires less time to make a
traversal of the world than a policy of accepting the purple option (right). Choice: A policy of choosing the aqua pursuit (left)
results in less reward though it requires less time to traverse the world than a policy of choosing the purple pursuit (right).
3rd row-Time/reward investment. The times (stippled horizontal lines, colored by pursuit) and rewards (stippled vertical
blue lines) of pursuits, and their associated reward rates (solid lines) acquired under a policy of forgo or accept in the Forgo
world, or, of choosing the sooner smaller or later larger pursuit in the Choice world.
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requiring an investment of time ty, ¢, .... t,. At any particular time, the agent is either 1) investing
time in a pursuit of a specific reward and time, or 2) available to encounter and take new pursuits
from a pursuit to which it defaults. With the assumption that reward opportunities become
randomly encountered by the agent at a frequency of f, f5, .... f,; from the default pursuit, it

e = Yic firi + pa
g Y fiti+ 1

(7. The global reward rate under multiple pursuits (Ap 1)

...where p; is the rate of reward attained in the default pursuit per unit time in the default pursuit.
i 72 allows for the
calculation of the global reward rate achieved by any policy accepting a particular set of pursuits
from the environment. This derivation of global reward rate is akin to those similarly derived for
prey selection models (see (Charnov and Orians, 1973 (%) and (Stephens and Krebs, 1986 (%)).

Parceling the world into the considered pursuit type
(“in” pursuit) and everything else (“out” of pursuit)

In order to simplify representations of policies governing any given pursuit opportunity, we
reformulate the above expression for global reward rate, pg, from the perspective of a policy of
spent and rewards achieved inside the considered pursuit on average, for every instance that time
is spent and rewards achieved outside the considered pursuit, on average. We can pull out the
inside reward (r;,) and inside time (¢;;,) from the equation above to isolate the inside and outside
components of the equation.

YizinfiTi + o4

p in

S Y T
m fin

Equation 2. The global reward rate expressed as “in” and “outside” considered pursuit type

_ Zwmfiti+1
tour = = fa
m

Equation 3(@. The average time spent outside of the considered pursuit type (Ap 2)

Similarly, the outside reward, r,,,;, encompasses the average amount of reward collected from all
sources outside the considered pursuit (Equation 4%).

_ iz fiTi + Pa

Tout = f
mn

Equation 42. The average reward collected outside of the considered pursuit type (Ap 3)
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Parceling a pursuit world into a considered pursuit (all instances “inside” the considered pursuit
type) and everything else (i.e., everything “outside” the considered pursuit type), then gives the
generalized form for the reward rate of an environment under a given policy (Equation 5) as...

p _rin + Tour
g tin + tout

Equation 5(2. Global reward rate with respect to the considered pursuit type (Ap 3)

...which depends on the average reward earned and the average time spent between opportunities
to make the decision, in addition to the average reward returned and average time spent in the
considered pursuit (Ap 3 & Figure 23@).

Figure 2D @ depicts the global reward rate achieved with respect to the time and reward obtained
from a considered pursuit (“Inside”) and the time and reward obtained outside that considered
pursuit type, i.e., that pursuit’s (“Outside”). By so parsing the world into “in” and “outside” the
considered pursuit, it can also be appreciated from Figure 2D (2 that the fraction of time in the

environment invested in the considered option, in, can be expressed as Wi, = ﬁ, and the
m out
. . . . . t t
fraction of time spent outside the considered pursuit as 1 — w;, = ﬁ . A world can thus be
n out

understood in terms of its composing pursuits’ reward rates and weights (their relative
occupancy), with the global reward rate being a weighted average of the reward rate from the

i
considered pursuit type, Pin = f, and the reward rate outside the considered pursuit type,
m

Tout

Pout =

tout
Pg = Win " Pin +(1- win) " Pout
Equation 6 2. Global reward rate is the sum of weighted inside and outside rates (Ap 4)

Therefore, the global reward rate is the sum of the local reward rates of the world’s constituent
pursuits under a given policy when weighted by their relative occupancy: the weighted average of
the local reward rates of the pursuits constituting the world (Equation 6 2).

Reward-rate optimizing forgo policy: compare a
pursuit’s local reward rate to its outside reward rate

We can now compare two competing policies to identify the policy that maximizes reward rate,
such that it is the maximum possible reward rate, pg. A po licy of ta king or fo rgoing a given
pursuit ty pe ma y improve the reward rate reaped from the environment as a whole (Figure 3@).
Using Equation 52, the policy achieving the greatest global reward rate can be realized through
an iterative process where pursuits with lower reward rates than the reward rate obtained from
everything other than the considered pursuit type are sequentially removed from the policy.
While Figure 3@ illustrates a simple topology for clarity, this process applies to topologies
comprising any n-pursuits (Supplemental 1 %), which may occur at varying frequency
(Supplemental 2(@). The optimal policy for forgoing can therefore be calculated directly from the
considered pursuit’s reward rate, p;,;, and the reward rate outside of that pursuit type, p,,,; Global
reward rate can be maximized by iteratively forgoing the considered pursuit if its reward rate is
less than its outside reward rate, p;, < po, treating forgoin g and tak ing a consi dered pursuit as
equi valent when p ;, = poy» and taking the considered pursuit when p;, > poyt (Ap 5).

Following this policy would be equivalent to comparing the local reward rate of a pursuit to the
global reward rate obtained under the reward-rate-optimal policy: forgo the pursuit when its local
reward rate is less than the global reward under the reward-rate-optimal policy, py, < pgx, take or
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Global reward rate with respect to parceling the
world into “in” and “outside” the considered pursuit.

A-C) as in Figure 1 “Forgo”. Conventions as in Figure 1. D) 2 The world divided into “Inside” and “Outside” the purple
pursuit type, as the agent decides whether to forgo or accept. The axes are centered on the position of the agent, just before
the purple pursuit, where the upper right quadrant shows the inside (purple) pursuit's average reward, time, and reward rate
(pin). while the bottom left quadrant shows the outside pursuit (gold) average reward, time, and reward rate (p,). The
global reward rate (pg) is shown in magenta, calculated from the boxed equation. The agent may determine the higher
reward rate yielding policy by comparing the outside reward rate (p,,;) with the resulting global reward rate (pg) under a
policy of accepting the considered pursuit.
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Forgo Decision-making.

A) When the reward rate of the considered pursuit (slope of the purple line) exceeds that of its outside rate (slope of gold),
the global reward rate (slope of magenta) will be greater than the outside, and therefore the agent should accept the
considered pursuit. B) When the reward rates inside and outside the considered pursuit are equivalent, the global reward
rate will be the same when accepting or forgoing: the policies are equivalent. C) When the reward rate of the considered
pursuit is less than its outside rate, the resulting global reward rate if accepting the considered pursuit will be less than its
outside reward rate and therefore should be forgone.
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forgo the pursuit when the reward rate of the pursuit is equal to the global reward rate under the
optimal policy p;, = pgx, and take the pursuit when its local reward rate is more than the global
reward rate under the reward-rate-optimal policy, p;, > pgy (Ap 5). The maximum reward rate
reaped from the environment can thus be eventually obtained by comparing the local reward rate
of a considered pursuit to its outside reward rate (i.e., the global reward rate of a policy of not
accepting the considered pursuit type).

Equivalent immediate reward: the

‘subjective value’, sv, of a pursuit

Having recognized how a world can be decomposed into pursuits described by their rates and
weights, and identifying optimal policies under forgo decisions, we may now ask anew, “What is
the worth of a pursuit?” Figure 2D @ illustrates that the global reward rate obtained under a
policy of taking a pursuit is not just a function of the time and return of the pursuit itself, but also
the time spent and return gained outside of that pursuit type. Therefore, the worth of a pursuit
relates to how much the pursuit would add (or detract) from the global reward rate realized in its
acquisition.

Subjective Value of the considered pursuit
with respect to the global reward rate

This relationship between a considered pursuit type, its outside, and the global reward rate can be
re-expressed in terms of an immediate reward magnitude requiring no time investment that
yields the same global reward rate as that arising from a policy of taking the pursuit (Figure 43).
Thus, for any pursuit in a world, the amount of immediate reward that would be accepted in place
of its initiation and attainment could serve as a metric of the pursuit’s worth at the time of its
initiation. Given the optimal policy above, an expression for this immediate reward magnitude
can be derived (Equation 72 & Ap 6). This global reward-rate equivalent immediate reward
(see Figure 4 @) is the subjective value of a pursuit, Svp,peyit (Or simply, sv, when the referenced
pursuit can be inferred), as similarly expressed in prior foundational work (McNamara, 1982%)
and subsequent extensions (see (Fawcett et al., 2012 (%)).

SV =T — pgtin

Equation 7@ . The Subjective Value of a pursuit expressed in terms of the global reward rate

achieved under a policy of accepting that pursuit (Ap 6)

The subjective value of a pursuit under the reward-rate-optimal policy will be denoted as

SV *pursuit-
® s
SV =Tn — pgtin

The calculation of the subjective value of a pursuit, sv, quantifies precisely the worth of a pursuit
in terms of an immediate reward that would result in the same global reward rate as that
pursuant to its attainment. Thus, choosing either an immediate reward of magnitude sv or
choosing to pursue the considered pursuit, investing the required time and acquiring its reward,
would produce an equivalent global reward rate. An agent pursuing an optimal policy would find
immediate rewards of magnitude less than sv less preferred than the considered pursuit and
immediate rewards of magnitude greater than sv more preferred than the pursuit.
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The Subjective Value (sv) of a pursuit is the global
reward-rate-equivalent immediate reward magnitude.

The subjective value (green bar) of a pursuit is that amount of reward requiring no investment of time that the agent would
take as equivalent to a policy of accepting and acquiring the considered pursuit. For this amount to be equivalent, the
immediate reward magnitude must result in the same global reward rate as that of accepting the pursuit. The global reward
rate obtained under a policy of accepting the considered pursuit type is the slope of the line connecting the average times
and rewards obtained in and outside the considered pursuit type. Therefore, the global reward rate-equivalent immediate
reward (i.e., the subjective value of the pursuit) can be depicted graphically as the y-axis intercept (green dot) of the line
representing the global reward rate achieved under a policy of accepting the considered pursuit. r;, =4, tj, =4, ry,; = 0.7, ty;
=3
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The forgo decision can also be made from subjective value

With this understanding, in the case that the considered pursuit’s reward rate is greater than the
optimal global reward rate, it will be greater than its outside reward rate, and therefore the
subjective value under an optimal policy will be greater than zero (Figure 3A®).

Pin > Pg" > Pour = SV > 0,sv > 0, choose considered pursuit (Ap7)

Should the considered pursuit’s reward rate be equal to its outside reward rate, it will be equal to
the optimal global reward rate, and the subjective value of the considered pursuit will be zero
(Figure 3B(@).

Pin = Pg" = Pour = SV = 0,sv = 0, forgoing and choosing are equivalent (Ap7)

Finally, if the considered pursuit’s reward rate is less than the outside reward rate, it must also be
less than the global optimal reward rate; therefore, the subjective value of the considered pursuit
under the optimal policy will be less than zero (Figure 3C (). A negative subjective value thus
indicates that a policy of taking the considered pursuit would result in a global reward rate that is
less than a policy of forgoing the considered pursuit. Equivalently, a negative subjective value can
be considered the amount an agent ought be willing to pay to avoid having to take the considered
pursuit.

Pin < Pg" = Pour = SV < 0,sv < 0, forgo considered pursuit (Ap7)

While brains of humans and animals may not in fact calculate subjective value, converting to the
equivalent immediate reward, sv, 1) makes connection to temporal decision-making experiments
where such equivalences between delayed and immediate rewards are assessed, 2) serves as a
common scale of comparison irrespective of the underlying decision-making process, and 3)
deepens an understanding of how the worth of a pursuit is affected by the temporal structure of
the environment’s reward-time landscape.

Subjective value with respect to the pursuit’s
outside: insights into the cost of time

To the latter point, Equation 7% has a (deceptively) simple appeal: the worth of a pursuit ought
be its reward magnitude less its cost of time (Figure 5 Left Column (@). But what is the cost of
time? The cost of time of a considered pursuit is the global reward rate of the world under a
policy of accepting the pursuit, times the time that the pursuit would take, p,t;, (Figure 5B (2).
Therefore, the equivalent immediate reward of a pursuit, its subjective value, corresponds to the
subtraction of the cost of time from the pursuit’s reward. The subjective value of a pursuit is how
much extra reward is earned from the pursuit than would on average be earned by investing that
amount of time, in that world, under a policy of accepting the considered pursuit.

While appealing in its simplicity, the terms on the right-hand side of Equation 7%, r;, and Pgtin:
lack independence from one another—the reward of the considered pursuit type contributes to
the global reward rate, p,. Subjective value can alternatively and more deeply be understood by
re-expressing subjective value in terms that are independent of one another. Rather than
expressing the worth of a pursuit in terms of the global reward rate obtained when accepting it, as
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Equivalent expressions for subjective value reveal time’s cost
comprises an apportionment as well as opportunity cost.

A. The subjective value of a pursuit can be expressed in terms of the global reward rate obtained under a policy of accepting
the pursuit. rj, =4, ti, = 4, rou= .7, toue = 3- B. The cost of time of a pursuit is the amount of reward earned on average in an
environment over the time needed for its obtainment under a policy of accepting the pursuit. The reward rate earned on
average is the global reward rate (slope of magenta line). Projecting that global reward over the time of the considered
pursuit (dashed magenta line) provides the cost of time for the pursuit (vertical maroon bar). Therefore, the subjective value
of a pursuit is equivalent to its reward magnitude less the cost of time of the pursuit (box equation above B). C. Expressing
subjective value with respect to the outside reward and time rather than the global reward rate reveals that a portion of a
pursuit’s time cost arises from an opportunity cost (orange bar). The opportunity cost of a pursuit is the amount of reward
earned over the considered pursuit’s time on average under a policy of not taking the considered pursuit (i.e., the outside
reward rate, slope of gold line). Projecting the slope of the gold line over the time of the considered pursuit (dashed gold line)
provides the opportunity cost of the pursuit (vertical orange bar). D. The opportunity cost-subtracted reward (cyan bar). The
triangle with sides cyan, magenta, and gold (solid and dashed) is congruent with the triangle with sides green, magenta, and
gold (solid). Therefore, E. sv is to the opportunity cost-subtracted reward, as t,; is to t,,+ t;,. The opportunity cost-subtracted
reward can thus be scaled by t,,/(t, ¢+ t,) to yield the subjective value of the pursuit. This scaling term, which we coin
‘apportionment scaling’, is the proportion that the outside time is to the total time to traverse the world. The slope of the
dashed magenta and cyan line is the global reward rate after accounting for the opportunity cost. F. The global reward rate
after accounting for the opportunity cost (dashed magenta and gold), projected from the origin over the time of the pursuit
is the apportionment cost of time (brown vertical line). It is the amount of the opportunity cost-subtracted reward that would
occur on average over the pursuit’s time under a policy of accepting the pursuit. G. Time's cost is apportionment cost plus
the opportunity cost. Whether expressed in terms of the global reward rate achieved under a policy of accepting the
considered pursuit (A-B) or from the perspective of the outside time and reward (C-G), the subjective value expressions are
equivalent.
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in Equation 72 (Figure 5 left column @), the worth of a pursuit can be expressed in terms of the
reward obtained and time spent outside the considered pursuit type (Figure 5 right column @), as
in Equation 8@ (and see Ap 8).

SV =(T;
n ( in— tgut lﬂ)( ;n+t0ut)

Equation 8(Z. Subjective value of a pursuit from the perspective of the considered pursuit
and its outside (Ap 8)

These expressions are equivalent to one another (Ap 8 & Figure 5, compare left and right
sides™@).

— o ] o ﬂ Lout
sV = r!ﬂ. pgtln (rm tout 11’1)( m+tout)
For an interactive exploration of these effects of changing the outside and inside reward and time
on subjective value, see Supplemental GUI

Time’s cost: opportunity & apportionment
costs determine a pursuit’s subjective value

By decomposing the global reward rate into ‘inside’ and ‘outside’ the considered pursuit type, the
cost of time is revealed as being determined by 1) an opportunity cost, and 2) an apportionment
cost (Figure 52 ). We show in Figure 5 that the left and right parenthetical terms of Equation
8% correspond to subtracting the opportunity cost of time (rj,-T'o,¢/tout * tin) and then scaling by
the apportionment of time spent ‘outside’ the considered pursuit, (t,,/(t,,¢ * tin) 1.e. the weight of
the outside. The opportunity cost associated with a considered pursuit, p,,ti,, is the reward rate
outside the considered pursuit type, p,,, times the time of the considered pursuit, ¢;, (Figure

@). This opportunity cost is subtracted from the reward obtained from accepting the
considered pursuit to yield the opportunity cost-subtracted reward (Figure 5D(%). Figure 5E 2
shows that subjective value is to the opportunity cost-subtracted reward as the outside time is to
the total time to traverse the world. Therefore, the right parenthetical term, t,,,; /(t,,¢ + tin), uses
time’s apportionment in and outside the pursuit to scale the opportunity cost-subtracted reward to
the equivalent reward magnitude requiring no time investment, ie, the subjective value. This
“apportionment scaling” term thus relates the agent’s time allocation in the world: the time spent
outside a pursuit type relative to the time spent to traverse the world. In so downscaling, the
subjective value of a considered pursuit (green) is to the time it would take to traverse the world
were the pursuit not taken, t,,;, as its opportunity cost subtracted reward (cyan) is to the time to
traverse the world were it to be taken (t;,* t,,,) (Figure 5E2).

What, then, is the amount of reward by which the opportunity cost-subtracted reward is scaled
down to equal the sv of the pursuit? This amount is the apportionment cost of time. The
apportionment cost of time (height of the brown vertical bar, Figure 5F @) is the global reward
rate after taking into account the opportunity cost (slope of the magenta-gold dashed line in Figure

@) times the time of the considered pursuit. Equally, the difference between the inside and
outside reward rates, times the time of the pursuit, is the apportionment cost when scaled by the
pursuit’s weight, i.e., the fraction that the considered pursuit is to the total time to traverse the
world (Equation 9, right hand side (@). From the perspective of decision-making policies,
apportionment cost is the difference in reward that can be expected, on average, between a policy
of taking versus a policy of not taking the considered pursuit, over a time equal to its duration
(Equation 9 center (7, Figure 5F ).

Yin T t;
Apportionment Cost = ty (pg— Pout ) = tin (;" _ out) (.7:1)
Lin Lout/ \bin + Lot
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Equation 97 . Apportionment Cost.

While this difference is the apportionment cost of time, the opportunity cost of time is the amount
that would be expected from a policy of not taking the considered pursuit over a time equal to the
considered pursuit’s duration. Together, they sum to Time’s Cost (Figure 5G (2 ). Expressing a
pursuit’s worth in terms of the global reward rate obtained under a policy of accepting the pursuit
type (Figure 5 left column @), or from the perspective of the outside reward and time (Figure 5
right column @), are equivalent. However, the latter expresses sv in terms that are independent
of one another, conveys the constituents giving rise to global reward rate, and provides the added
insight that time’s cost comprises an apportionment as well as an opportunity cost.

The effect of increasing the outside reward
on the subjective value of a pursuit

Let us now consider the impact that changing the outside reward and/or outside time has on these
two determinants of time’s cost—opportunity and apportionment cost—to further our
understanding of the subjective value of a pursuit. Figure 6 & illustrates the impact of changing
the reward reaped from outside the pursuit on the pursuit’s subjective value. By holding the time
spent outside the considered pursuit constant, changing the outside reward thus changes the
outside reward rate. When the considered pursuit’s reward rate is greater than its outside reward
rate, the subjective value is positive (Figure 6A, green dot ). The subjective value diminishes
linearly (Figure 6B, green dots () to zero as the outside reward rate increases to match the
pursuit’s reward rate, and turns negative as the outside reward rate exceeds the pursuit’s reward
rate, indicating that a policy of accepting the considered pursuit would result in a lower attained
global reward rate than that garnered under a policy of forgoing the pursuit. Under these
conditions, the subjective value is shown to decrease linearly (Figure 6C, green dotted line(®) as
the outside reward increases because the cost of time increases linearly (Figure 6C, maroon
dotted region ).

Time’s cost is the sum of the opportunity cost (Figure 6D (2) and apportionment cost (Figure 6E )
of time. Figure 6F @ overlays the opportunity cost and apportionment cost of time to demonstrate
how their sum constitutes time’s cost, and thus accounts for subjective value (green dotted
line®). When the outside reward is zero, there is zero opportunity cost of time (Figure 6D,F
orange dots (@), with time’s cost being entirely constituted by the apportionment cost of time
(Figure 6E,F brown annuli ). Apportionment cost (Figure 6E,F ©) decreases as outside reward
increases because the difference between the inside and outside reward rate diminishes, thus
making how time is apportioned in and outside the pursuit less relevant. At the same time, as
outside reward increases, the opportunity cost of time increases (Figure 6D ). When inside and
outside rates are the same, how the agent apportions its time in or outside the pursuit does not
impact the global rate of reward. At this point, the apportionment cost of time has fallen to zero,
while the opportunity cost of the pursuit has now come to entirely constitute time’s cost. Further
increases in the outside reward now result in the outside rate being increasingly greater than the
inside rate making the apportionment of time in/outside the pursuit increasingly relevant. Now,
however, though the opportunity cost of time continues to grow positively, the apportionment cost
of time grows increasingly negative (which is to say the pursuit has an apportionment gain).
Summing the opportunity cost of the pursuit and the now negative apportionment cost (i.e., the
apportionment gain) continues to yield time’s cost; therefore, subtracting time’s cost from the
pursuit’s reward continues to yield the subjective value of the pursuit (green dotted line).

The effect of changing the outside time on the
subjective value of the considered pursuit

Figure 72 examines the effect of changing the outside time on the subjective value of a pursuit,
while holding the outside reward constant at a value of zero (Figure 7A,B(2). Doing so affords a
means to examine the apportionment cost of time in isolation from the opportunity cost of time.
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Figure 6.

The impact of outside reward on the subjective value of a pursuit.

A) The subjective value (green dot) of a considered pursuit type (purple) in the context of its ‘outside’ (gold) is the resulting
global reward rate vector’s (magenta) intersection of the y-axis in the present (t = 0). B) A family of vectors showing that
increasing the outside reward while holding the outside time constant increases the outside reward rate (slope of gold lines),
resulting in increasing the global reward rate (slope of the purple lines), and decreasing the subjective value (green dots) of
the pursuit. As the reward rate of the environment outside the considered pursuit type increases from lower than to higher
than that of the considered pursuit, the subjective value of the pursuit decreases, becomes zero when the in/outside rates
are equivalent, and goes negative when p,,; exceeds p;,,. C) Plotting the subjective value of the pursuit (green dots in B) as a
function of increasing the outside reward (green dotted line in C through F) reveals that the subjective value of the pursuit
decreases linearly. This linear decrease is due to the linear increase in the cost of time of the pursuit (maroon dotted region)
as outside reward, and thus global reward rate, increases. Subtracting time's cost from the pursuit’s reward yields the
pursuit’s subjective value as outside reward increases (green-dotted line, C through F). Time's cost (the area, as in C, between
the pursuit’s reward magnitude and its subjective value) is the sum of D) the opportunity cost of time (orange dotted region),
and E) the apportionment cost of time (brown annuli region), as shown in F. D) As the outside reward increases, the
opportunity cost of time increases linearly. E) As the outside reward increases, the apportionment cost of time decreases
linearly, becomes zero when the inside and outside reward rates are equal, and then becomes negative (becomes an
apportionment gain). F) When the outside reward rate is zero, time's cost is composed entirely of an apportionment cost. As
the outside reward increases, opportunity cost increases linearly as apportionment cost decreases linearly, summing to
time’'s cost. This continues until the reward rates in and outside the pursuit become equivalent, at which point the subjective
value of the pursuit is zero. When subjective value is zero, the cost of time is entirely composed of opportunity cost. As the
outside rate exceeds the inside rate, opportunity cost continues to increase while the apportionment cost becomes
increasingly negative (which is to say, the apportionment cost of time becomes an apportionment gain of time). Adding the
positive opportunity cost and the now negative apportionment cost (the region of overlap between brown annuli & orange
dots) continues to sum to yield time’s cost.
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Despite there being no opportunity cost, there is yet a cost of time (Figure 7C %) composed
entirely of the apportionment cost (Figure 7D 2). When the portion of time spent outside
dominates, time’s apportionment cost of the pursuit is small. As the portion of time spent outside
the pursuit decreases and the relative apportionment of time spent in the pursuit increases, the
apportionment cost of the pursuit increases purely hyperbolically, resulting in the subjective value
of the pursuit decreasing purely hyperbolically (Figure 7D (). As time spent outside the
considered pursuit becomes diminishingly small, the pursuit comprises more and more of the
world, until the apportionment of time is entirely devoted to the pursuit, at which point the
apportionment cost of time equals the pursuit’s reward rate (p;,) times the pursuit’s time (t;,) (i.e.,
the pursuit’s reward magnitude, r;y).

The effect of changing the outside time and outside
reward rate on the subjective value of a pursuit

In having examined the effect of varying outside reward and thus outside reward rate (Figure
6%), and outside time while holding outside reward rate constant (Figure 72), let us now
consider the impact of varying the outside time and the outside reward rate (Figure 8(2). By
changing the outside time while holding the outside reward constant (Figure 8B (), the reward
rate obtained in the outside will be varied while the apportionment of time in & outside the
pursuit changes, thus impacting the opportunity and apportionment cost of time. Plotting the
subjective value-by-outside time function (green dotted line ™) then reveals that subjective value
increases hyperbolically under these conditions as outside time increases, which is to say, time’s
cost decreases hyperbolically (Figure 8C (Z). Decomposing time’s cost into its constituent
opportunity (Figure 8C 2) and apportionment costs (Figure 8D (2) illustrates how these
components vary when varying outside time. Opportunity cost (orange dots, Figure 8C %)
decreases hyperbolically as the outside time increases. Apportionment cost varies as the
difference of two hyperbolas (brown annuli area, Figure 8D (2), its sign being initially negative
(an apportionment gain), decreases to zero as the outside and inside rates become equal, and then
becomes positive (an apportionment cost). Taken together (Figure 8F @), their sum (opportunity
and apportionment costs) decreases hyperbolically as outside time increases, resulting in
subjective values that hyperbolically increase, spanning from the negative of the outside reward
magnitude to the inside reward magnitude.

The value of initiating pursuits in choice decision-making

Above, we determined how a reward-rate-maximizing agent would evaluate the worth of a
pursuit, thereby identifying the impact of a policy of taking (or forgoing) that pursuit on the
realized global reward rate and expressing that pursuit’s worth as subjective value. We did so by
opposing a pursuit with its equivalent offer requiring no time investment—a special and
instructive case. In this section we consider what decision should be made when an agent is
simultaneously presented with a choice of more than one pursuit of any potential magnitude and
time investment. Using the subjective value under these choice decisions, we more thoroughly
examine how the duration and magnitude of a pursuit, and the context in which it is embedded
(its ‘outside’), impacts reward-rate-optimal valuation. We then re-express subjective value as a
temporal discounting function, revealing the nature of the apparent temporal discounting function
of a reward-rate-maximizing agent as one determined wholly by the temporal structure and
magnitude of rewards in the environment. We then assess whether hyperbolic discounting, the
“Delay” effect, and the “Magnitude” and “Sign” effect—purported signs of suboptimal decision-
making (McDiarmid and Rilling, 1965 (Z; Rachlin et al., 19722 ; Ainslie, 19742 ; Snyderman, 1983 %;
Green et al., 1994 @; Kirby and Herrnstein, 19952 ; Myerson and Green, 1995 ; Bateson and
Kacelnik, 1996 (2 ; Ostaszewski, 1996 & ; Stephens and Anderson, 2001 % ; Cheng et al., 2002 2;
Frederick et al., 2002 % ; Hayden and Platt, 2007 2 ; Hayden et al., 2007 2 ; McClure et al., 2007 (Z;
Beran and Evans, 2009 (@ ; Peters and Biichel, 2011 @; Stevens and Muhlhoff, 2012 @ ; Carter et al.,
2015(%; Carter and Redish, 2016 (3 )—are in fact consistent with optimal decision-making.
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Figure 7.

The impact of the apportionment cost of time on the subjective value of a pursuit.

A) The apportionment cost of time can best be illustrated dissociated from the contribution of the opportunity cost of time by
considering the special instance in which the outside has no net reward, and therefore has a reward rate of zero. B) In such
instances, the considered pursuit type (purple vector) still has a cost of time, however, which is entirely composed of
apportionment cost. Time's apportionment cost will decrease as the time in the outside (the family of outside time golden
vectors) increases, decreasing the slope of corresponding global reward rate vectors (family of magenta vectors) and, thus,
increasing the subjective value (green dots) of the considered pursuit. C) Here, the cost of time is entirely composed of
apportionment cost, which arises from the fact that the considered pursuit is contributing its proportion to the global reward
rate. How much the pursuit’s time cost is (maroon dots) is thus determined by the ratio of the time spent in the pursuit
versus outside the pursuit; the more time is spent outside the pursuit, the less the apportionment cost of time of the pursuit,
and therefore, the greater the subjective value of the pursuit (green dotted line). D) When apportionment cost (brown annuli)
solely composes the cost of time, the cost of time decreases hyperbolically as the outside time increases, resulting in the
subjective value of a pursuit increasing hyperbolically (green dotted line). Conventions as in Figure 6 2.
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Figure 8.

The effect of changing the outside time and thus the
outside reward rate, on the subjective value of a pursuit.

A) The subjective value (green dot) of the considered pursuit, when B) changing the outside time, and thus, outside reward
rate (green dots). C) As outside time increases under these conditions (holding outside reward constant), the subjective value
of the pursuit increases hyperbolically (green dotted line), from the negative of the outside reward magnitude to, in the limit,
the inside reward magnitude. Conversely, time’s cost (right hand axis, maroon dots) decreases hyperbolically. D) Opportunity
cost (orange stippling, right hand y-axis) decreases hyperbolically as outside time increases. E) Apportionment cost (right
hand y-axis) is the difference of two hyperbolas (brown annuli area). It is initially negative, meaning that apportionment cost
is a gain, as the outside reward rate is greater than the inside reward rate. This apportionment gain decreases to zero as
outside time increases to make the outside and inside rates equal, and then becomes an apportionment cost (positive). F)
Summing opportunity cost and apportionment cost yields time's cost; subtracting time’s cost from the pursuit’'s reward
magnitude yields the subjective value (green dotted curve). Conventions as in Figure 6 2.
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Choice decision-making

Consider a temporal decision in which two or more mutually exclusive options are simultaneously
presented following a period that is common to policies of choosing one or another of the
considered options (Figure 9). In such scenarios, subjects choose between outcomes differing in
magnitude and the time at which they will be delivered. Of particular interest are choices between
a smaller, sooner reward pursuit (“SS” pursuit) and a larger, later reward pursuit (“LL” pursuit)
(Myerson and Green, 1995 ; Frederick et al., 2002 (2 ; Madden and Bickel, 2010; Peters and Biichel,
2011 ). Such intertemporal decision-making is commonplace in the laboratory setting
(McDiarmid and Rilling, 1965 (7; Rachlin et al., 1972 &; Ainslie, 19742 ; Snyderman, 1983 & ;
Myerson and Green, 1995 (%; Bateson and Kacelnik, 1996 (2 ; Ostaszewski, 1996 (7 ; Stephens and
Anderson, 2001 Z; Cheng et al., 20022 ; Frederick et al., 2002 & ; Hayden et al., 20072 ; Hayden and
Platt, 2007 % ; McClure et al., 2007 @ ; Beran and Evans, 2009 (@ ; Peters and Blichel, 2011 @; Stevens
and Muhlhoff, 2012 ; Carter et al., 2015 3; Carter and Redish, 2016 &).

Global reward rate equation and Optimal Choice Policy

With the global reward rate equation previously derived, which choice policy (i.e., choosing SS, or
LL) would maximize global reward rate can be identified. The optimal choice between the SS and
the LL pursuit is as follows...

—ZLL::SS < pg*. choose Smaller-Sooner, SS, pursuit (Ap8)

LL™'SS

_’;fi::;j = pg", both SS and LL pursuits are equivalent Ap)

—:LL::SS > pg”, choose Larger-Later, LL, pursuit (Ap9)
LL™!SS

These policies’ optimality is intuitive. By choosing option LL, the subject earns ry; - rgg more
reward than when choosing SS but spends t;; - tgc more time. If the reward rate from that extra
time spent exceeds the reward rate of the environment generally, it would be optimal to spend the
extra time on the larger-later option. In other words, if the agent were to choose pursuit SS, t;; -
tss time would be spent earning reward at a global reward rate under that policy, pg cpoose ss» With
the magnitude pg(t;; - tsg). If pgltyy - tgg) exceeds the extra reward ry; - rgg that could be earned
with that extra time by investing the LL pursuit, more reward would be earned in the same
amount of time by choosing the SS Pursuit.

Optimal Choice Policies based on Subjective Value

As under forgo decision-making, we can now also identify the global reward rate optimizing
choice policies based on subjective value (Figure 9%). The following policies would optimize
reward rate when choosing between two options of different magnitude that require different
amounts of time invested:

sV < Svss , take pursuit SS (Ap 10)
SV = SVsg, SS and LL pursuits are equivalent (Ap 10)
SV > Svss, take pursuit LL (Ap 10)
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Figure 9.

Policy options considered during the initiation of pursuits in worlds with a “Choice” topology.

A-C) Choice topology, and policies of choosing the smaller-sooner or larger-later pursuit, as in Figure 12 “Choice”. D) The
world divided into “Inside” and “Outside” the selected pursuit type, as the agent decides whether to accept SS (aqua) or LL
(purple) pursuit. The global reward rate (pg) under a policy of choosing the SS or LL (slopes of the magenta lines) is
calculated from the equation in the box to the right.
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The impact of opportunity & apportionment
costs on choice decision-making

With optimal policies for choice expressed in terms of subjective value, the impact of time’s
opportunity and apportionment costs on choice decision-making can now be more deeply
appreciated. Keeping the outside time constant, the opportunity cost of time increases as the
outside reward (and thus the outside reward rate) increases. As increasing the outside reward rate
will also impact the apportionment cost of time linearly, (see Figure 6 2), adding these costs
results in a net linear decrease in the subjective value of the considered pursuits (Figure 10®),
with the decrease being driven steadily more by the opportunity cost. When the outside reward
rate is relatively small, reward-rate maximization may dictate that the agent choose the LL pursuit
(as in Figure 102, upper left). However, as the opportunity cost of the LL pursuit is greater than
that of the SS due to its greater reward and time requirement, the subjective value-by-outside time
slope will be more negative for the LL than the SS pursuit, resulting in their subjective values
crossing at a critical outside reward threshold (see Figure 102, upper middle). This critical
threshold occurs when the global reward rates under a policy of accepting the LL or of accepting
the SS pursuits are equal. A switch in preference from the LL pursuit to that of the SS pursuit will
then be observed as outside reward values become larger, past this critical threshold (see Figure
102, upper right).

A switch in preference between the SS and LL pursuits will also occur when the time spent outside
the considered pursuit increases, even if the outside reward rate earned remains constant (Figure
11@). In this case, the opportunity cost of time will remain unchanged, with only the
apportionment cost of time driving changes in the subjective value (the aqua (SS) and purple (LL)
dots on the y-axis, Figure 11 (%) of pursuits. As any inside time will constitute a greater fraction of
the total time under a LL versus a SS pursuit policy, the apportionment cost of the LL pursuit will
be greater. This can result in the subjective value of the SS pursuit being greater initially (when
outside time is short, Figure 11 upper left @), than the LL pursuit. As the outside time increases,
however, the ordering of subjective value will switch as apportionment costs becoming
diminishingly small.

Finally, the effect of varying the outside time and the outside reward rate on subjective value in
Choice behavior is considered (Figure 12(@). Opportunity and apportionment costs can
simultaneously be varied, for instance, by maintaining outside reward but increasing outside time.
Recall that doing so decreases the opportunity cost of time hyperbolically while the apportionment
cost of time varies as the difference of two hyperbolas; their sum (time’s cost) decreases
hyperbolically (see Figure 8 2). Therefore, the subjective value-by-outside time functions of the LL
and SS pursuits increase hyperbolically (Figure 12, bottom (@), but since they span different
ranges (from the negative of the outside reward magnitude to their respective inside reward
magnitudes) these functions will cross, thus switching from the SS to the LL pursuit (Figure 122)
at a critical outside time.

A reward-rate-optimal agent will thus appear as if more patient 1) the longer the time spent
outside a considered pursuit, 2) the lower the outside reward rate, or 3) both, switching from a
policy of choosing the SS to choosing the LL option at some critical outside reward rate and/or
time. Having analyzed the impact of time spent and reward obtained outside a pursuit on a
pursuit’s valuation, we now examine the impact time spent within a pursuit has on its valuation.

The Discounting Function of a reward-rate-optimal agent

How does the value of a pursuit change as the time required for its obtainment grows?
Intertemporal decision-making between pursuits requiring differing time investments resulting in
different reward magnitudes has typically been examined using a ‘temporal discounting function’
to describe how delays in reward influence their valuation. This question has been investigated
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The effect of increasing outside reward on subjective value in choice decision-making.

The effect of increasing the outside reward while holding the outside time constant is to linearly increase the cost of time,
thus decreasing the subjective value of pursuits considered in choice decision-making. When the outside reward is
sufficiently small (top left), the subjective value of the LL pursuit can exceed the SS pursuit, indicating that selection of the LL
pursuit would maximize the global reward rate. As outside reward increases, however, the subjective value of pursuits will
decrease linearly as the opportunity cost of time increases. Since a policy of choosing the LL pursuit will have the greater
opportunity cost, the slope of its function relating subjective value to outside reward will be greater than that of a policy of
choosing the SS pursuit (bottom). Thus, outside reward can be increased sufficiently such that the subjective value of the LL
and SS pursuits will become equal (top middle), past which the agent will switch to choosing the SS pursuit (top right).
Vertical dashed lines (bottom) correspond to instances along top.
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Effect of apportionment cost on subjective value in choice decision-making.

The effect of apportionment cost can be isolated from the effect of opportunity cost by increasing the outside time while
holding outside rate constant. Doing so results in decreasing the apportionment cost of the considered pursuit, thus

increasing its subjective value (bottom). When the outside time is sufficiently small (top left), the apportionment cost for LL
and SS pursuits will be relatively large, but can be greater still for the LL pursuit given its proportionally longer duration to the

outside time and greater reward magnitude. As outside reward time increases, however, the subjective value of pursuits
increase as the apportionment cost of time of the considered pursuit decreases. As apportionment costs diminish and the

magnitudes of pursuits’ rewards become more fully realized, the subjective value of the LL and SS pursuits will become equal

(top middle), with the LL pursuit eventually exceeding that of the SS pursuit at sufficiently long outside times (top right).

Vertical dashed lines (bottom) correspond to instances along top.
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Effect of varying outside time and outside reward rate.

The effect of increasing the outside time while maintaining outside reward is to decrease the apportionment as well as the
opportunity cost of time, thus increasing pursuit’s subjective value. Increasing outside time, which in turn, also decreases
outside reward rate, results in the agent appearing as if to become more patient, being willing to switch from a policy of
selecting the SS pursuit (upper left) to a policy of treating them equally (upper middle) at some critical threshold (vertical
dashed black line, bottom), to a policy of selecting the LL pursuit (upper right). Vertical dashed lines (bottom) correspond

to instances along top.
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experimentally by pitting SS against LL options to experimentally determine the subjective value of
the delayed reward (Mischel, Grusec, & Masters, 1969 (), with the best fit to many such
observations across delays determining the subjective value-time function. After normalizing by
the magnitude of reward, the curve of subjective values as a function of delay is the “temporal
discounting function” ((Green et al., 1994 (% ; Kirby and Herrnstein, 1995 %), and for review see
(Frederick et al., 2002 %)). While the temporal discounting function has historically been used in
many fields, including economics, psychology, ethology, and neuroscience to describe how delays
influence rewards’ subjective value, its origins—from a normative perspective—remain unclear

agent? And would its determination provide insight into why experimentally derived discounting
functions present in the way they do, with their varied forms and curious sensitivity to the
context, delay, magnitude, and sign of pursuit outcomes?

The Discounting Function of an Optimal Agent is a Hyperbolic Function

To examine the temporal discounting function of a reward-rate-optimal agent, we begin with the

term to resemble the standard temporal discounting function form...

tout Tin — Poutlin
sv(r,t) = (Fin — Poutlin)( = 1
tout + tin 1+—1¢;
Lour ™

discounting function form

The temporal discounting function of an optimal agent can then be expressed by normalizing this
subjective value-time function by the considered pursuit’s magnitude (Equation 11 %).

1-— « ln
z 7 ; sv(r,t) _ Tin = Pouttin 1 Pout Tin
Discounting Function = = 1 *(—) = —
r T+—t, T 14—ty
tout taut

Equation 11%. The Discounting Function of a global reward-rate-optimal agent

To illustrate the discounting function of a reward-rate maximal agent, Figure 13 depicts how
the worth of a pursuit’s reward would change as its context—the ‘outside’ world in which it is
embedded— changes. We do so by examining the apparent discounting function in three different
world contexts: a world in which there is, A) zero outside reward rate & large outside time, B) zero
outside reward rate & small outside time, and, C) positive outside reward rate & small outside
time. Figure 13 first graphically depicts the subjective values of the pursuit’s reward at
increasing temporal delays (the y-intercepts of the lines depicting the resulting global reward
rates, green dots) in each of these world contexts (A-C). Then, by replotting these subjective values
at their corresponding delays, the subjective value-time function is created for this increasingly
delayed reward in each of these worlds (D-F). By normalizing by the reward magnitude, these
subjective value-time functions are then converted to their corresponding discounting functions
(color coded) and overlaid so that their shapes may be compared (G).

Doing so illustrates how the mathematical form of the temporal discount function—as it appears
for the optimal agent—is a hyperbolic function. This function’s form depends wholly on the
temporal reward structure of the environment and is composed of hyperbolic and linear
components which relate to the apportionment and to the opportunity cost of time. To best
appreciate the contributions of opportunity and apportionment costs to the discounting function
of a reward rate-optimal agent, consider the following instances exemplified in Figure 13(%. First,
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Figure 13.

The temporal discounting function of a global reward-rate-optimal agent is a
hyperbolic function relating the apportionment and opportunity cost of time.

A-C) The effect, as exemplified in three different worlds, of varying the outside time and reward on the subjective value of a
pursuit as its reward is displaced into the future. The subjective value, sv, of this pursuit as its temporal displacement into the
future increases is indicated as the green dots along the y-intercept in these three different contexts: a world in which there
is A) zero outside reward rate & large outside time, B) zero outside reward rate & small outside time, and C) positive outside
reward rate & the small outside time as in B. D-F) Replotting these subjective values at their corresponding temporal
displacement yields the subjective value-time function of the offered reward in each of these contexts. G: Normalizing these
subjective value functions by the reward magnitude and superimposing the resulting temporal discounting functions reveals
how the steepness and curvature of the apparent discounting function of a reward-rate-maximizing agent changes with
respect to the average reward and time spent outside the considered pursuit. When the time spent outside is increased
(compare B to A)—thus decreasing the apportionment and opportunity cost of time—the temporal discounting function
becomes less curved, making the agent appear as if more patient. When the outside reward is increased (compare B to C)—
thus increasing the opportunity and apportionment cost of time—the temporal discounting function becomes steeper,
making the agent appear as if less patient.
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in worlds in which no net reward is received outside a considered pursuit, the apparent
discounting function is purely hyperbolic (Figure 13A @). Purely hyperbolic discounting is
therefore optimal when the subjective value function follows the equation...

Tin
14

out

sv =

Therefore, a purely hyperbolic discounting function would arise from a reward-rate maximizing
agent in a world common to many experimental designs where, for instance, t,,; may represent
the intertrial interval with no reward. Second, as less time is apportioned outside the considered
pursuit type (Figure 13B(®), this hyperbolic curve becomes more curved as the pursuit’s time
apportionment cost increases. The curvature of the hyperbolic component is thus controlled by
how much time the agent spends ‘in’ versus ‘outside’ the considered pursuit: with the more time
spent outside the pursuit, the gentler the curvature of apparent hyperbolic discounting and the
more patient the agent appears to become for the considered pursuit. Third, in worlds in which
reward is received outside a considered pursuit (compare B to C), the apparent discounting
function will become steeper the more outside reward is obtained, as the linear component
relating the opportunity cost of time increases.

Thus, by expressing the worth of a pursuit as would be evaluated by a reward-rate-optimal agent
in terms of its discounting function, we find that its form is consonant with what is commonly
reported experimentally in humans and animals and will exhibit apparent changes in curvature
and steepness that relate directly to the reward acquired and time spent outside the considered
pursuit for every time spent within it.

The Delay Effect, the Magnitude Effect, and the Sign Effect

With this insight into how opportunity and apportionment costs impact the cost of time, and
therefore the subjective value of pursuits in Choice decision-making, reward-rate-optimal agents
are now understood to exhibit a hyperbolic form of discounting, as commonly exhibited by
humans and animals (Rachlin et al., 1972 &, 2000%; Ainslie, 1975 ; Thaler, 1981 ; Mazur,
1987 @2 ; Benzion et al., 1989 (%; Green et al., 1994 ; Kobayashi and Schultz, 2008 (2 ; Calvert et al.,
20103; Fedus et al., 2019 @). As hyperbolic discounting is not a sign of suboptimal decision-
making, as is widely asserted, are other purported signs of suboptimal decision-making, namely
the “Delay Effect”, the “Magnitude Effect” and “Sign effect” also consistent with optimal temporal
decisions?

The Delay Effect

The Delay Effect (also known as preference reversal) refers to the experimental observation made
in Choice decisions where preference switches from the SS to the LL option as the delay to the
options increase (Green et al., 1994 ; Kirby and Herrnstein, 1995(2). The switch in preference,
despite the magnitudes and the time between the options remaining unchanged, is taken as a sign
of anomalous decision making (Cruz Rambaud et al., 2023 @). Figure 142 illustrates why
preference reversal under increasing delay isn’t a sign of suboptimal decision-making but rather is
consistent with reward-rate maximization. When the delay to the options is sufficiently short,
reward-rate maximization can dictate selecting the SS pursuit (Figure 14 top left @) in a choice
between SS and LL. As the delay increases, the global reward-rate maximizing policy under choose
LL and choose SS policies would drop until they become equivalent, at which time their subjective
values would be the same (Figure 14 top middle (©, and dashed vertical black line Figure 14
bottom (). At delays greater than this critical value, the agent would switch to choosing the LL
pursuit in Choice tasks (Figure 14 top right 2). Additionally, we note that further delay can result
in the subjective value of the SS pursuit turning negative. At this point, the agent would choose the
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LL pursuit in a Choice context and would forgo the SS were it to be offered in a Forgo context. At
even greater delay, the LL pursuit’s subjective value would turn negative. This would result in the
agent choosing LL under forced choice conditions but forgoing either pursuit in a Forgo context.

The Magnitude Effect

The Magnitude Effect refers to the observation that the temporal discounting function, as
experimentally determined, is observed to become less steep the larger the offered reward. If
brains apply a discounting function to account for the delay to reward, why, as it is posed, do
different magnitudes of reward appear as if discounted with different temporal discounting
functions? Figure 15 considers how a reward-rate-maximizing agent would appear to discount
rewards of two magnitudes (large - top row; small - bottom row), first by determining the
subjective value (green dots) of differently sized rewards (Figure 15 A & B(?) across a range of
delays, and second by replotting the sv’s at their corresponding delays (Figure C & D @), to form
their subjective value functions (blue and red curves, respectively). After normalizing these
subjective value functions by their corresponding reward magnitudes, the resulting temporal
discounting functions that would be fit for a reward-rate-maximizing agent are then shown in
(Figure 15E(®). The pursuit with the larger reward outcome (blue) thus would appear as if
discounted by a less steep discounting function than the smaller pursuit (red), under what are
otherwise the same circumstances. Therefore, the ‘Magnitude Effect’, as observed in humans and
animals, would also be exhibited by a reward-rate-maximizing agent.

The Sign Effect

The Sign Effect refers to the observation that the discounting functions for outcomes of the same
magnitude but opposite valence (rewards and punishments) appear to discount at different rates,
with punishments discounting less steeply than rewards. Should the brain apply a discounting
function to outcomes to account for their temporal delays, why does it seemingly use different
discount functions for rewards and punishments of the same magnitude? Figure 16 2 considers
how a reward-rate-maximizing agent would appear to differently discount outcomes of the same
magnitude but opposite valence (rewards-Figure 16A v punishments-Figure 16B (©) when the
time spent outside the considered pursuit type generates a non-zero reward rate. By determining
the subjective value of these oppositely signed rewarding (Figure 16C %) and punishing (Figure
16D @) outcomes across a range of delays and plotting their normalized subjective values at their
corresponding delay (Figure 16E(%), the apparent discounting function for reward and
punishment, as expressed by a reward-rate-maximizing agent, exhibits the “Sign effect”, as
observed in humans and animals. In addition, we note that the difference in the discounting
function slopes between rewards and punishments of equal magnitude would diminish as the
outside reward rate approached zero. With an outside reward rate equal to zero, the discounting
functions would be identical. If the outside reward rate became increasingly negative, the effect
would invert and rewards would increasingly appear to discount less steeply than punishments.

Summary

In the above sections, we provide a richer understanding of the origins of time’s cost in evaluating
the worth of initiating a pursuit. We demonstrate that the intuitive, if deceptively simple, equation
for subjective value (Equation 7 @), where time’s cost is subtracted from the reward magnitude, is
equivalent to subtracting an opportunity cost and an apportionment cost of time from the reward
magnitude (Equation 8 ). Where time’s cost in the simple equation is calculated from the global
reward rate under a policy of accepting the considered pursuit (Equation 7 (@), parceling the
world into contributions from time spent ‘inside’ and ‘outside’ the considered pursuit type
(Equation 8() reveals that the opportunity cost of time arises from the global reward rate
achieved under a policy of not accepting the considered pursuit (its outside reward rate), and that
the apportionment cost of time arises from the allocation of time spent in, versus outside, the
considered pursuit. These equivalent expressions for the normatively-defined (reward-rate
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Reward-rate-maximizing agents would exhibit the “Delay Effect”.
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A “switch” in preference from a SS—when the delay to the pursuits is relatively short (upper left)—to a LL pursuit, when the
delay to the pursuits is relatively long (upper right), would occur as a consequence of global reward-rate maximization.
Bottom: The subjective value-time functions varying the delay to the SS (cyan) and LL (purple) pursuit with respect to the
delay in which selecting either pursuit results in the same global reward-rate. Vertical dashed lines (Bottom) correspond to

instances along top.
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Reward-rate-maximizing agents would exhibit the “Magnitude effect”.

A&B) The global reward rate (the slope of magenta vectors) that would be obtained when acquiring a considered pursuit’s
reward of a given size (either relatively large as in A or small as in B) but at varying temporal removes, depicts how a
considered pursuit’s subjective value (green dots, y-intercept) would decrease as the time needed for its obtainment
increases in environments that are otherwise the same. C&D) Replotting the subjective values of the considered pursuit to
correspond to their required delay forms the subjective value-time function for the “large” reward case (C), and the “small”
reward case (D). E) Normalizing the subjective value-time functions by their reward magnitude transforms these functions
into their corresponding discounting functions (blue: large reward DF; red: small reward DF), and reveals that a reward-rate-
maximizing agent would exhibit the “Magnitude Effect” as the steepness of the apparent discounting function would change
with the size of the pursuit, and manifest as being less steep the greater the magnitude of reward.
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Reward-rate-maximizing agents would exhibit the “Sign effect”.

A&B) The global reward rate (the slope of magenta lines) that would be obtained when acquiring a considered pursuit’s
outcome of a given magnitude but differing in sign (either rewarding as in A, or punishing as in B), depicts how the subjective
value (green dots, y-intercept) would decrease as the time of its obtainment increases in environments that are otherwise the
same (one in which the agent spends the same amount of time and receives the same amount of reward outside the
considered pursuit for every instance within it). C&D) Replotting the subjective values of the considered pursuit to
correspond to their required delay forms the subjective value-time function for the reward (C) and for the punishment (D). E)
Normalizing the subjective value-time functions by their outcome transforms these functions into their corresponding
discounting functions (blue: reward DF; red: punishment DF). This reveals that a reward-rate-maximizing agent would exhibit
the “Sign Effect”, as the steepness of the apparent discounting function would change with the sign of the pursuit,
manifesting as being less steep for punishing than for rewarding outcomes of the same magnitude.
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maximizing) subjective value of a pursuit give rise to an apparent discounting function thatis 1) a
hyperbolic function of time, 2) whose curvature is determined by the apportionment cost of time,
and 3) whose scaling is linearly determined by the opportunity cost of time. By re-expressing
reward-rate maximization as its apparent temporal discounting function, we demonstrate how fits
of hyperbolic discounting, as well as observations of the Delay, Magnitude, and Sign effect—
commonly taken as signs of suboptimal decision-making—are in fact consistent with optimal
temporal decision-making.

Sources of error and their consequences

While these added insights enrich our understanding of time’s cost and reveal how purported
signs of irrationality can in fact be consistent with a reward-rate-maximizing agent, it nonetheless
remains true that animals and humans are suboptimal temporal decision makers—exhibiting an
“impatience” by selecting smaller, sooner (SS) options in cases where selecting larger, later (LL)
options would maximize global reward rate. However, when decisions to accept or reject pursuits
are presented in Forgo situations, they are observed to be optimal. As the equivalent immediate
reward equations enabling global reward rate optimization may potentially be instantiated by
neural representations of their underlying variables, we conjecture that misrepresentation of one
or another variable may best explain the particular ways in which observed behavior deviates, as
well as accords, with optimality. Therefore, we now ask what errors in temporal decision-making
behavior would result from misestimating these variables, with the aim of identifying the nature
of misestimation that best accounts for the pattern actually observed in animals and humans
regarding whether to initiate a given pursuit.

To understand how systematic error in an agent’s estimation of different time and/or reward
variables would affect its behavior, we examine the agent’s pattern of behavior in both Choice and
Forgo decisions across different outside reward rates. First, we ask whether the agent would
choose a SS or LL pursuit as in a choice task. Then we ask whether the agent would take or forgo
the same LL and SS pursuits when either are presented alone in a forgo task. The actions taken by
the agent can therefore be described as a triplet of policies referring to the two pursuits (e.g.,
choose SS, forgo LL, forgo SS).

Let us first consider how a reward-rate-optimal agent would transition from one to another
pattern of decision-making as outside reward rate increases for the situation of fundamental
interest: where the reward rate of the SS pursuit is greater than that of the LL pursuit (Figure

17 @). When the outside reward rate (slope of golden line) is sufficiently low (Figure 17A %), the
agent should prefer LL in Choice, be willing to take the LL pursuit in Forgo, and be willing to take
the SS pursuit in Forgo (choose LL, take LL, take SS). Here, a “sufficiently low” outside rate is one
such that the resulting global reward rate (slope of magenta line) is less than the difference in the
reward rates of the SS and LL pursuits. When the outside reward rate increases to greater than
this difference in the pursuits’ reward rates but is less than the reward rate of the LL option, the
agent should choose SS in Choice and be willing to take either in Forgo (choose SS, take LL, take SS)
(Figure 17B(@). Further increases in outside rate up to that equaling the reward rate of the SS
results in the agent selecting the SS in Choice, forgoing LL in Forgo, and taking SS in Forgo (choose
SS, forgo LL, take SS) (Figure 17C 2). Finally, any additional increase in outside rate would result
in choosing the SS pursuit under Choice, and forgoing both pursuits in Forgo (choose SS, forgo LL,
forgo SS) (Figure 17D @). Colored regions thus describe the pattern of decision-making behavior
exhibited by a reward-rate-optimal agent under any combination of outside reward and time.

With this understanding of the optimal thresholds between behavior policies, we can now
examine the impact on decision-making behavior of different types of error in the agent’s
understanding of the world (Figure 18 2). We introduce an error term, w, such that different
parameters impacting the global reward rate of each considered policy are underestimated (w<1)
or overestimated (w>1) (Figure 18 @ column 1, see Table 1 for formal definitions). Resulting
global reward rate mis-estimations are equivalent to introducing error in the considered pursuit’s
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Relationship between outside time and reward with
optimal temporal decision-making behavioral transitions.

An agent may be presented with three decisions: the decision to take or forgo a smaller, sooner reward of 2.5 units after 2.5
seconds (SS pursuit), the decision to take or forgo a larger, later reward of 5 units after 8.5 seconds (LL pursuit), and the
decision to choose between the SS and LL pursuits. The slope of the purple line indicates the global reward rate (pg) resulting
from a Choice or Take policy, while the slope of “outside” the pursuit (golden line) indicates the outside reward rate (i.e.,
global reward rate resulting from a Forgo policy). In each panel (A-D), an example outside reward rate is plotted, illustrating
the relative ordering of py slopes for each policy. Location in the lower left quadrant is thereby shaded according to the
combination of global rate-maximizing policies for each of the three decision types. r¢g = 2.5, tss = 2.5, r); = 5, t;; = 8.5, ty ;¢ = 6,
rout=0,0.4,0.8,1.3inA, B, C, &D, respectively.
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subjective value, which will result in various deviations from reward-rate maximization (Figure
18 @). Conditions wherein overestimation of global reward rate would lead to suboptimal choice
behavior are identified formally in Ap 11.

The sources of error considered are mis-estimations of the reward obtained and/or time spent
“outside” (rows B-D) and “inside” (rows E-G) the considered pursuit. When both reward and time
are misestimated, we examine the case in which the reward rate of that portion of the world is
maintained (rows D & G). The agent’s resulting policies in Choice (second column) and both Forgo
situations (third and fourth columns) are determined across a range of outside reward rates (x-
axes) and degrees of parameter misestimation (y-axes) and color-coded, with the boundary
between the colored regions indicating the outside reward rate threshold for transitions in the
agent’s behavior. These individual policies are collapsed into the triplet of behavior expressed
across the decision types (fifth column). In this way, characterization of the nature of
suboptimality is aided by the use of the outside reward rate as the independent variable
influencing decision-making, with the outside reward rate thresholds for optimal behavior being
compared to the outside reward rate thresholds under any given parameter misestimation
(comparing top “optimal” row A, against any subsequent row B-G). Any deviations in this pattern
of behavior from that of the optimal agent (row A) are suboptimal, resulting in a failure to
maximize reward rate in the environment.

While misestimation of any of these parameters will lead to suboptimal behavior, only specific
sources and directions of error may result in behavior that qualitatively matches human and
animal behavior observed experimentally. Misestimation of outside time (B), outside reward (C),
inside time (E), and inside reward (F) all display Choice behavior that is qualitatively similar to
experimentally observed behavior, either via underestimation or overestimation of the key
variable. For example, underestimation of the outside time (B, w<1) leads to selection of the SS
pursuit at sub-optimally low outside reward rates. However, agents with these types of error
never display optimal Forgo behavior. By contrast, misestimation of either outside time and
reward (D) or inside time and reward (G) display suboptimal Choice while maintaining optimal
Forgo. Specifically, underestimation of outside time and reward (D, w<1) and overestimation of
inside time and reward (G, w>1) both result in suboptimal preference for SS at low outside rates.
Therefore, and critically, if the rates of both inside and outside are maintained despite
misestimating reward and time magnitudes, the resulting errors allow for optimal Forgo behavior
while displaying suboptimal “impatience” in Choice, and thus match experimentally observed
behavior.

Discussion

In order to understand why humans and animals factor time the way they do in temporal
decision-making, our initial step has been to understand how a reward-rate-maximizing agent
would evaluate the worth of initiating a pursuit within a temporal decision-making world. We did
so in order to identify what are and are not signs of suboptimality and to gain insight into how
animals’ and humans’ valuation of pursuits actually deviate from optimality. By analyzing
fundamental temporal decisions, we identified equations enabling reward-rate maximization that
evaluate the worth of initiating a pursuit. We first considered Forgo decisions to appreciate that a
world can be parcellated into its constituent pursuits, revealing how pursuits’ rates and relative
occupancies (their ‘weights’), along with the decision policy, determine the global reward rate. In
doing so, we derived an expression for the worth of a pursuit in terms of the resulting global
reward rate. From it, we re-expressed the pursuit’s worth in terms of its global reward rate-
equivalent immediate reward, i.e., its ‘subjective value’, reprising McNamara’s foundational
expression (McNamara, 1982 2 ). We then show that subjective value, rather than being calculated
from the global reward rate under a policy of accepting the considered pursuit, can equally be
calculated in terms of the outside reward rate (a policy of not accepting the considered pursuit
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Table 1.

Definitions for misestimating global reward rate-enabling parameters.

Each misestimated variable (column 1) is multiplied by an error term, w, to give Pg, the misestimated global reward rate

(column 2). When w = (0,1) the variable is underestimated, when w = (1,2) the variable is overestimated, and when w = 1 the

variable is correctly estimated and Pg = Pg,
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Figure 18.
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Patterns of suboptimal temporal decision-making behavior
resulting from time and/or reward misestimation.

Patterns of temporal decision-making in Choice and Forgo situations deviate from optimal (top row) under various parameter
misestimations (subsequent rows). Characterization of the nature of suboptimality is aided by the use of the outside reward
rate as the independent variable influencing decision-making (x-axis), plotted against the degree of error (y-axis) of a given
parameter (w<1 underestimation, w=1 actual, w>1 overestimation). The leftmost column provides a schematic exemplifying
true outside (gold) and inside (blue) pursuit parameters and the nature of parameter error (dashed red) investigated per row
(all showing an instance of underestimation). For each error case, the agent’s resulting choice between SS and LL pursuits
(2nd column), decision to take or forgo the LL pursuit (3rd column), and decision to take or forgo the SS pursuit (4th column)
are indicated by the shaded color (legend, bottom of columns) for a range of outside rates and degrees of error. The
rightmost column depicts the triplet of behavior observed, combined across tasks. Rows: A) “No error” - Optimal choice and
forgo behavior. Vertical white lines show outside reward rate thresholds for optimal forgo behavior. B-G) Suboptimal
behavior resulting from parameter misestimation. B-D) The impact of outside pursuit parameter misestimation. B) “Outside
Time"”- The impact of misestimating outside time (and thus misestimating outside reward rate). C) “Outside Reward”- The
impact of misestimating outside reward (and thus misestimating outside reward rate). D) “Outside Time & Reward”- The
impact of misestimating outside time and reward, but maintaining outside reward rate. E-G) The impact of inside pursuit
parameter misestimation. E) “Pursuit Time”- The impact of misestimating inside pursuit time (and thus misestimating inside
pursuit reward rate. F) “Pursuit Reward” - The impact of misestimating the pursuit reward (and thus misestimating the
pursuit reward rate). G) “Pursuit Time and Reward” - The impact of misestimating the pursuit reward and time, but
maintaining the pursuit’s reward rate. For this illustration, we determined the policies for a SS pursuit of 2 reward units after
2.5 seconds, a LL pursuit of 4.75 reward units after 8 seconds, and an outside time of 10 seconds. The qualitative shape of
each region and resulting conclusions are general for all situations where the SS pursuit has a higher rate than the LL pursuit
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type) and the proportion of time spent outside the pursuit. Expressing subjective value in terms of
a pursuit’s outside reward rate and time reveals that time’s cost is constituted by an
apportionment cost, as well as an opportunity cost. By then examining Choice decisions, we
provide a deeper understanding of the nature of apparent temporal discounting in reward-rate-
maximizing agents and establish that hyperbolic discounting, the Delay Effect, the Magnitude
Effect, and the Sign Effect, are not signs of suboptimal decision-making, but rather are consistent
with reward-rate maximization. While these purported signatures of suboptimality would in fact
arise from reward-rate maximization, humans and animals are, nonetheless, suboptimal temporal
decision makers, exhibiting apparent discounting functions that are too steep. By examining
misestimation of the parameters that enable reward-rate maximization identified here, we
implicate underestimation of the relative time spent outside versus in the considered pursuit type
as the likely source of error committed by animals and humans in temporal decision-making that
underlies their suboptimal pursuit valuation. We term this “The Malapportionment Hypothesis”.

Temporal decision-making theories and frameworks

Two theories have predominated over the course of theorizing about how animals should invest
time when pursuing rewards of a diversity of magnitudes and delays: a theory of exponential
discounting (Samuelson, 1937 @ ; Frederick et al., 2002 (2; Kalenscher and Pennartz, 2008 2) and a
theory of optimal foraging (Charnov, 1976b &2 ; Pyke et al., 1977 (2; Stephens and Krebs, 1986 (73;
Stephens, 2008 (2). According to the former, exhibiting a permanent preference for one option
over another through time was argued to be rational (Montague and Berns, 2002 (% ; Mazur,

2006 (3 ; Nakahara and Kaveri, 2010 %), as in Discounted Utility Theory (DUT) (Samuelson, 1938 (3).
Discounting functions operating under this principle would then be exponential, with the best fit
exponent controlling and embodying the agent’s appreciation of the cost of time. In contrast,
Optimal Foraging Theory (OFT) invoked reward-rate maximization as the normative principle.
Referenced by a wide assortment of ethologists and ecologists (for review see (Pyke, 1984 (%)), the
specific formulation proponents of OFT generally use would result in an apparent discounting
function that is hyperbolic. Indeed, in controlled laboratory experiments in which animals make
decisions about how to spend time between rewarding options (Hariri et al., 2006 (% ; Hayden et al.,
2011 3; Wikenheiser et al., 2013 (@; Blanchard and Hayden, 2014, 2015(3; Carter et al., 2015%;
Carter and Redish, 2016 (@), experimental observations have demonstrated that hyperbolic
functions are better fits to choice behavior in intertemporal choice tasks than exponential
functions (Ainslie, 1975 ; Thaler and Shefrin, 19817 ; Frederick et al., 2002 & ; Green and Myerson,
2004 Z; Kim et al., 2008 &2 ; Blanchard and Hayden, 2015(%). Nonetheless, and problematically for
OFT, in most intertemporal choice tasks, animal behavior is far from optimal for maximizing
reward rate (Reynolds and Schiffbauer, 2004(% ; Hayden et al., 20112 ; Blanchard et al., 2013(2;
Blanchard and Hayden, 2015 ).

Hyperbolic Temporal Discounting Functions

Indeed, with respect to global reward-rate maximization, animals and humans typically exhibit
much too great a preference for smaller-sooner rewards (SS) in apparent discounting of delayed
rewards (Chung and Herrnstein, 1967 2; Rachlin et al., 1972 ; Ainslie, 1974 ; Thaler, 1981 ; Ito
and Asaki, 1982 ; Grossbard and Mazur, 1986 (% ; Mazur, 1988 (%; Benzion et al., 1989 (#;
Loewenstein and Prelec, 1992; Green et al., 1994 & ; Bateson and Kacelnik, 1996 @ ; Kacelnik and
Bateson, 1996 (2 ; Cardinal et al., 2001 2; Stephens and Anderson, 2001 (2; Bennett, 2002 (%
Frederick et al., 20027 ; Holt et al., 20032 ; Winstanley et al., 2004 (3; Kalenscher et al., 2005 %
Roesch et al., 2007 (@ ; Kobayashi and Schultz, 2008 &% ; Louie and Glimcher, 2010 ; Pearson et al.,
2010(%). More precisely, we show here that what is meant by this suboptimal bias for SS is that the

and LL pursuits could be explained if temporal discounting took on a hyperbolic form, which he
initially conjectured to arise simply from the ratio of reward to delay (Grine-Yanoff, 2015%). This
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was problematic, however, on two fronts: 1) as the time nears zero, the value curve goes to
infinity, and 2) there is no accommodation of differences observed within and between subjects
regarding the steepness of discounting. Mazur (Mazur, 1987 (2) addressed these issues by

introducing 1 + k into the denominator, providing for the now standard hyperbolic discounting
function, = ®= ﬁ . Introduction of “1” solved the first issue, though “it never became fully

r
clear how to interpret this 1” (Grine-Yanoff, 2015 interviewing Ainslie). Introduction of the free-
fit parameter, k, accommodated the variability observed across and within subjects by controlling
the curvature of temporal discounting, and has become widely interpreted as a psychological trait,

such as patience, or willingness to delay gratification (Frederick et al., 2002 ().

In this way, the Discounting Function framework has often been reified into a function possessed
by the brain, an intrinsic property used to reduce, in a manner idiosyncratic to the agent, the value
of delayed reward. Indeed, discounting functions have been directly incorporated into numerous
models (Laibson, 1997 @ ; McClure et al., 2004 ; al-Nowaihi and Dhami, 2008 %; Killeen, 2009 @),
motivating the search for its neurophysiological signature (Montague et al., 2006 ). In addition to
accommodating intra- and inter-subject variability through the use of this free-fit parameter,
discounting function formulations must also contend with the fact that best fits differ in steepness
1) when the time spent and 2) reward gained outside the pursuit changes (Lea, 1979 & ; Stephens
and Dunlap, 2009 % ; Blanchard et al., 2013(%; Blanchard and Hayden, 2015 (Z; Carter et al., 2015 %;
Smethells and Reilly, 20152 ; Carter and Redish, 2016(%), 3) as the delay to SS and LL pursuits
increase (the Delay Effect), 4) when the reward magnitude of the pursuit changes (the Magnitude
Effect), and 5) when considering the sign of the outcome of the pursuit (the Sign Effect). This
sensitivity to conditions and variability across and within subjects has spurred a hunt for the
‘perfect’ discounting function (Namboodiri and Hussain Shuler, 2016 2) in an effort to better fit
behavioral observations, resulting in formulations of increasing complexity (Laibson, 19975 ;
McClure et al., 2004 (2 ; al-Nowaihi and Dhami, 2008 (@ ; Killeen, 2009 ). While such
accommodations may provide for better fits of data, the uncertain origins of discounting functions
(Hayden, 2016 (%) pose a challenge to the utility of this framework in rationalizing observed

behavior.

The apparent discounting function of global reward-rate-
optimal agents exhibits purported signs of suboptimality

Of the array of temporal decision-making behaviors commonly observed and viewed through the
lens of discounting, what might be better accounted for by a deeper understanding of how a
reward-rate-optimal agent would evaluate the worth of initiating a pursuit? To address this, we
derived expressions of reward-rate maximization, translated them into subjective value, and then
re-expressed subjective value in terms of the apparent discounting function that would be
exhibited by a reward-rate-maximizing agent. We demonstrate that a simple and intuitive
equation subtracting time’s cost is equivalent to a hyperbolic discounting equation that accounts
for opportunity costs and the agent’s apportionment of time in the environment. This analysis
determines that the form and sensitivity to conditions that temporal discounting is experimentally
observed to exhibit would actually be expressed by a reward-rate-maximizing agent. In doing so,
we emphasize how discounting functions should be considered as descriptions of the result of a
process, rather than being the process itself.

Regarding form, our analysis reveals that the apparent discounting function of a reward-rate-
maximizing agent is a hyperbolic function...
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...which resembles the standard hyperbolic discounting function, Ppvrils the denominator, where

1 . . . .
k= —. Whereas Mazur introduced 1 + k to t in the denominator to 1) force the function to behave

out

as t approaches zero and 2) provide a means to accommodate differences observed within and
between subjects, our derivation gives cause to the terms 1 and k, their relationship to one
another, and to t in the denominator. First, from our derivation, “1” actually signifies taking ¢,
amount of time expressed in units of ¢, (tyy¢ /toye = 1) and adding it to ¢;, amount of time
expressed in units of t,,, (ie, the total time to make a full pass through the world expressed in
terms of how the agent apportions its time under a policy of accepting the considered pursuit).
Absent from the numerator in the standard hyperbolic formulation, the solution for a reward-rate-
maximizing agent gives rise to a term that accounts for the opportunity cost of time. Together, the
diminishment of the value of a pursuit as its time investment increases is thus due to time’s
cost—itself hyperbolic—which is shown to be composed of an apportionment (hyperbolic — linear)
as well as an opportunity cost (linear) (Figure 192 & Table 2@).

In addition to demonstrating the form of the discounting function of an optimal agent, we can now
also rationalize why it would appear to change in relationship to the features of the temporal
decision-making world. First, rather than being a free-fit parameter like k in hyperbolic
discounting models (Figure 20A (%), the reciprocal of the time spent outside the considered pursuit
type controls the degree of curvature in reward-rate optimizing agents (Figure 20B(#,
denominator). Therefore, changes in the apparent ‘willingness’ of a reward-rate-optimal agent to
wait for reward would accompany any change in the amount of time that that agent needs to
spend outside the considered pursuit, making the agent act as if more patient the greater the time
spent outside a pursuit for every instance spent within it. Indeed, experiments with shorter
intertrial intervals, and thus higher global reward rates, have a higher cost of time, and therefore
exhibit steeper apparent temporal discounting (Lea, 1979 ; Stephens and Dunlap, 2009(%;
Blanchard et al., 2013 (% ; Smethells and Reilly, 2015 ; Carter and Redish, 2016(% ; Hayden, 2016 (2).

Second, discounting frameworks must also rationalize why the steepness of apparent discounting
changes as the reward rate acquired outside the considered pursuit changes. We show increasing
the outside reward rate to be related to the linear opportunity cost of time in a reward rate
maximizing agent (Figure 13@), subtraction of opportunity cost occurring in the numerator). The
greater the opportunity cost of time, the steeper the apparent discounting function and the less
patient the agent would appear to be. In animal experiments in which a menu of options with
different magnitudes and delays are presented as choice pairs, the outside reward rate will be
greater than zero (Lea, 1979 (; Blanchard et al., 2013 (@; Carter et al., 2015 ; Carter and Redish,
2016 (72 ; Hayden, 2016 ). In these cases, hyperbolic fits should be steeper than would otherwise
be the case if there were no outside reward rate. As typical hyperbolic discounting functions are of
the form...

1

Discount Function =
1+ kt

...they lack an accounting of the opportunity cost, and therefore must compensate for the lack of
an opportunity cost term by overestimating k (which rightfully should only relate to the
apportionment cost). Discounting models of the standard hyperbolic form are therefore only
appropriate in worlds with no “outside” reward, as under such conditions opportunity cost is zero.
In such worlds, the discounting function of a reward-rate-maximizing agent becomes...

1
Discount Function =

Elissa Sutlief et al., 2025 eLife. https://doi.org/10.7554/eLife.99957.2 41 of 100


https://doi.org/10.7554/eLife.99957.2

Table 2.

Opportunity cost, apportionment cost, time cost, and subjective
value functions by change in outside and inside reward and time.

Functions assume positive inside and outside rewards and times. 'If outside reward rate is zero, opportunity cost becomes a
constant at zero. 2If outside reward rate is zero, as outside or inside time is varied, apportionment cost becomes purely

hyperbolic.
Reward Time
Outside Inside Outside Inside
Opportunity Linear No Effect Hyperbolic Linear
Cost! Positive slope Negative slope Positive slope
Apportionment Linear Linear Hyperbolic - Hyperbolic 2 | Hyperbolic - Linear 2
Cost Negative slope Positive slope Negative slope Negative slope

Time's Cost

Linear
Positive slope

Linear
Positive slope

Hyperbolic
Negative slope

Hyperbolic
Positive slope

Subjective
Value

Linear
Negative slope

Linear
Positive slope

Hyperbolic
Positive Slope

Hyperbolic
Negative slope
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Figure 19.

The cost of time of a pursuit comprises both an opportunity as well as an apportionment cost.

The global reward rate under a policy of accepting the considered pursuit type (slope of magenta time), times the time that
that pursuit takes (t;,), is the pursuit’s time’s cost (height of maroon bar). The subjective value of a pursuit (height of green
bar) is its reward magnitude (height of the purple bar) less its cost of time. Opportunity and apportionment costs are shown
to compose the cost of time of a pursuit. Opportunity cost associated with a considered pursuit, po *ti,, (height of orange
bar) is the reward rate of the world under a policy of not accepting the considered pursuit (its outside rate), py, times the
time of the considered pursuit, t;,,. Therefore, opportunity cost is the amount of reward that would be expected from a policy
of not taking the considered pursuit over a time equal to the considered pursuit’s duration. The difference in reward that can
be expected, on average, between a policy of taking versus a policy of not taking the considered pursuit, over a time equal to
its duration, is the apportionment cost of time (height of brown bar). Together, they sum to time's cost.
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Comparison of typical hyperbolic discounting versus
apparent discounting of a reward-rate-optimal agent.

Whereas (A) the curvature of hyperbolic discounting models is typically controlled by the free fit parameter k, (B) the
curvature and steepness of the apparent discounting function of a reward-rate-optimal agent is controlled by the time spent
and reward rate obtained outside the considered pursuit. Understanding the shape of discounting models from the
perspective of a reward-rate-optimal agent reveals that k ought relate to the apportionment of time spent in, versus outside,
the considered pursuit, underscoring, how typical hyperbolic discounting models fail to account for the opportunity cost of
time (and thus cannot yield negative sv's no matter the temporal displacement of reward). Should k be understood as
representing time's apportionment cost, the failure to account for the opportunity cost of time would lead to aberrantly high
values of k.
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k =

tout

Relating to the treatment of opportunity cost, we also note that many investigations into temporal
discounting often do not make an explicit distinction between situations in which 1) subjects
continue to receive the usual rewards from the environment during the delay to a chosen pursuit
and 2) situations in which during a chosen pursuit’s delay no other rewards or opportunities will
occur (Kable & Glimcher, 2007 @ ; Kirby & Marakovi¢, 1996; McClure, Laibson, Loewenstein, &
Cohen, 2004 @). Commonly, human subjects are asked to answer questions about their
preferences between options for amounts they will not actually earn after delays they will not
actually have to wait, during which it is unclear whether they are really investing time away from
other options or not (Rosati et al., 2007 @). In contrast, in most animal experiments, subjects
actually receive reward after different delays during which they do not receive new options or
rewards. By our formulation, when being engaged in a pursuit does not exclude the agent from
receiving rewards at the rate that occurs outside, the opportunity cost of time drops out of the
subjective value equation (Ap 12).

5 e
1+ tin/tout

Equation 12(%. The value of initiating a pursuit when pursuit does not exclude receiving

rewards at the outside rate (Ap 12)

Therefore, the reward-rate-maximizing discounting function in these worlds is functionally
equivalent to the situation in which the outside reward rate is zero, and will—lacking an
opportunity cost—be less steep. This rationalizes why human discounting functions are often
reported to be longer than animal discounting functions: they are typically tested in conditions
that negate opportunity cost, whereas animals are typically tested in conditions that enforce
opportunity costs. Indeed, when humans are made to wait for actually received reward, their
observed discounting functions are much steeper (Jimura et al., 2009 ).

Another consequence of opportunity cost as it relates to apparent temporal discounting functions
is that the presence of opportunity cost means that the apparent temporal discounting function
will become negative at sufficiently long delays, so that even rewarding pursuits, if not forced,
should be forgone. The greater the opportunity cost of time, the steeper the apparent discounting
function, and the earlier a rewarding pursuit will become that the agent ought forgo (when their
acceptance would yield rates less than the outside rate, i.e., when sv < 0). The standard hyperbolic
discounting function, lacking accounting of opportunity cost, cannot fit negative subjective values
and therefore would not predict when—or even that—an agent will forgo a rewarding pursuit.

Third, fourth and fifth, discounting frameworks must make an accounting of the Delay Effect,

Magnitude Effect, and Sign Effect, respectively, as they are considered important “anomalous”
departures from microeconomic theory (Loewenstein and Thaler, 1989 (% ; Cruz Rambaud et al.,
2023 (). To do so, rationalizations from previous works have invoked additional assumptions,

Kalenscher and Pennartz, 2008 @) for reviews), including scalar timing (Gi

of non-stationary time preference. While any of these proposals may indeed impact valuation, we
emphasize here that qualitative features that they are invoked to explain are consistent with
expectations of a reward-rate-maximizing agent.
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Delay Effect

The inside/outside pursuit perspective makes clear that the ‘Delay Effect’, for instance, is not to be
thought of as a sign of suboptimal decision making, but rather is what one should expect from a
reward-rate-maximizing agent. As the resulting global reward rates drop due to an increasing
delay to SS and LL pursuits, a switch will occur (see Figure 14 ) from a policy of choosing the SS
pursuit to a policy of choosing the LL when the difference in the reward rates of these pursuits
equals the global reward rates that would result from their selection. From the perspective of
temporal discounting, this is understood to result from a hyperbolic discounting form (Ainslie,
19752 ; Kalenscher and Pennartz, 2008 (2 ; Fawcett et al., 2012(% ), shown here to be exhibited by a
reward-rate-maximizing agent. Preference reversal, then, is not a sign of irrational decision
making, as it would be exhibited by a reward-rate-maximizing agent. Rather, a sign of irrationality
is that a preference reversal would occur at delays greater or less than what a reward-rate-
maximizing agent would exhibit.

Magnitude Effect

We also demonstrate how the ‘Magnitude Effect’ would be a natural consequence of a process that
would maximize reward rate, without invoking specialized processes or additional functions
(Figure 15@). Further, from our reward-rate-maximizing framework, how the size of the
Magnitude Effect would be affected by changing, experimentally, the outside time, reward, and
rate parameters can be predicted. The Magnitude Effect should be observed, experimentally, to
diminish when 1) increasing the outside time while holding the outside reward constant, (thus
decreasing the outside reward rate), or when 2) decreasing the outside reward while holding the
outside time constant (thus decreasing the outside reward rate). However, 3) the Magnitude Effect
would exaggerate as the outside time increased while holding the outside reward rate constant.

Sign Effect

Whereas discounting frameworks need to invoke separate discounting functions to contend with
different discounting rates for positive (rewarding) and negative (punishing) outcomes of the same
magnitude (the Sign Effect), here too, we demonstrate how this is consistent with a reward-rate-
maximizing process (Figure 16 ). The asymmetry in the steepness of apparent discounting to
rewards and punishments results from the average time and magnitude of rewards (or
punishments) received outside the considered pursuit, forming a bias in evaluating equivalently
sized outcomes of opposite sign. From the global reward-rate-maximizing perspective, we then
also predict that the size of the Sign effect would diminish as the outside reward rate decreases
(and as the outside time increases), and in fact would invert should the outside reward rate turn
negative (become net punishing), such that punishments would appear to discount more steeply
than rewards.

Collectively, our analysis of discounting functions reveals that features typically taken as signs of
suboptimal/irrational decision-making are, in fact, consistent with reward-rate maximization. In
this way, the general form and sensitivity to conditions of discounting functions, as observed
experimentally, can be better understood from the perspective of a reward-rate-optimal agent
(Table 23), providing a more parsimonious accounting of a confusing array of temporal decision-
making behaviors reported.

Humans and animals are nonetheless suboptimal.
What is the nature of this suboptimality?

These insights into the behavior of a reward-rate-maximizing agent inform on the meaning of the
concept “patience”. Patience oughtn’t imply a willingness to wait a longer time, as it is not correct
to say that an agent that chooses a pursuit requiring a long time investment is more patient that
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one that does not, for the amount of time a reward-rate-maximizing agent is willing to invest isn’t
an intrinsic property of the agent itself. Rather, it is a consequence of the temporal decision-
making world’s reward-time structure. So, if patience is to mean investing the ‘correct’ amount of
time (i.e., the reward-rate-maximizing time), then a reward-rate-optimal agent doesn’t become
more or less patient as the context of what is otherwise the same pursuit changes; rather, it is
precisely patient, under all circumstances. Impatience and over-patience then are terms to
describe the behavior of a global reward-rate suboptimal agent that invests either too little, or too
much time into a pursuit policy than one that would maximize global reward rate.

Having clarified what behaviors are and are not signs of suboptimality, actual differences to
optimal performance exhibited by humans and animals can now be identified and quantified. So,
what then are the decision-making behaviors of humans and animals when tasked with valuing
the initiation of a pursuit, as in forgo and choice decisions? In controlled experimental situations,
forgo decision-making is observed to be near optimal, consistent with observations from the field
of behavioral ecology (Stephens and Dunlap, 2009 @ ; Smethells and Reilly, 2015 ; Hayden,

2016 (). In contrast, a suboptimal bias for smaller-sooner rewards is widely reported in Choice
decision-making in situations where selection of later-larger rewards would maximize global
reward rate (Logue et al., 1985 ; Blanchard and Hayden, 20152 ; Carter and Redish, 20162 ; Kane
etal., 2019 (2). Collectively, the pattern of temporal decision-making behavior observed under

forgo and choice decisions shows that humans and animals act as if sub-optimally impatience
under choice, while exhibiting near-optimal decision-making under forgo decisions.

The Malapportionment Hypothesis

How can animals and humans be sub-optimally impatient in choice, but optimal in forgo
decisions? We postulated that previous behavioral findings of suboptimality can be understood
from the perspective of overestimating the global reward rate. While misestimation of any
variable underlying global reward rate calculation will lead to errors, not all misestimations will
lead to errors that match the behavioral pattern of decisions observed experimentally. Having
identified equations and their variables enabling reward-rate maximization, we sought to identify
the likely source of error committed by animals and humans by analyzing the pattern of behavior
consequent to misestimating one or another parameter. To do so, we identified the reward rate
obtained outside a considered pursuit type as a useful variable to characterize departure from
optimal decision-making behavior. Sweeping over a range of these values as the independent
variable, we determined change points in decision-making behavior that would arise from
misestimation (over- and under-estimations) of given reward-rate-maximizing parameters.

Our analysis shows how, precisely, misestimation of the inside and outside time or reward will
lead to suboptimal temporal decision-making behavior. What errors, however, result in decisions
that best accord with what is observed experimentally (i.e., result in suboptimal impatience in
choice and optimal forgo decision-making)? Overestimating outside time, underestimating outside
reward, underestimating inside time, or overestimating inside reward would fail to match
suboptimal ‘impatience’ in Choice and would result in suboptimal Forgo. Underestimating outside
time, overestimating outside reward, overestimating inside time, or underestimating inside
reward would match experimentally observed ‘impatience’ in Choice, but fail to match
experimentally observed optimal Forgo behavior. To exhibit optimal forgo behavior, the inside
and outside reward rates must be accurately appreciated. Therefore, misestimations of reward
and time that preserve the true reward rates in and outside the pursuit would permit optimal
forgo decisions while still misestimating the global reward rate. Overestimation of the outside time
or underestimation of the inside time—while maintaining reward rates—fails to match
experimentally observed ‘impatience’ in choice tasks while achieving optimal forgo decisions.
However, underestimation of the outside time or overestimation of the inside time—while
maintaining true inside and outside reward rates—would allow optimal forgo decision-making
behavior while resulting in impatient choice behavior, as experimentally observed.
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Previous experimental observations are consistent with, and have been interpreted as an agent
underestimating the time spent outside the considered pursuit (Stephens and Dunlap, 2009 & ;
Blanchard et al., 20133 ; Smethells and Reilly, 2015 @), as would occur with underestimation of
post-reward delays (Bateson and Kacelnik, 1996 (3 ; Blanchard et al., 20132 ; Namboodiri et al.,
2014a@; Fung et al., 2021 2). Therefore, observed behavioral errors point to misestimating time
apportionment in/outside the pursuit, either by 1) overestimating the occupancy of the considered
choice or 2) underestimating the time spent outside the considered pursuit type, but not by 3) a
misestimation of either the inside or outside reward rate. Only errors in time apportionment that
underweight the outside time, (or, equivalently, overweight the inside time)—while maintaining
the true inside and outside reward rates—will accord with experimentally observed temporal
decision-making regarding whether to initiate a pursuit.

Thus, when a temporal decision world can effectively be bisected into two components, as often
the case in experimental situations, only the reward rates, but not the weights of those portions
need be accurately appreciated for the agent to optimally perform forgo decisions. Therefore,
when tested in such situations, even agents that misestimate the apportionment of time can still
make optimal forgo decisions based solely from a comparison of the reward rate in versus outside
the pursuit. However, when faced with a choice between two or more pursuits when emerging
from a path in common to any choice policy, optimal pursuit selection based on relative rate
comparisons is no longer guaranteed, as not only the reward rates of pursuits, but also their
weights must then be accurately appreciated. Misestimation of the weights of pursuits comprising
a world would then result in errors in valuation regarding the initiation of a pursuit under choice
instances.

We term this reckoning of the source of error committed by animals and humans the
Malapportionment Hypothesis, which identifies the underweighting of the time spent outside
versus inside a considered pursuit but not the misestimation of pursuit rates, as the source of error
committed by animals and humans (Figure 212). This hypothesis therefore captures previously
published behavioral observations (Figure 21A (2) showing that animals can make decisions to
take or forgo reward options that optimize reward accumulation (Krebs et al., 1977 & ; Stephens
and Krebs, 1986 (2; Blanchard and Hayden, 2014 @), but make suboptimal decisions when
presented with simultaneous and mutually exclusive choices between rewards of different delays
(Logue et al., 1985 %; Blanchard and Hayden, 2015 @; Carter and Redish, 20162 ; Kane et al.,
2019%). The Malapportionment Hypothesis further predicts that apparent discounting functions
will present with greater curvature than what a reward-rate-maximizing agent would exhibit
(Figure 21B2). While experimentally observed temporal discounting would have greater
curvature, the Malapportionment Hypothesis also predicts that the Magnitude (Figure 21C(%) and
Sign Effect (Figure 21D @) would be less pronounced than what a reward-rate-maximizing agent
would exhibit, with these effects becoming less pronounced the greater the underweighting.
Finally, with regards to the Delay Effect (Figure 21E®), the Malapportionment Hypothesis predicts
that preference reversal would occur at delays greater than that exhibited by a reward-rate-
maximizing agent, with the delay becoming more pronounced the greater the underweighting
outside versus inside the considered pursuit by the agent.

Comparisons to prior models

As our description of global reward rate-optimizing valuation is motivated by the same normative
principle, how is our formalism unique from OFT, and, more generally, from other models
proposing some form of reward-rate maximization? Firstly, the specific formulation proponents of
OFT have used fails to adequately recognize how outside rewards influence the value of
considered pursuits. Additionally, the relationship between time’s cost and apparent temporal
discounting has not been explicitly identified in prior OFT explanations. By contrast, our
formulation, because of its specificity, can potentially align with neural representations of the
variables we propose, and their misestimations may explain the ways in which observed animal
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Figure 21.

The Malapportionment Hypothesis.

A-E Solid lines indicate true reward-rate maximizing values. Dashed lines indicate those of an agent described by the
Malapportionment Hypothesis that underweights the apportionment of time outside relative to inside the considered pursuit
type. The Malapportionment Hypothesis predicts the following: A) Suboptimal Choice, Optimal Forgo. Suboptimally
“impatient” decision-making, as revealed under Choice decision-making, arises in humans and animals as a consequence of
the valuation process underweighting the contribution of accurately assessed pursuit reward rates outside versus inside the
considered pursuit type. Top Left) An example Choice situation where the global reward rate is maximized by choosing a
larger later reward over a smaller sooner reward. Top Middle) An agent that underweights the outside time but accurately
appreciates the outside and inside reward rates, overestimates the global reward rate resulting from each policy, and thus
exhibits suboptimal impatience by selecting the smaller sooner reward. w = 0.3. Top Right) Similarly, an agent that
overweights the time inside the considered pursuit but accurately appreciates the outside and inside reward rates also
overestimates the global reward rate and selects the smaller sooner reward. As inside and outside reward rates are
accurately assessed, forgo decisions can correctly be made despite any misappreciation of the relative time spent in/outside
the considered pursuit. w = 1.8. B) Hyperbolic discounting with greater curvature. The Malapportionment Hypothesis predicts
that humans and animals exhibit temporal discounting with greater curvature than a reward-rate maximizing agent. w = 0.5,
Fin =5, Moyt = 0.5, toye = 5. €) Less pronounced Magnitude Effect. The Malapportionment Hypothesis predicts that the
difference in apparent discounting related to the magnitude of the pursuit will be less pronounced than a reward-rate-
maximizing agent. w = 0.5, ry, = 0.5, ty,r = 5, rss = 2, ry; = 5. D) Less pronounced Sign Effect. The Sign Effect is also predicted
to be less pronounced than a reward-rate-maximizing agent. w = 0.5, r,,. = 0.5, t,,; = 5, positive reward = 3, negative reward
(punishment) = -3. E) More pronounced Delay Effect. The Malapportionment Hypothesis predicts that the Delay Effect will be
more pronounced than that exhibited by a reward-rate-maximizing agent. w = 0.5, r,,+ = 0.5, t5,; =5, rss =2, tss =3, r;; =5, t;;
=12.6.
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behavior may deviate from optimality. Models inspired by OFT’s objective of global reward-rate
maximization but that seek to make a better accounting of observed deviations make the
concession that, while global reward-rate maximization is sought, it is not achieved. Rather, some
non-global reward-rate maximization is obtained by the agent (Bateson and Kacelnik, 1996 3;
Blanchard et al., 2013 & ; Namboodiri et al., 2014a(Z; Fung et al., 2021 %). Of particular interest, the
Heuristic model (Blanchard et al., 2013 ) and the TIMERR model (Namboodiri et al., 2014c(2)
both assume non-global reward-rate maximization.

Heuristic Model

In the “Heuristic” model (Blanchard et al., 2013 @), as in Ecological Rationality Theory, ERT
(Stephens et al., 2004 (@), it is thought that animals prioritize the local reward rate of considered
pursuits, rather than the global reward rate. In the Heuristic model, however, suboptimal
“impatience” is rationalized as being the consequence of the animal’s inability to fully appreciate
post-reward delays (time subsequent to reward until re-entry into states/pursuits common to one
or another policy). Indeed, while animals are demonstrated to be sensitive to post-reward delays,
they act as if they significantly underestimate post-reward delays incurred, exhibiting a
suboptimal bias for SS pursuits when LL pursuits would maximize global reward rate (Blanchard

are underestimated, the Heuristic model can be sufficient to capture observed animal behavior in
intertemporal choice tasks that have been assessed (Blanchard et al., 2013(% ). However, as the
Heuristic model is quite specific as to the source of error—the underestimation post-reward delays
—it would well fit observed behavior only in certain experimental conditions. Should appreciable
1) reward be obtained or 2) time be spent outside of a considered pursuit type and its post-reward
interval, then the Heuristic model would fail to make a good accounting of observed behavior.

The Heuristic model can be modified to specify the uniform downscaling of all non-pursuit
intervals (rather than just post-reward delays), as in the implementation by Carter and Redish
(Carter and Redish, 2016 (%). This modification would bring the Heuristic model closer into
alignment with the Malapportionment Hypothesis. But, as temporal underestimation would not
apply to pursuits occurring outside the currently considered one, fits to observed behavior would
be strained in worlds composed predominantly of pursuits with little non-pursuit time. Further, by
underestimating the time spent outside the considered pursuit without a corresponding
underestimation of reward earned outside the considered pursuit, the Heuristic model ought to
overestimate the outside reward rate and thus the global reward rate. So, while impatience under
Choice could be fit under some experimental circumstances, behavior under Forgo instances
would then be expected to also be sub-optimally impatient. Therefore, to bring the Heuristic model
fully into alignment with the Malapportionment Hypothesis, it must be further assumed that the
reward rate from the considered pursuit can be compared to the true outside or true global
reward rate of the environment (as assumed in (Carter and Redish, 2016 (2)), as well as expanded
to underestimate all intervals of time occurring outside a considered pursuit type.

TIMERR Model

The essential feature of the TIMERR model (Namboodiri et al., 2014b (@) is that the agent looks
back into its near past to estimate the reward rate of the environment, with this ‘look-back’ time,
Time» being the model’s free-fit parameter. In contrast to the reward-rate-optimal agent, this look-
back time, then, is not a basic feature of the external world, but rather is related to how the animal
uses its experience. TIMERR’s policy is then determined by the reward rate obtained across this
interval and that of the considered pursuit. In this way, TIMERR includes sources outside of the
considered pursuit type in its evaluation, and because of this, exhibits many of the behaviors that
the reward-rate-optimal agent is demonstrated here to express (Blanchard et al., 2013 ). Indeed,
the TIMERR model and the optimal agent share the same mathematical form, though, critically, the
meaning of their terms differs. An important additional difference is that IMERR is specific in the
manner in which reward obtained outside the current instance of the considered pursuit is used:
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as recently experienced rewards from the past contribute to the estimation of the average reward
rate of the environment, this look-back’ time can include rewards from the pursuit type currently
under consideration. Therefore, TIMERR commits an overestimation of the outside reward rate,
and thus, an overestimation of global reward rate, manifesting as suboptimal impatience in choice
and forgo decisions. In this way, while TIMERR is appealing in assuming that the recent past is
used to estimate the global reward rate, and reproduces a number of sensitivities to conditions
observed behaviorally, it is not in accordance with the Malapportionment Hypothesis as it
mistakes pursuits’ rates as well as their weights—something is still amiss.

Conclusion

An enriched understanding of how a reward-rate-optimal agent evaluates temporal decision-
making empowers insight into the nature of human and animal valuation. It does so not by
advancing the claim that we are optimal, but rather by clarifying what are and are not signs of
optimality, which then permits quantification of the intriguing pattern of adherence and deviation
from this normative expectation. Therein lies clues for deducing the learning algorithm and
representational architecture used by brains to attribute value to representations of the temporal
structure of the world. Here we have conceptualized and generalized temporal decision-making
worlds as composed of pursuits, described by their rates and weights, and in so doing, come to
better appreciate the cost of time, how policies impact the reward rates reaped from those worlds,
and how processes that fail to accurately appreciate those features would misvalue the worth of
initiating pursuits. We propose the Malapportionment Hypothesis, which identifies a failure to
accurately appreciate the weights rather than the rates of pursuits, as the root cause of errors
made, to reckon with the curious pattern of behavior observed regarding whether to initiate a
pursuit. We postulate that the value learning algorithm and representational architecture selected
for by evolution has favored the ability to appreciate the reward rates of pursuits over that of their
weights.

Supplemental Figures
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Forgo world with n-pursuits occurring at the same frequency.

An agent experiencing a forgo decision making world (topology as in A, left) where n-pursuits of varying times and rewards
(purple, aqua, orange) occurring at the same frequency from the default pursuit (gold) are encountered, will forgo
considered pursuits that evaluate to negative subjective values using, iteratively, the policy evaluation identified in Ap 7,
ultimately producing the global reward-rate-optimal policy. A) Left. Topology of pursuit world. Bottom. Sample of the
experienced world under a policy of accepting all offered pursuits. Right. The purple pursuit type, plotted with respect to it
being the considered pursuit engaged ‘in’, with gold, orange, and cyan pursuits occurring ‘outside’ of purple, yields a global
reward rate (dashed magenta line) that has a negative y-intercept, ie, a negative subjective value. Pursuits with a negative
subjective value will have reward rates that are less than their ‘outside’ reward rate (slope of thin black line). Thus, when the
inside reward rate is less than the outside reward rate, a reward rate-optimal agent will forgo the considered pursuit,
realizing a topology as in B. B) This agent, when encountering the aqua pursuit will subsequently forgo the aqua pursuit as
well, excluding it from its policy as it would result in negative subjective value. C) Ultimately, the agent’s policy converges to
one of accepting only the orange pursuit, as a policy of its acceptance results in a positive subjective value. x-axis projections
of these line segments represent the average time spent in one or another pursuit, whereas y-axis projections of these line
segments represent the average reward acquired from one or another pursuit. Pursuit: reward, time. Purple: 3, 8; Aqua: 3,
4.7; Orange 3, 2; each occurring from the default pursuit at a frequency of 0.2 per unit time in the default pursuit.
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Supplementary Fig 2.

Forgo world with n-pursuits occurring at different frequencies.

An agent experiencing a forgo decision making world (topology as in A, left) where n-pursuits of varying times and rewards
(purple, aqua, orange) occurring at different frequency from the default pursuit (gold) are encountered, will forgo considered
pursuits that evaluate to negative subjective values using, iteratively, the policy evaluation identified in Ap 7, ultimately
producing the global reward-rate-optimal policy. A) Left. Topology of pursuit world. Bottom. Sample of the experienced world
under a policy of accepting all offered pursuits. Right. The purple pursuit type, plotted with respect to it being the pursuit
considered to engaged ‘in’, with gold, orange, and cyan, occurring ‘outside’ of purple, yields a global reward rate (dashed
magenta line) that has a negative y-intercept, ie, a negative subjective value. Pursuits with a negative subjective value will
have reward rates that are less than their ‘outside’ reward rate (slope of thin black line). Thus, when the inside reward rate is
less than the outside reward rate, a reward rate-optimal agent will forgo the considered pursuit realizing a topology as in B.
B) This agent, when encountering the aqua pursuit will subsequently forgo the aqua pursuit as well, excluding it from its
policy as it would result in negative subjective value. C) Ultimately, the agent’s policy converges to one of accepting only the
orange pursuit, as a policy of its acceptance results in a positive subjective value. x-axis projections of these line segments
represent the average time spent in one or another pursuit, whereas y-axis projections of these line segments represent the
average reward acquired from one or another pursuit. Pursuit: reward, time = Purple: 3, 8; Aqua: 3, 4.7; Orange 3, 2; occurring
from the default pursuit at frequencies of 0.1, 0.2, and 0.3, respectively, per unit time in the default pursuit.
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Appendices

Ap 1. Derivation of equation for global

reward rate under multiple pursuits
E(r): the expected reward magnitude for each reward opportunity

E(t): the expected time between the initiation of reward pursuits

_E(M)
Pa = &)

global reward rate: the average reward per pursuit divided by the average time per

pursuit.
pd: the average rate of collecting rewards while in the default pursuit

p; : reward opportunities i as a proportion of total pursued rewards

fi

Pi =
i zjzlfj

E(Ypursuit) = 21— pi7; the average reward received per reward opportunity

n
n _firi _ X fiti

i=1 E?:Ifj - Z?zlfi

E(Tpursuit) =

E(tpursuit) = 2= pit; the average time invested per reward opportunity

E(t y=yn St _ R /it
( pursmt) i=1 2}1 N7 X i

1 . . . o
E(taefaut) = S : the average time spent in the default pursuit between reward opportunities
i=

1
E(Tgefauir) = Pd ST the average reward received in the default pursuit between reward
i=1/1

opportunities

_ E(rpursuit) + E(Ydefault)
E(tpursuit) + E(tdefauit)

Pg the global reward rate of the reward opportunity landscape

Z?=1frl7‘i _bd

_ Z?=1fi ZE;1fi
,Og - 2?=1fiﬁi+ 1

E?:lfi Z?:lff

Yicifiri + pa
Y fiti+1

Py (Equation 1 in Main test)

per unit time spent in the default pursuit. So, f; is the encounter rate of pursuit i for one unit of
time spent in the default pursuit. Added to the summation in the numerator, we have the average
reward obtained in the default pursuit per unit time (p; * 1) and in the denominator we have the
time spent in the default pursuit per unit time (1).
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Ap 2. Average time spent outside tout the
considered pursuit type, in, and the average

reward rate earned outside that pursuit type, pout

In order to simplify representations of policies governing any given pursuit opportunity, the
expression for global reward rate, p,, can be reformulated from the perspective of a policy of
accepting any given pursuit.

p _ finrin*ziiinfiri-l-fjd
=
¥ fintintZizin fiti+1

_ TintQzin firitP )/ fin
Pg tint Zizin fiti+ 1)/ fin

(Equation 2 in Main Text)
tout = tyizin = E(tinvested,vi::in) + E(tavail,viﬂn)
toue = tyizin = Qizimfiti + 1)/fin  (Equation 3 in Main Text)

fi is the probability that pursuit i will be encountered during a single unit of time spent in the
default pursuit. The numerator of the expression is the average amount of time spent across all
pursuits, excepting the considered pursuit, per unit time spent in the default pursuit. Note that the
+1in the numerator is accounting for the unit of time spent in the default pursuit and is added
outside of the sum. Since f;, is the probability that the considered pursuit will be encountered per

unit of time spent in the default pursuit, 7o the average amount of time spent in the default
m

pursuit between encounters of the considered pursuit. By multiplying the average time spent
across all outside pursuits per unit of time in the default pursuit by the average amount of time
spent in the default pursuit between encounters of the considered pursuit, we get the average
amount of time spent outside the considered pursuit per encounter of the considered pursuit. This
is calculated as if the pursuit encounters are mutually exclusive within a single unit of time spent
within the default pursuit, as this is the case as the length of our unit time (delta t) approaches
Zero.

= T = Lizin fiTitPy
out Vizin Sicin fiti+1

Pout 1S the reward rate achieved from all the time spent outside the considered pursuit, in, which is
also the reward rate achieved if the considered pursuit, in, is never pursued.
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Ap 3. Reformulation of global reward rate in terms of pout and tout
Parceling a pursuit world into “inside” the considered pursuit type and everything “outside” the
considered pursuit type, gives a generalized form for the reward rate of an environment under a

given policy.
_ Tint@infirit P/ fin
™ tintGizin fiti+ D/ fin
Tour = Qizinfiti T P/ fin (Equation 4 in Main Text)
tout = Qlizin fiti + D/ fin
Py = Py = ot Tout (Equation 5 in Main text)
g tint tous

Ap 4. Global reward rate is a weighted average of
an option’s reward rate and its outside reward rate

_ TintPouttout
Pg=—""( 0

tinttour
_Tin_ tin tout
Pa tin Lint Lout Pout Lintlout
Lin
Letw =
tint Lout
Pg= W Pint+t(1—W) poy (Equation 6 in Main Text)

Ap 5. Derivation of reward-rate-maximizing forgo policies
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Forgo the considered pursuit in if py; < pyi#in
Pvi < Pvizin

TintQizin firi TP/ fin Qizin firitPg)/ fin

tin+(Zizin fiti+1)/fin Cizin fitit1)/fin
Tint Tout <p
tint tout out

Tin + Yout < pouttin + pouttour
Tin + Tout < Poutlin + Tout
Tin < pouttin

. < Pout
in

Pin < Pout
Pout = pg*
Pin < pg*

Pvi < Pvizin © Pin < Pout © Pin < Pg"
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Choose considered pursuit in if py; > pyi*in
Pvi = Pyizin

Tin+Bizin firit P/ fin Eizin firitP)/ fin

tintQizin fiti+1)/fin Eizin fiti+t1)/fin
Tin * Tout
Lot
tin + tout PauE

Tin + Tout > Pﬂuttin + pauttout
Tin + Tout > pou[tin + Tout

Tin = Poutlin

Tin
¢ > Pout
in
Pin > Pout
Tin  lout Lout
oy > Pout
Lin Lin + Lout tin + Lout
Ti Tout Ti Tin * Pout tout
Lin tin + Loyt Lin + tout tin + Lout
Tin Lout Tin tin Tin t Pout tout
tintin + Tout Lintin + Tout tin + tout
Tin > Tint Pout tout * _ Tint Pout tout
tin tinttoue ' 9 tin+ tout
T R
Ly

Pvi > Pyizin © Pin > Py’

Pvi > Pvizin < Pin > Pout < Pin > pg*

Elissa Sutlief et al., 2025 eLife. https://doi.org/10.7554/eLife.99957.2

58 of 100


https://doi.org/10.7554/eLife.99957.2

.". .
i eLife
Choosing and forgoing the considered option in are equivalent if
Pvi = Pvizin

Tint Qizin [T 4P/ fin _ EiwinfiritPg)/fin
tin+Eizin fiti+1)/fin Cizinfiti+ 1)/ fin

Tin + Tour _ P

— Fout

tin + towr

Tin t Tout = Poutlin t Poutlout
Tin + Tout = Poutlin + Tout

Tin = pouttin

Tin _ D
T — Fout
tin
Pin = Pout
T tout tout

_ = e
tin tin + tour o tin + tout

rll tout T _ Tin + pauttout
lintin T tout  Lin T Lout tg + Lout
_Ti_n Lout TL_n lin _Tin + Poutlout
tintin + tour  tintin + tour tin + tout
Tin _ Tin* Pout tout « _ Tint Pout tout
tin tint toue tin+ tout
Tin *
— =pg
tin
_ *
Pin = Pg

Pvi = Pvizin © Pin = Pout < Pin = Pg*

Ap 6. Derivation of the equivalent immediate reward (i.e. the subjective value) for optimal global
reward rate

Pursuit inl and pursuit in2 produce the equivalent global reward rate if

Tin1—Tinz2 _ Tinz+Poutlout Tin1+Poutbout

tin1—tinz Lina+toue tintiHoue

By definition, if t;,, = 0, pursuit in2 is an immediate reward. Finding r;,,, such that
Tini—"i Tinz2+Poutt Tin1tPoutlout . . . . . .
i inz 2 louttout — Imi-FOMOUE qescribes the equivalent immediate subjective value of
tin1—tinz tinztloutr tinitlout

pursuit inl.

If Tinz+Pouttout _ Tini+Poutbout

> SVin1 = Tin2
Lout Lini+tout

Tin1 = SVin1 _ SVin1 + Poulout _Tin + Poutlout _

tin1 tout tin1 + Cout

Pg

Tin1 — SVin1 _ p
— Fg

tin1
Tin1 = SVin1 = Pglina

SVin1 = Tin1 — Pgtin1
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Therefore, for a considered pursuit, in,...

SV =Ty — Pglin (Equation 7 in Main Text)

Ap 7. Equivalent immediate subjective value need not be
calculated from option-specific estimations of global reward rate
If svjpq < SVjp2

SVin1 < SVinz

Yin1 — pg (inl)tinl <Tinz — Pg(inz)tinz

1 Tin1 T Poutlout
py(int) = [t T Loutlout
Lin1 + Lout

pg(inl) < pg(in2) = pg*
Pg(inD)tiny < pg(in2)tin,
Tin1 — Pg(in2)ting < Tiny — Pg(InD)ting
Tin1 — Pg(iN2)tinq < Tiny — Pg(IND)ting < Tinz — pg(in2)tine
Tin1 — Pg " tin1 < Tinz — Pg " tinz

SVin1" < svi”
SVin1 < SVin2 © 5'vinl’k < Svinz*
If svinq = svin2

SVin1 = SVUin2

Tin1 — Pg (inl)tin1 = Tinz — Pg (in2)tin,

Tin1 T Poutlout
tfnl + tout

pg(inl) =

pg(inl) = pg(in2) = pg*
Tin1 — Pg(IN2)ting = Ting — Pg(Inl)tin,
Tin1 — Pg*tinl = Tinz — Pg*tinz
SVin1" = SVin2"

= * *
SVin1 = SVinz2 < SVin1 = SVin2
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If svjpq > svip2
SVin1 > SVin2

Tin1 — Pg (inl)tinl > Tinz — pg(inz)tinz

Tin1 + Pouttout
tinl + taut

pg(inl) =
pg" = pginl) > py(in2)
pg(inl)tinz = Pg(inz)tinz

Tinzg — Pg(In2)tiny > Tinz — Pg(inl)tim

Tin1 — pg(inl)tinl > Tinz — pg(inl)tinz

Tin1 — Pg‘tinl > Tinz — pg*tinz
Svinl* > Svinz*
SVUin1 > SVinz © Svinl* > 51‘71'112”=
If pin < Pout
Pin < Pout

Pg * = Pout

Pin < pg* = Pout
Pin < Pg"s Pin < Pout
Tin — Pg*tin < 0: Tin — Poutlin < 0

$Win" <050, 0
If pin = Pour
Pin = Pout
pg* = Pin = Pout
Pin = Pg* = Pout
Pin = pg*e Pin = Pout

Tin — Pg*tin =0, 7in — Pourlin =0

sV  =0,5v,;, =0
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I pin > Pour
Pin > Pout
Pg" > Pout

Pin = f-;"g‘”= > Pout
Pin = pg*, Pin = Pout
Tin — pg*tin > 0, Tin — pouttin >0

SV 20,51, =0

Ap 8. Reformulation of equivalent immediate
subjective value in terms of outside parameters

SVin = Tin — Pgtin

Tout
Tim t Eoict tout
pg T e—
tin + tout
Tout
Tin + tout taut
SVin =Tim————F .,  tin

tin + tout

Tout
tin + tour Tintin + (m tout)tin

tin + tout tin + tour

SVin = Tin

Tout
Tintout — Tout tintour

SUin =
tin + tout

SVin = (Tin — 2 1) (l) (Equation 8 in Main Text)
Lout tintlout

The above expression of subjective value is arranged to emphasize an understanding of value in

terms of an opportunity cost subtraction (the left parenthetical clause) and an apportionment

scaling (the right parenthetical clause). Alternatively, the expression of subjective value below is

re-arranged so that an opportunity cost subtraction appears in the numerator and where the time

. . . . . fh .
of the pursuit appears in the denominator with a scaling factor, .—, resembling the standard
out

temporal discounting form.

L
Tip—Touty,

SV = — 2w " (Equation 10, RHS, in Main Text)

14——xt;
toue "

AP 9. Derivation of choice policies that optimize global reward rate
Let tinl > tinZ

Choose option inl if piyq+yizini,ing > Pin2i+Vizinl,in2

Pin14vizini,in2 = Pin2+vizinl,in2

Tin1+Qiwinginz firi + Pg) [Finvinz _ Tina+Cisinvinz fiTi + Pg) /Finvinz
tint Zizina,inz fiti+1)/fin1 tinz+(Zizininz fiti+1)/finainz
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fin1,in2: the frequency at which the choice between option inl and in2 are presented.
Pour: the reward rate earned outside of the inl v. in2 choice
tour: the average time per choice spent outside of inl or in2.

Tin1+Pouttout  Tinzt+Pouttout

tina+ tout

tin1ttout
(Tin1 + Poutloue) tinz + tout) > (Minz + Pouttous) (ting + toue)

Timitinz + Tinitout + Pouttoutting + Pouttout’ > Tinzting + Tinztout + Pouttouttint + Pouttour’
Tinilinz + tout(rinl - TinZ) > Tinating + pouttout(tinl - tinZ)
(rinl - rinz)tinz ik tout(rinl - rinz) > rinz(tinl - 1:inz) + Pouttout(tinl - tinz)
(T'inl - Tinz)(tinz + tout) > (rinz + Pouttaut)(tml - tinz)

Tin1—Tinz Tin2+Poutbout

tin1—tinz tinz+lout

Tin1 — Tin2
Pint+vizinlinz = Pin2+vizinl,in2 Po——— = Pinz+Vitinl,in2
inl in2

relationship between p;1.vixin1,in2 Pinl+Vizinl,in2

Tin1tPoutlout _ Tin2+Pouttout tinzttout
tin1ttout

Tin1~Tin2 tin1—tinz
tinzttout tinittout  tini—tinz tinit+tout

Tinz * Pouttout tinz + tout _Tm + Poutlout _ Tin1 ~ Tin2 tin1 — tin2
tinz t tout  tin1 + tour tin1 + tout

tin1 — tinz tin1 + tour
Tinz + Poutlout _ Ltin1 + tout Tin1 + Pouttout _ Tin1 ~ Tin2 tin1 — tinz
tinZ i tout tinz + tout tin1 + tout

tin1 = tinz tin1 + tour
Tin1 — Tin2 tin1 + tout Tin1 + Pouttout _ Tin1 ~ Tin2 tin1 — tin2
tinzj + tout tin1 + tout

tin1 — tin2

tin1 = tinz tin1 + toue

Tin1 — Tin2 tin1 = tinz tin1 + tout Tin1 + Pouttout
tin1 — tinz tinz t tout tinz + tout tin1 * tout
Tin1 ~ Tin2 tin1 + toue tin1 + tout Tin1 + Pouttout
tin1 = tinz tinz + tour tinzj + tout tin1 + toue
Tin1~Tinz  Tin1tPouttout
tin1—tinz tin1ttout
Tin1~Tin2 o Tin1tPoutlout > Tinz+Poutlout
tin1—tinz tinattout tinzt tout
Pgx: the maximum reward rate
If Tin1tPoutlout TinztPoutlout « _ TinitPoutlout
E
tin1ttour tinzttout g tini+tout

Tin1 — Tin2

— g
lin1 tinz
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Choose option in2 if piyq+yizin1,ing < Pin2*tVi*inl,in2

If Tini+Poutlout _ Tinz+Pouttout p * _ Tinzt+Poutlout
; T
tin1+tout tinz+tout 9 tin1+tout
Yin1—Tin2 Tinz +Poutbout
tini—tinz tinat tout

T -1
inl inz ¥
—_—

tini—linz

Pg

Option in2 and option inl are equivalent if p;pq yizin1 in2 = Pin2+Vizinl,in2

Tin1tPouttout _ TinztPoutltout

« _ Tinz+tPoutlout

= P =
tini+tout tinz+tout 9 tinz+tout
Tin1—Tinz _ Tinz+tPoutlout _ VinitPoutbout _ *
tin1—tin2 tinttout tinittout g
Tin1 —Tin2 _ ¥
o —t., 19
tl?’Zl tmz

Ap 10. Equivalent immediate subjective value

policies that optimize global reward rate
Choose option inl over pursuit in2 if pg(in1) > p,(in2)

pg(inl) > p,(in2)

Tin1 + Pout tout

Tin2 + Pout taut

tin1 + tout

Tin1 + Poutlout _

tinz + Lour

Tin2 + Poutlout _

out out
Link + tout Einz t tout
Tin1 + Poutbout tin1 + tour _ Tin2 + Pouttout tinz + tour
- t - t
tin1 + toue o tin1 + tout tinz + tau[ o tinz + tous

Tin1 t Pouttout _ Pouttini + Pouttour

Tin2 t Pouttout _ Pout tinz + Pouttout

tin1 T tout tint t tout

Tin1 — Poutlini

tinz + Tout tinz * tout

Tin2 — Pouttinz

tin1 T tout

Tin1 = Poutlini

tinz + tout

Tin2 = Pouttin2

tinl/tout +1

tinZ/tout +1

SVin1 > SVin2

pg(inl) > p,(in2) © sV > SV

Choose option in2 over option inl if pg(in2) > pg(in1)

pg(in2) > py(inl)

Tinz + Pouttout

Tin1 * Pouttout

tfnz s taut

Tin2 — Pouttinz

tinl * taut

Tin1 — Pouttini

tinz/tour +1

tinl/tout +1

Pg(inz) > Pg (inl)  SVipz > SV
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Option in2 and option inl are equivalent if p(inl) = pg(in2)

pg(inl) = py(in2)

Tin1 + Poutlout  Tinz T Poutlout
tinl + taut tinz + Lout

Tin1 — Poutlini _Tinz — Poutlinz
tin1/tout + 1 tinz/tour + 1

SVin1 = SVin2

pg(inl) = py(in2) & sving = SVin2

Ap 11. Conditions wherein overestimation of global
reward rate leads to suboptimal choice behavior

If tLL > tss EI.IICITﬁ > . and TLL > Tss
tss  tiL

Yss _ TLL
o2l > e
tss  tiL
Tsstry = Tirlss
Tsstry — Tsstss > Tpptss — Tsstss

Tss(trr — tss) > (ruy — Tss)tss

Trss YLL—Tss
tss trL—tss

Tsstpp = Tplss
Tsstpy + Topten > Toptss + ity
Tiptey — Tortss > Tipto, — Tsstip
T (o — tss) > (o — Tss)tip

T (ton — tss) > (o — Tss)tp

TLL TLL™TSS
trL tiL—tss

rss TLL ~ YLL=Tss
tss tLL trL—tss

L — Tss
Pss 2 PLL > T
trr — tss

ML T T~ Tss bt — Uss +@¢s_s

tiy b —tss g tsstrL
By = T, — Tsslyy — Uss o Lss
L = Py
tp —tss  LpL tLL
TLL~TSS _ tr, Lss
trL—tss PrL tr—tss Pss tri—tss
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—Tss *
< > Pg" and svyy > Svgg

. . . e TLL
ursuit LL is optimal if
P P tpL—ts

Policy from global reward rate overestimation

Svy1 > Svgg, the animal will choose pursuit LL

sy > stgg

T, — PBgtin > Tss — Pglss
T — Tes > Pyt — Pgltss
T — Tes > Pyt — tss)
T — Tss >p

t —tss 0

S ﬁL L < Sﬁs < , the animal will choose pursuit SS

st < stsg
"L — PgltiL < Tss — Pyltss
T — Tss < PgtrL — Pgtss
1 — Tss < Pg(tiL — tss)

T —7ss .
t —tes 1O
LL SS
TLL=TSS
tiL—tss

pursuit LL is optimal if ZLLTSS pg" and pursuit LL is chosen if

LL
tr—tss

. . . ¢ FLL=TSS * . . .o TLL—TSS
ursuit LL is optimal if > but pursuit SS is chosen if ———
p P trL—tss Py P tpL—tss

TLLTTSS ~

The policy from overestimation is suboptimal if Pz~ < TR < Py

< Ps

~

> By

~
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The policy from overestimation is suboptimal if SﬁLL < Sﬁss but sv;; > svgg

st = svp, — Py — Pg”)
sty < stgs
SvLL — tLL(ﬁg - pg*) < SVss — tSS(ﬁg - pg*)
svy, — svss < (tr — tss)(Pg — Pg")
SV > Svsg = 0 < sV — Svuss

0 < sy — svss < (tp, — tss)(Pg — Pg")

SV, —SVss
0ty P Ps
L ~ lss

*

Bg" = max(Wy,(Pr, — Pout) Wss(Pss — Pout)) + Pout

Py =pg" + WL —wi)(Pre = Pour) of Pg” = Pg" + W1 = wi)(l = Pour)

P

Pg — ﬂg* =Wy —wi)(PLL — Pout) OF ﬁg* - Pg* =W, —w) U — Pout)

SV, — SUss ns n
0 < ———= < max((Wy, — wi) Uiy — Poue) Wy — w)(ly — Pout))
try, — tss
SULL — SUss 4
0 <———=< (W —w)l — Pour)
ty — tss
SV, — SV
0< H_"5  _cw-w

(L = Pout)(trL — tss)

w, < wy + — ek SYss w;

(li=pout)(tLL~tss)

Ap 12. Situations in which the rewarding option does

not exclude the animal from receiving outside reward
SV + Pouttout _ Tin + Pout (tin + tour)

Lout tin + tout
Sv in
+ Pout + Pout
Lout tin + toue
Sv Tin

Lout tin + tout

sv = ﬁ (Equation 12 in Main Text)
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Reviewer #2 (Public review):
Summary:

This paper from Sutlief et al. focuses on an apparent contradiction observed in experimental
data from two related types of pursuit-based decision tasks. In "forgo" decisions, where the
subject is asked to choose whether or not to accept a presented pursuit, after which they are
placed into a common inter-trial interval, subjects have been shown to be nearly optimal in
maximizing their overall rate of reward. However, in "choice" decisions, where the subject is
asked which of two mutually-exclusive pursuits they will take, before again entering a
common inter-trial interval, subjects exhibit behavior that is believed to be sub-optimal. To
investigate this contradiction, the authors derive a consistent reward-maximizing strategy for
both tasks using a novel and intuitive geometric approach that treats every phase of a
decision (pursuit choice and inter-trial interval) as vectors. From this approach, the authors
are able to show that previously-reported examples of sub-optimal behavior in choice
decisions are in fact consistent with a reward-maximizing strategy. Additionally, the authors
are able to use their framework to deconstruct the different ways the passage of time impacts
decisions, demonstrating the time cost contains both an opportunity cost and an
apportionment cost, as well as examine how a subject's misestimation of task parameters
impacts behavior.

Strengths:

The main strength of the paper lies in the authors' geometric approach to studying the
problem. The authors chose to simplify the decision process by removing the highly technical
and often cumbersome details of evidence accumulation that is common in most of the
decision-making literature. In doing so, the authors were able to utilize a highly accessible
approach that is still able to provide interesting insights into decision behavior and the
different components of optimal decision strategies.

Weaknesses:

The authors have made great improvements to the strength of their evidence through
revision, especially concerning their treatment of apportionment cost. However, I am
concerned that the story this paper tells is far from concise, and that this weakness may limit
the paper's audience and overall impact. I would strongly suggest making an effort to tighten
up the language and structure of the paper to improve its readability and accessibility.
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Reviewer #3 (Public review):
Summary:

The goal of the paper is to examine the objective function of total reward rate in an
environment to understand behavior of humans and animals in two types of decision-making
tasks: 1) stay/forgo decisions and 2) simultaneous choice decisions. The main aims are to
reframe the equation of optimizing this normative objective into forms that are used by other
models in the literature like subjective value and temporally discounted reward. One
important contribution of the paper is the use of this theoretical analysis to explain apparent
behavioral inconsistencies between forgo and choice decisions observed in the literature.

Strengths:

The paper provides a nice way to mathematically derive different theories of human and
animal behavior from a normative objective of global reward rate optimization. As such, this
work has value in trying to provide a unifying framework for seemingly contradictory
empirical observations in literature, such as differentially optimal behaviors in stay-forgo v/s
choice decision tasks. The section about temporal discounting is particularly well motivated
as it serves as another plank in the bridge between ecological and economic theories of
decision-making. The derivation of the temporal discounting function from subjective reward
rate is much appreciated as it provides further evidence for potential equivalence between
reward rate optimization and hyperbolic discounting, which is known to explain a slew of
decision-making behaviors in the economics literature.

Weaknesses:

(1) Readability and organization:

While I appreciate the detailed analysis and authors' attempts to provide as many details as
possible, the paper would have benefitted from a little selectivity on behalf of the authors so
that the main contributions aren't buried by the extensive mathematical detail provided.

For instance, in Figure 5, the authors could have kept the most important figures (A, B and G)
to highlight the most relevant terms in the subjective value instead of providing all possible
forms of the equation.

Further, in subfigure 5E, is there a reason that the outside reward r_out is shown to be zero?
The text referencing 5E is also very unclear: "In so downscaling, the subjective value of a
considered pursuit (green) is to the time it would take to traverse the world were the pursuit
not taken, ¢_out, as its opportunity cost subtracted reward (cyan) is to the time to traverse the
world were it to be taken (+_in+ ¢_out) (Figure 5E)."

In the abstract, the malapportionment of time is mentioned as a possible explanation for
reconciling observed empirical results between simultaneous and sequential decision-
making. However, perhaps due to the density of mathematical detail presented, the
discussion of the malapportionment hypothesis is pushed all the way to the end of the
discussion section.

(2) Apportionment Cost definition and interpretation

This additional cost arises in their analyses from redefining the opportunity cost in terms of
just "outside" rewards so that the subjective value of the current pursuit and the opportunity
cost are independent of each other. However, in doing so, an additional term arises in
defining the subjective value of a pursuit, named here the "apportionment cost". The authors
have worked hard to provide a definition to conceptualize the apportionment cost though it
remains hard to intuit, especially in comparison to the opportunity cost. The additive form of
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apportionment cost (Equation 9) doesn't add much in way of intuition or their later analyses
for the malapportionment hypothesis. It appears that the most important term is the
apportionment scaling term so just focusing on this term will help the reader through the
subsequent analyses.

(3) Malapportionment Hypothesis: From where does this malapportionment arise?

The authors identify the range of values for t_in and t_out in Figure 18, the terms comprising
the apportionment scaling term, that lead to optimal forgo behaviors despite suboptimally
rejecting the larger-later (LL) choice in choice decisions. They therefore conclude that a lower
apportionment scale, which arises from overestimating the time required outside the pursuit
(t_out) or underestimating the time required at the current pursuit (t_in). What is not
discussed though is whether and how the underestimation of t_out and overestimation of t_in
can be dissociated, though it is understood that empirical demonstration of this dissociation
is outside the scope of this work.

https://doi.org/10.7554/eLife.99957.2.sa1

Author response:

The following is the authors’ response to the original reviews.

Public Reviews:
Reviewer #1 (Public review):

(1) Although there are many citations acknowledging relevant previous work, there often
isn't a very granular attribution of individual previous findings to their sources. In the
results section, it's sometimes ambiguous when the paper is recapping established
background and when it is breaking new ground. For example, around equation 8 in the
results (sv =r - rho*t), it would be good to refer to previous places where versions of this
equation have been presented. Offhand, McNamara 1982 (Theoretical Population
Biology) is one early instance and Fawcett et al. 2012 (Behavioural Processes) is a later
one. Line 922 of the discussion seems to imply this formulation is novel here.

We would like to clarify that original manuscript equation 8, sv =r,, — p,t,, as we derive, is

not new, as it is similarly expressed in prior foundational work by McNamara (1982), and we
thank the reviewer for drawing our attention to the extension of this form by Fawcett,
McNamara, Houston (2012).

We now so properly acknowledge this foundational work and extension in the results
section...

“This global reward-rate equivalent immediate reward (see Figure 4) is the subjective value
of a pursuit, svPursuit (or simply, sv, when the referenced pursuit can be inferred), as
similarly expressed in prior foundational work (McNamara 1982), and subsequent extensions
(see (Fawcett, McNamara, Houston (2012)).”

...and in the Discussion section at the location referenced by the reviewer:

“From it, we re-expressed the pursuit’s worth in terms of its global reward rate-equivalent
immediate reward, i.e., its ‘subjective value’, reprising McNamara’s foundational formulation
(McNamara 1982).”
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(2) The choice environments that are considered in detail in the paper are very simple.
The simplicity facilitates concrete examples and visualizations, but it would be worth
further consideration of whether and how the conclusions generalize to more complex
environments. The paper considers "forgo" scenario in which the agent can choose
between sequences of pursuits like A-B-A-B (engaging with option B at all opportunities,
which are interleaved with a default pursuit A) and A-A-A-A (forgoing option B). It
considers "choice" scenarios where the agent can choose between sequences like A-B-A-B
and A-C-A-C (where B and C are larger-later and smaller-sooner rewards, either of which
can be interleaved with the default pursuit). Several forms of additional complexity would
be valuable to consider. [A] One would be a greater number of unique pursuits, not
repeated identically in a predictable sequence, akin to a prey-selection paradigm. It
seems to me this would cause t_out and r_out (the time and reward outside of the focal
prospect) to be policy-dependent, making the 'apportionment cost' more challenging to
ascertain. Another relevant form of complexity would be if there were [B] variance or
uncertainty in reward magnitudes or temporal durations or if [C] the agent had the
ability to discontinue a pursuit such as in patch-departure scenarios.

A) We would like to note that the section “Deriving Optimal Policy from Forgo Decision-
making worlds”, addresses the reviewer’s scenario of n-number of pursuits”, each occurring
at their own frequency, as in prey selection, not repeating identically in a predictable
sequence. Within our subsection “Parceling the world...”, we introduce the concept of
dividing a world (such as that) into the considered pursuit type, and everything outside of it.
‘Outside’ would include any number of other pursuits currently part of any policy, as the
reviewer intuits, thus making t°"* and r°“ policy dependent. Nonetheless, a process of
excluding (forgoing) pursuits by comparing the ‘in’ to the ‘out’ reward rate (section “Reward-
rate optimizing forgo policy...”) or its equivalent sv (section “The forgo decision can also be
made from subjective value), would iteratively lead to the global reward rate maximizing
policy. This manner of parceling into ‘in’ and ‘out’ thus simplifies visualization of what can be
complex worlds. Simpler cases that resemble common experimental designs are given in the
manuscript to enhance intuition.

We thank the reviewer for this keen suggestion. We now include example figures
(Supplemental 1 & 2) for multi-pursuit worlds which have the same (Supplemental 1) and
different pursuit frequencies (Supplemental 2), which illustrate how this evaluation leads to
reward-rate optimization. This addition demonstrates how an iterative policy would lead to
reward rate maximization and emphasizes how parcellating a world into ‘in’ and ‘out’ of the
pursuit type applies and is a useful device for understanding the worth of any given pursuit
in more complex worlds. The policy achieving the greatest global reward rate can be realized
through an iterative process where pursuits with lower reward rates than the reward rate
obtained from everything other than the considered pursuit type are sequentially removed
from the policy.

B) We would also emphasize that the formulation here contends with variance or uncertainty
in the reward magnitudes or temporal durations. The ‘in’ pursuit is the average reward and
the average time of the considered pursuit type, as is the ‘out’ the average reward and
average time outside of the considered pursuit type.

O) In this work, we consider the worth of initiating one-or-another pursuit (from having
completed a prior one), and not the issue of continuing within a pursuit (having already
engaged it), as in patch/give-up. Handling worlds in which the agent may depart from within
a pursuit, which is to say ‘give-up’ (as in patch foraging), is outside the scope of this work.

(3) I had a hard time arriving at a solid conceptual understanding of the 'apportionment
cost’ around Figure 5. I understand the arithmetic, but it would help if it were possible to
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formulate a more succinct verbal description of what makes the apportionment cost a
useful and meaningful quality to focus on.

We thank the reviewer for pressing for a succinct and intuitive verbal description.

We added the following succinct verbal description of apportionment cost... “Apportionment
cost is the difference in reward that can be expected, on average, between a policy of taking
versus a policy of not taking the considered pursuit, over a time equal to its duration.” This
definition appears in new paragraphs (as below) describing apportionment cost in the results
section “Time’s cost: opportunity & apportionment costs determine a pursuit’s subjective
value”, and is accompanied by equations for apportionment cost, and a figure giving its
geometric depiction (Figure 5). We also expanded original figure 5 and its legend (so as to
illustrate the apportionment scaling factor and the apportionment cost), and its
accompanying main text, to further illustrate and clarify apportionment cost, and its
relationship to opportunity cost, and time’s cost.

“What, then, is the amount of reward by which the opportunity cost-subtracted reward is
scaled down to equal the sv of the pursuit? This amount is the apportionment cost of time.
The apportionment cost of time (height of the brown vertical bar, Figure 5F) is the global
reward rate after taking into account the opportunity cost (slope of the magenta-gold dashed
line in Figure 5F) times the time of the considered pursuit. Equally, the difference between
the inside and outside reward rates, times the time of the pursuit, is the apportionment cost
when scaled by the pursuit’s weight, i.e., the fraction that the considered pursuit is to the total
time to traverse the world (Equation 9, right hand side). From the perspective of decision-
making policies, apportionment cost is the difference in reward that can be expected, on
average, between a policy of taking versus a policy of not taking the considered pursuit, over
a time equal to its duration (Equation 9 center, Figure 5F).

T T t;
Apportionment Cost = t;, (pg = pout) = tin (ﬂ e um)( in )
ti'n tout tin i+ tuut

Equation 9. Apportionment Cost.

While this difference is the apportionment cost of time, the opportunity cost of time is the
amount that would be expected from a policy of not taking the considered pursuit over a time
equal to the considered pursuit’s duration. Together, they sum to Time’s Cost (Figure 5G).
Expressing a pursuit’s worth in terms of the global reward rate obtained under a policy of
accepting the pursuit type (Figure 5 left column), or from the perspective of the outside
reward and time (Figure 5 right column), are equivalent. However, the latter expresses sv in
terms that are independent of one another, conveys the constituents giving rise to global
reward rate, and provides the added insight that time’s cost comprises an apportionment as
well as an opportunity cost.”

The above definition of apportionment cost adds to other stated relationships of
apportionment cost found throughout the paper (original lines 434,435,447,450).

Ithink Figure 6C relates to this, but I had difficulty relating the axis labels to the points,
lines, and patterned regions in the plot.

We thank the reviewer for pointing out that this figure can be made to be more easily
understood.

We have done so by breaking its key features over a greater number of plots so that no single
panel is overloaded. We have also changed text in the legend to clarify how apportionment
and opportunity costs add to constitute time’s cost, and also correspondingly in the main text.
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I also was a bit confused by how the mathematical formulation was presented. As I
understood it, the apportionment cost essentially involves scaling the rest of the SV
expression by YY" + t°U),

The reviewer’s understanding is correct: the amount of reward of the pursuit that remains
after subtracting the opportunity cost, when so scaled, is equivalent to the subjective value of
that pursuit. The amount by which that scaling decreases the rest of the SV expression is
equal to the apportionment cost of time.

The way this scaling factor is written in Figure 5C, as 1/(1 + (1/t°“Y) "), seems less clear
than it could be.

To be sure, we present the formula in original Figure 5C in this manner to emphasize the
opportunity cost subtraction as separable from the apportionment rescaling, expressing the
opportunity cost subtraction and the apportionment scaling component of the equation as
their own terms in parentheses.

But we understand the reviewer to be referring to the manner by which we chose to express
the scaling term. We presented it in this way in the original manuscript, (rather than its more
elegant form recognized by the reviewer) to make direct connection to temporal discounting
literature. In this literature, discounting commonly takes the same mathematical form as our
apportionment cost scaling, but whereas the steepness of discounting in this literature is
controlled by a free fit parameter, k, we show how for a reward rate maximizing agent, the
equivalent k term isn’t a free fit parameter, but rather is the reciprocal of the time spent
outside the considered pursuit type.

We take the reviewer’s advice to heart, and now first express subjective value in the format
that emphasizes opportunity cost subtraction followed by an apportionment downscaling,
identifying the apportionment scaling term, t®%/(t°U + i), je the outside weight. Figure 5
now shows the geometric representation of apportionment scaling and apportionment cost.
Only subsequently in the discounting function section then do we now in the revised
manuscript rearrange this subjective value expression to resemble the standard discounting
function form.

Also, the apportionment cost is described in the text as being subtracted from sv rather
than as a multiplicative scaling factor.

What we describe in the original text is how apportionment cost is a component of time’s
cost, and how sv is the reward less time’s cost. It would be correct to say that apportionment
cost and opportunity cost are subtracted from the pursuit’s reward to yield the subjective
value of the pursuit. This is what we show in the original Figure 5D graphically. Original
Figure 5 and accompanying formulas at its bottom show the equivalence of expressing sv in
terms of subtracting time’s cost as calculated from the global reward rate under a policy of
accepting the considered pursuit, or, of subtracting opportunity cost and then scaling the
opportunity cost subtracted reward by the apportionment scaling term, thereby accounting
for the apportionment cost of time.

The revision of original figure 5, its figure legend, and accompanying text now make clear the
meaning of apportionment cost, how it can be considered a subtraction from the reward of a
pursuit, or, equivalently, how it can be thought of as the result of scaling down of opportunity
cost subtracted reward.

It could be written as a subtraction, by subtracting a second copy of the rest of the SV
expression scaled by t_in/(t_in + t_out). But that shows the apportionment cost to depend
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on the opportunity cost, which is odd because the original motivation on line 404 was to
resolve the lack of independence between terms in the SV expression.

On line 404 of the original manuscript, we point out that the simple equation—which is a
reprisal of McNamara’s insight—is problematic in that its terms on the RHS are not
independent: the global reward rate is dependent on the considered pursuit’s reward (see
Fig5B). The alternative expression for subjective value that we derive expresses sv in terms
that are all independent of one another. We may have unintentionally obscured that fact by
having already defined rho™ as r'™/ t and rho®"t as r°"/t°Ut on lines 306 and 307.

Therefore, in the revision, Ap 8 is expressed so to keep clear that it uses terms that are all
independent of one another, and only subsequently express this formula with the simplifying
substitution, rho®Ut,

That all said, we understand the reviewer’s point to be that the parenthetical terms relating
the opportunity cost and the apportionment rescaling both contain within them the
parameter t°“ and in this way these concepts we put forward to understand the alternative
equation are non-independent. That is correct, but it isn’t at odds with our objective to
express SV in terms that are independent with one another (which we do). Our motivation in
introducing these concepts is to provide insight and intuition into the cost of time (especially
now with a clear and simple definition of apportionment cost stated). We go to lengths to
demonstrate their relationship to each other.

(4) In the analysis of discounting functions (line 664 and beyond), the paper doesn't say
much about the fact that many discounting studies take specific measures to distinguish
true time preferences from opportunity costs and reward-rate maximization.

We understand the reviewer’s comment to connote that temporal decision-making worlds in
which delay time does not preclude reward from outside the current pursuit is a means to
distinguish time preference from the impact of opportunity cost. One contribution of this
work is to demonstrate that, from a reward-rate maximization framework, an accounting of
opportunity cost is not sufficient to understand apparent time preferences as distinguishable
from reward-rate maximization. The apportionment cost of time must also be considered to
have a full appreciation of the cost of time. For instance, let us consider a temporal decision-
making world in which there is no reward received outside the considered pursuit. In such a
world, there is no opportunity cost of time, so apparent temporal discounting functions
would appear as if purely hyperbolic as a consequence of the apportionment cost of time
alone. Time preference, as revealed experimentally by the choices made between a SS and a
LL reward, then, seem confounding, as preference can reverse from a SS to a LL option as the
displacement of those options (maintaining their difference in time) increases (Green, Fristoe,
and Myerson 1994; Kirby and Herrnstein 1995). While this shift, the so-called “Delay effect”,
could potentially arise as a consequence of some inherent time preference bias of an agent,
we demonstrate that a reward-rate maximal agent exhibits hyperbolic discounting, and
therefore it would also exhibit the Delay effect, even though it has no time preference.

In the revision we now make reference to the Delay Effect (in abstract, results new section
“The Delay Effect” with new figure 14, and in the discussion), which is taken as evidence of
time preference in human and animal literature, and note explicitly how a reward-rate
maximizing agent would also exhibit this behavior as a consequence of apparent hyperbolic
discounting.

In many of the human studies, delay time doesn't preclude other activities.

Our framework is generalizable to worlds in which being in pursuit does not preclude an
agent from receiving reward during that time at the outside reward rate. Original Ap 13
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solves for such a condition, and shows that in this context, the opportunity cost of time drops
out of the SV equation, leaving only the consequences of the apportionment cost of time. We
made reference to this case on lines 1032-1034 of the original manuscript: “In this way, such
hyperbolic discounting models [models that do not make an accounting of opportunity cost]
are only appropriate in worlds with no “outside” reward, or, where being in a pursuit does
not exclude the agent from receiving rewards at the rate that occurs outside of it (Ap. 13).”

The note and reference is fleeting in the original work. We take the reviewer’s suggestion and
now add paragraphs in the discussion on the difference between humans and animals in
apparent discounting, making specific note of human studies in which delay time doesn’t
preclude receiving outside reward while engaged in a pursuit. Relatedly, hyperbolic
discounting is oft considered to be less steep in humans than in animals. As the reviewer
points out, these assessments are frequently made under conditions in which being in a
pursuit does not preclude receiving reward from outside the pursuit. When humans are
tested under conditions in which outside rewards are precluded, they exhibit far steeper
discounting. We now include citation to that observation (Jimura et al. 2009). We handle such
conditions in original AP 13, and show how, in such worlds, the opportunity cost of time
drops out of the equation. The consequence of this is that the apparent discounting function
would become less steep (the agent would appear as if more patient), consistent with reports.

“Relating to the treatment of opportunity cost, we also note that many investigations into
temporal discounting do not make an explicit distinction between situations in which 1)
subjects continue to receive the usual rewards from the environment during the delay to a
chosen pursuit, and 2) situations in which during a chosen pursuit’s delay no other rewards
or opportunities will occur (Kable & Glimcher, 2007; Kirby & Marakovic¢, 1996; McClure,
Laibson, Loewenstein, & Cohen, 2004). Commonly, human subjects are asked to answer
questions about their preferences between options for amounts they will not actually earn
after delays they will not actually have to wait, during which it is unclear whether they are
really investing time away from other options or not (Rosati et al., 2007). In contrast, in most
animal experiments, subjects actually receive reward after different delays during which
they do not receive new options or rewards. By our formulation, when a pursuit does not
exclude the agent from receiving rewards at the rate that occurs outside, the opportunity cost
of time drops out of the subjective value equation (Ap 12).

Yin

S V=—
1+ tin/tout

Equation 10. The value of initiating a pursuit when pursuit does not exclude receiving
rewards at the outside rate (Ap 12)

Therefore, the reward-rate maximizing discounting function in these worlds is functionally
equivalent to the situation in which the outside reward rate is zero, and will—lacking an
opportunity cost—be less steep. This rationalizes why human discounting functions are often
reported to be longer (gentler) than animal discounting functions: they are typically tested in
conditions that negate opportunity cost, whereas animals are typically tested in conditions
that enforce opportunity costs. Indeed, when humans are made to wait for actually received
reward, their observed discounting functions are much steeper (Jimura et al. 2009). “

In animal studies, rate maximization can serve as a baseline against which to measure
additional effects of temporal discounting. This is an important caveat to claims about
discounting anomalies being rational under rate maximization (e.g., line 1024).

We agree that the purpose of this reward-rate maximizing framework is to serve as a point of
comparison in which effects of temporal intervals and rewards that define the environment
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can be analyzed to better understand the manner in which animals and humans deviate
from this ideal behavior. Our interest in this work is in part motivated by a desire to have a
deeper understanding of what “true” time preference means. Using the reward-rate
maximizing framework here provides a means to speak about time preferences (ie biases) in
terms of deviation from optimality. From this perspective, a reward-rate maximal agent
doesn’t exhibit time preference: its actions are guided solely by reward-rate optimizing
valuation. Therefore, one contribution of this work is to show that purported signs of time
preference (hyperbolic discounting, magnitude, sign, and (now) delay effect) can be
explained without invoking time preference. What errors from optimality that remain
following an proper accounting of reward-rate maximizing behavior should then, and only
then, be considered from the lens of time preference (bias).

(5) The paper doesn't feature any very concrete engagement with empirical data sets.
This is ok for a theoretical paper, but some of the characterizations of empirical results
that the model aims to match seem oversimplified. An example is the contention that real
decision-makers are optimal in accept/reject decisions (line 816 and elsewhere). This isn't
always true; sometimes there is evidence of overharvesting, for example.

We would like to note that the scope of this paper is limited to examining the value of
initiating a pursuit, rather than the value of continuing within a pursuit. The issue of
continuing within a pursuit constitutes a third fundamental topology, which could be called
give-up or patch-foraging, and is complex and warrants its own paper. In Give-up topologies,
which are distinct from Forgo, and Choice topologies, the reviewer is correct in pointing out
that the preponderance of evidence demonstrates that animals and humans are as if
overpatient, adopting a policy of investing too much time within a pursuit, than is
warranted_._ In Forgo instances, however, the evidence supports near optimality.

(6) Related to the point above, it would be helpful to discuss more concretely how some
of this paper's theoretical proposals could be empirically evaluated in the future.
Regarding the magnitude and sign effects of discounting, there is not a very thorough
overview of the several other explanations that have been proposed in the literature. It
would be helpful to engage more deeply with previous proposals and consider how the
present hypothesis might make unique predictions and could be evaluated against them.

We appreciate the reviewer’s point that there are many existing explanations for these
various ‘anomalous’ effects. We hold that the point of this work is to demonstrate that these
effects are consistent with a reward-rate maximizing framework so do not require additional
assumptions, like separate processes for small and large rewards, or the inclusion of a utility
function.

Nonetheless, there is a diversity of explanations for the sign and magnitude effect, and, (now
with its explicit inclusion in the revision) the delay effect. Therefore, we now also include
reference to additional work which proffers alternative explanations for the sign and
magnitude effects, (as reviewed by (Kalenscher and Pennartz 2008; Frederick et al. 2002)), as
well as a scalar timing account of non-stationary time preference (Gibbon, 1977).

With respect to making predictions, this framework makes the following in regards to the
magnitude, sign, and (now in the revision) delay effect: in Discussion, Magnitude effect
subsection: “The Magnitude Effect should be observed, experimentally, to diminish when 1)
increasing the outside time while holding the outside reward constant, (thus decreasing the
outside reward rate), or when 2) decreasing the outside reward while holding the outside
time constant (thus decreasing the outside reward rate). However, 3) the Magnitude Effect
would exaggerate as the outside time increased while holding the outside reward rate
constant.”, in Sign effect subsection: “...we then also predict that the size of the Sign effect
would diminish as the outside reward rate decreases (and as the outside time increases), and
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in fact would invert should the outside reward rate turn negative (become net punishing),
such that punishments would appear to discount more steeply than rewards.” Delay effect
subsection: “...a sign of irrationality is that a preference reversal occurs at delays greater than
what a reward-rate-maximizing agent would exhibit.”

A similar point applies to the 'malapportionment hypothesis' although in this case there
is a very helpful section on comparisons to prior models (line 1163). The idea being
proposed here seems to have a lot in common conceptually with Blanchard et al. 2013,
so it would be worth saying more about how data could be used to test or reconcile these
proposals.

We thank the reviewer for holding that the section of model comparisons to be very helpful.
We believe the text previously dedicated to this issue to be sufficient in this regard. We have,
however, adding substantively to the Malapportionment Hypothesis section (Discussion) and
its accompanying figure, to make explicit a number of predictions from the
Malapportionment hypothesis as it relates to Hyperbolic discounting, the Delay Effect, and
the Sign and Magnitude Effects.

Reviewer #1 Recommendations

(1) As a general note about the figures, it would be helpful to specify, either graphically
or in the caption, what fixed values of reward sizes and time intervals are being assumed
for each illustration.

Thank you for the suggestion. We attempted to keep graphs as uncluttered as possible, but
agree that for original figures 4,5,16, and 17, which didn’t have numbered axes, that we
should provide the amounts in the captions in the revised figures (4,5, and now 17,18). These
figures did not have numerics as their shapes and display are to illustrate the form of the
relationship between vectors, being general to the values they may take.

We now include in the captions for these figures the parameter amounts used.
| (2) Should Equation 2 have t in the denominator instead of r?

Indeed. We thank the reviewer for catching this typographical error.

We have corrected it in the revision.

(3) General recommendation:

My view is that in order for the paper's eLife assessment to improve, it would be
necessary to resolve points 1 through 4 listed under "weaknesses" in my public review,
which pertain to clarity and acknowledgement of prior work. I think a lot hinges on
whether the authors can respond to point #3 by making a more compelling case for the
usefulness and generality of the 'apportionment cost' concept, since that idea is central
to the paper's contribution.

We believe these critical points (1-4) to improve the paper will now have been addressed to
the reviewer’s satisfaction.

Reviewer #2 (Public review):

While the details of the paper are compelling, the authors' presentation of their results is
often unclear or incomplete:
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(1) The mathematical details of the paper are correct but contain numerous notation
errors and are presented as a solid block of subtle equation manipulations. This makes
the details of the authors' approach (the main contribution of the paper to the field)
highly difficult to understand.

We thank the reviewers for having detected typographical errors regarding three equations.
They have been corrected. The first typographical error in the original main text (Line 277)
regards equation 2 and will be corrected so that equation 2 appears correctly as

1o + Lz fiTi t pa

in
PR S—
e o Z?xinfl-tl +1

in

The second typo regards the definition of the considered pursuit’s reward rate which appear
in the original main text (line 306), and has been corrected to appear as

The third typographical error occurred in conversion from Google Sheets to Microsoft Word
appearing in the original main text (line 703) and regards the subjective value expression
when no reward is received in an intertrial interval (ITD). It has been corrected to appear as

sV = -
1+
Lout

(2) One of the main contributions of the paper is the notion that time’s cost in decision-
making contains an apportionment cost that reflects the allocation of decision time
relative to the world. The authors use this cost to pose a hypothesis as to why subjects
exhibit sub-optimal behavior in choice decisions. However, the equation for the
apportionment cost is never clearly defined in the paper, which is a significant oversight
that hampers the effectiveness of the authors' claims.

We thank the reviewer for pressing on this critical point. Reviewers commonly identified a
need to provide a concise and intuitive definition of apportionment cost, and to explicitly
solve and provide for its mathematical expression.

We added the following succinct verbal description of apportionment cost... “Apportionment
cost is the difference in reward that can be expected, on average, between a policy of taking
versus a policy of not taking the considered pursuit, over a time equal to its duration.” This
definition appears in new paragraphs (as below) describing apportionment cost in the results
section “Time’s cost: opportunity & apportionment costs determine a pursuit’s subjective
value”, and is accompanied by equations for apportionment cost, and a figure giving its
geometric depiction (Figure 5). We also expanded original figure 5 and its legend (so as to
illustrate the apportionment scaling factor and the apportionment cost), and its
accompanying main text, to further illustrate and clarify apportionment cost, and its
relationship to opportunity cost, and time’s cost.

“What, then, is the amount of reward by which the opportunity cost-subtracted reward is
scaled down to equal the sv of the pursuit? This amount is the apportionment cost of time.
The apportionment cost of time (height of the brown vertical bar, Figure 5F) is the global
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reward rate after taking into account the opportunity cost (slope of the magenta-gold dashed
line in Figure 5F) times the time of the considered pursuit. Equally, the difference between
the inside and outside reward rates, times the time of the pursuit, is the apportionment cost
when scaled by the pursuit’s weight, i.e., the fraction that the considered pursuit is to the total
time to traverse the world (Equation 9, right hand side). From the perspective of decision-
making policies, apportionment cost is the difference in reward that can be expected, on
average, between a policy of taking versus a policy of not taking the considered pursuit, over
a time equal to its duration (Equation 9 center, Figure 5F).

T T t;
Apportionment Cost = t;, (pg = pout) = tin (ﬂ e um)( in )
ti'n tout tin i+ tuut

Equation 9. Apportionment Cost.

While this difference is the apportionment cost of time, the opportunity cost of time is the
amount that would be expected from a policy of not taking the considered pursuit over a time
equal to the considered pursuit’s duration. Together, they sum to Time’s Cost (Figure 5G).
Expressing a pursuit’s worth in terms of the global reward rate obtained under a policy of
accepting the pursuit type (Figure 5 left column), or from the perspective of the outside
reward and time (Figure 5 right column), are equivalent. However, the latter expresses sv in
terms that are independent of one another, conveys the constituents giving rise to global
reward rate, and provides the added insight that time’s cost comprises an apportionment as
well as an opportunity cost.”

(3) Many of the paper's figures are visually busy and not clearly detailed in the captions
(for example, Figures 6-8). Because of the geometric nature of the authors' approach, the
figures should be as clean and intuitive as possible, as in their current state, they
undercut the utility of a geometric argument.

We endeavored to make our figures as simple as possible. We have made in the revision
changes to figures that we believe improve their clarity. These include: 1) breaking some
figures into more panels when more than one concept was being introduced (such as in
revised Figure 5, 6, 7, and 8), 2) using the left hand y axis for the outside reward, and the
right hand axis for the inside reward when plotting the “in” and “outside” reward, and
indicating their respective numerics (which run in opposite directions), 3) adding a legend to
the figures themselves where needed (revised figures 10, 11, 12, 14) 4) adding the values used
to the figure captions, where needed, and 5) ensuring all symbols are indicated in legends.

(4) The authors motivate their work by focusing on previously-observed behavior in
decision experiments and tell the reader that their model is able to qualitatively replicate
this data. This claim would be significantly strengthened by the inclusion of experimental
data to directly compare to their model's behavior. Given the computational focus of the
paper, I do not believe the authors need to conduct their own experiments to obtain this
data; reproducing previously accepted data from the papers the authors' reference
would be sufficient.

Our objective was not to fit experimentally observed data, as is commonly the goal of
implementation/computational models. Rather, as a theory, our objective is to rationalize the
broad, curious, and well-established pattern of temporal decision-making behaviors under a
deeper understanding of reward-rate maximization, and from that understanding, identify
the nature of the error being committed by whatever learning algorithm and
representational architecture is actually being used by humans and animals. In doing so, we
make a number of important contributions. By identifying and analyzing reward-rate-
maximizing equations, we 1) provide insight into what composes time’s cost and how the
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temporal structure of the world in which it is embedded (its ‘context’) impacts the value of a
pursuit, 2) rationalize a diverse assortment of temporal decision-making behaviors (e.g.,
Hyperbolic discounting, the Magnitude Effect, the Sign Effect, and the Delay effect),
explaining them with no assumed free-fit parameter, and then, by analyzing error in
parameters enabling reward-rate maximization, 3) identify the likely source of error and
propose the Malapportionment Hypothesis. The Malapportionment Hypothesis identifies the
underweighting of a considered pursuit’s “outside”, and not error in pursuit’s reward rates,
as the source of error committed by humans and animals. It explains why animals and
humans can present as suboptimally ‘impatient’ in Choice, but as optimal in Forgo. At the
same time, it concords with numerous and diverse observations in decision making
regarding whether to initiate a pursuit. The nature of this error also, then, makes numerous
predictions. These insights inform future computational and experimental work by providing
strong constraints on the nature of the algorithm and representational architecture used to
learn and represent the values of pursuits. Rigorous test of the Malapportionment Hypothesis
will require wholly new experiments.

In the revision, we also now emphasize and add predictions of the Malapportionment
Hypothesis, updated its figure (Figure 21), its legend, and its paragraphs in the discussion.

“We term this reckoning of the source of error committed by animals and humans the
Malapportionment Hypothesis, which identifies the underweighting of the time spent outside
versus inside a considered pursuit but not the misestimation of pursuit rates, as the source of
error committed by animals and humans (Figure 21). This hypothesis therefore captures
previously published behavioral observations (Figure 21A) showing that animals can make
decisions to take or forgo reward options that optimize reward accumulation (Krebs et al,,
1977; Stephens and Krebs, 1986; Blanchard and Hayden, 2014), but make suboptimal
decisions when presented with simultaneous and mutually exclusive choices between
rewards of different delays (Logue et al., 1985; Blanchard and Hayden, 2015; Carter and
Redish, 2016; Kane et al., 2019). The Malapportionment Hypothesis further predicts that
apparent discounting functions will present with greater curvature than what a reward-rate-
maximizing agent would exhibit (Figure 21B). While experimentally observed temporal
discounting would have greater curvature, the Malapportionment Hypothesis also predicts
that the Magnitude (Figure 21C) and Sign effect (Figure 21D) would be less pronounced than
what a reward-rate-maximizing agent would exhibit, with these effects becoming less
pronounced the greater the underweighting. Finally, with regards to the Delay Effect (Figure
21E), the Malapportionment Hypothesis predicts that preference reversal would occur at
delays greater than that exhibited by a reward-rate-maximizing agent, with the delay
becoming more pronounced the greater the underweighting outside versus inside the
considered pursuit by the agent.”

(5) While the authors reference a good portion of the decision-making literature in their
paper, they largely ignore the evidence-accumulation portion of the literature, which has
been discussing time-based discounting functions for some years. Several papers that
are both experimentally-(Cisek et al. 2009, Thurs et al. 2012, Holmes et al. 2016) and
theoretically-(Drugowitsch et al. 2012, Tajima et al. 2019, Barendregt et al. 22) driven
exist, and I would encourage the authors to discuss how their results relate to those in
different areas of the field.

In this manuscript, we consider the worth of initiating one or another pursuit having
completed a prior one, and not the issue of continuing within a pursuit having already
engaged in it. The worth of continuing a pursuit, as in patch-foraging/give-up tasks,
constitutes a third fundamental time decision-making topology which is outside the scope of
the current work. It engages a large and important literature, encompassing evidence
accumulation, and requires a paper on the value of continuing a pursuit in temporal decision
making, in its own right, that can use the concepts and framework developed here. The
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excellent works suggested by the reviewer will be most relevant to that future work
concerning patch-foraging/give-up topologies.

Reviewer #2 Recommendations:

(1) In Equation 1, the term rho_d is referred to as the reward rate of the default pursuit,
when it should be the reward of the default pursuit.

Regarding Equation 1, it is formulated to calculate the average reward received and average
time spent per unit time spent in the default pursuit. So, f; is the encounter rate of pursuit i
for one unit of time spent in the default pursuit (lines 259-262). Added to the summation in
the numerator, we have the average reward obtained in the default pursuit per unit time (

pgq * 1) and in the denominator we have the time spent in the default pursuit per unit time

@.

_ ZEifiri+pa

= Equation 1
Pg Sy (Equation 1)

We have added clarifying text to assist in meaning of the equation in Ap 1, and thank the
reviewer for pointing out this need.

(2) The notation for "in" and "out" of a considered pursuit type begins as being used to
describe the contribution from a single pursuit (without inter-trial interval) towards
global reward rate and the contribution of all other factors (other possible pursuits and
inter-trial interval) towards global reward rate, respectively, but is then used to describe
the pursuit's contribution and the inter-trial interval's contribution, respectively, to the
global reward rate. This should be cleaned up to be consistent throughout, or at the very
least, it should be addressed when this special case is considered the default.

As understood by the reviewer, “in” and “out” of the considered pursuit type describes the
general form by which a world can be cleaved into these two parts: the average time and
reward received outside of the considered pursuit type for the average time and reward
received within that pursuit type. A specific, simple, and common experimental instance
would be a world composed of one or another pursuit and an intertrial interval.

We now make clear how such a world composed of a considered pursuit and an inter trial
interval would be but one special case. In example cases where t°" represents the special
case of an inter-trial interval, this is now stated clearly. For instance, we do so when
discussing how a purely hyperbolic discounting function would apply in worlds in which no
reward is received in t°!, stating that this is often the case common to experimental designs
where t°" represents an intertrial interval with no reward. Importantly, by the new inclusion
of illustrated worlds in the revision that have n-number pursuits that could occur from a
default pursuit and 1) equal frequency (Supplemental 1), and 2) at differing frequencies
(Supplemental 2), we make more clear the generalizability and utility of this t°"Y/tin concept.

(3) Figure 5 should make clear the decomposition of time's cost both graphically and
functionally. As it stands, the figure does not define the apportionment cost.

In the revision of original fig 5, we now further decompose the figure to effectively convey 1)
what opportunity cost, and (especially) 2) the apportionment cost is, both graphically and
mathematically, 3) how time’s cost is comprised by them, 4) how the apportionment scaling
term scales the opportunity-cost-subtracted reward by time’s allocation to equal the
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subjective value, and 4) the equivalence between the expression of time’s cost using terms
that are not independent of one another with the expression of time’s cost using terms that
are independent of one another.

| (4) Figures 6-8 do not clearly define the dots and annuli used in panels B and C.

We have further decomposed figures 6-8 so that the functional form of opportunity,
apportionment, and time’s cost can be more clearly appreciated, and what their
interrelationship is with respect to changing outside reward and outside time, and clearly
identify symbols used in the corresponding legends.

(5) The meaning of a negative subjective value should be specifically stated. Is it the
amount a subject would pay to avoid taking the considered pursuit?

As the reviewer intuits, negative subjective value can be considered the amount an agent
ought be willing to pay to avoid taking the considered pursuit.

We now include the following lines in “The forgo decision can also be made from subjective
value” section in reference to negative subjective value...

“A negative subjective value thus indicates that a policy of taking the considered pursuit
would result in a global reward rate that is less than a policy of forgoing the considered
pursuit. Equivalently, a negative subjective value can be considered the amount an agent
ought be willing to pay to avoid having to take the considered pursuit.”

(6) Why do you define the discounting function as the normalized subjective value? This
choice should be justified, via literature citations or a well-described logical argument.

The reward magnitude normalized subjective value-time function is commonly referred to as
the temporal discounting function as it permits comparison of the discount rate isolated from
a difference in reward magnitude and/or sign and is deeply rooted in historical precedent. As
the reviewer points out, the term is overloaded, however, as investigations in which
comparisons between the form of subjective value-time functions is not needed tend to refer
to these functions as temporal discounting functions as well.

We make clear in the revised text in the introduction our meaning and use of the term, the
justification in doing so, and its historical roots.

“Historically, temporal decision-making has been examined using a temporal discounting
function to describe how delays in rewards influence their valuation. Temporal discounting
functions describe the subjective value of an offered reward as a function of when the
offered reward is realized. To isolate the form of discount rate from any difference in reward
magnitude and sign, subjective value is commonly normalized by the reward magnitude
when comparing subjective value-time functions (Strotz, 1956, Jimura, 2009). Therefore, we
use the convention that temporal discounting functions are the magnitude-normalized
subjective value-time function (Strotz, 1956).”

Special addition. In investigating the historical roots of the discounting function prompted by
the reviewer, we learned (Griine-Yanoff 2015) that it was Mazur that simply added the “1+k”
in the denominator of the hyperbolic discounting function. Our derivation for the reward-
rate optimal agent makes clear why apparent temporal discounting functions ought have this
general form.

Therefore, we add the following to the “Hyperbolic Temporal Discounting Function section in
the discussion...
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“It was Ainslie (Ainslie, 1975) who first understood that the empirically observed “preference
reversals” between SS and LL pursuits could be explained if temporal discounting took on a
hyperbolic form, which he initially conjectured to arise simply from the ratio of reward to
delay (Grune-Yanoff 2015). This was problematic, however, on two fronts: 1) as the time nears
zero, the value curve goes to infinity, and 2) there is no accommodation of differences
observed within and between subjects regarding the steepness of discounting. Mazur (Mazur,
1987) addressed these issues by introducing 1 + k into the denominator, providing for the

now standard hyperbolic discounting function, discounting function == = —1 . Introduction of
r 1+kt

“1” solved the first issue, though “it never became fully clear how to interpret this 1” (Griine-
Yanoff 2015; interviewing Ainslie). Introduction of the free-fit parameter, k, accommodated
the variability observed across and within subjects by controlling the curvature of temporal
discounting, and has become widely interpreted as a psychological trait, such as patience, or
willingness to delay gratification (Frederick et al., 2002).”

...continuing later in that section to explain why the reward-rate optimal agent would exhibit
this general form...

“Regarding form, our analysis reveals that the apparent discounting function of a reward-
rate-maximizing agent is a hyperbolic function...

|
1= Poue* o
Discounting Function = 71"‘
L+t
out

1
+kt

, in the denominator,

...which resembles the standard hyperbolic discounting function,
1

1

where k =—. Whereas Mazur introduced 1 + k to t in the denominator to 1) force the

out

function to behave as t approaches zero, and 2) provide a means to accommodate differences
observed within and between subjects, our derivation gives cause to the terms 1 and k, their
relationship to one another, and to ¢ in the denominator. First, from our derivation, “1”
actually signifies taking ¢,,, amount of time expressed in units of ¢,,; (t,,/tou=1) and adding
it to t;;, amount of time expressed in units of ¢,,; (ie, the total time to make a full pass through
the world expressed in terms of how the agent apportions its time under a policy of accepting
the considered pursuit).”

Additional Correction. In revising the section, “Hyperbolic Temporal Discounting Functions”
in the discussion, we also detected an error in our description of the meaning of suboptimal
bias for SS. In the revision, the sentence now reads...

“More precisely, what is meant by this suboptimal bias for SS is that the switch in preference
from LL to SS occurs at an outside reward rate that is lower—and/or an outside time that is
greater —than what an optimal agent would exhibit.”

| (7) Figure 15B should have negative axes defined for the pursuit's now negative reward.

Yes- excellent point.

To remove ambiguity regarding the valence of inside and outside reward magnitudes, we
have changed all such figures so that the left hand y-axis is used to signify the outside reward
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magnitude and sign, and so that the right hand y-axis is used to signify the inside reward
magnitude and sign.

With respect to the revision of original 15B, this change now makes clear that the inside
reward label and numerics on the right hand side of the graph run from positive (top) to
negative (bottom) values so that it can now be understood that the magnitude of the inside
reward is negative in this figure (ie, a punishment). The left hand y-axis labeling the outside
reward magnitude has numerics that run in the opposite direction, from negative (top) to
positive (bottom). In this figure, the outside reward rate is positive whereas the inside reward
rate is negative.

(8) When comparing your discounting function to the TIMERR and Heuristic models, it
would be useful to include a schematic plot illustrating the different obtainable behaviors
from all models rather than just telling the reader the differences.

We hold that the descriptions and references are sufficient to address these comparisons.
| (9) I would strongly suggest cleaning up all appendices for notation...

The typographical errors that have been noted in these reviews have all been corrected. We
believe the reviewer to be referring here to the manner that we had cross-referenced
Equations in the appendices and main text which can lead to confusion between whether an
equation number being referenced is in regard to its occurrence in the main text or its
occurrence in the appendices.

In the revision, we eliminate numbering of equations in the appendices except where an
equation occurs in an appendix that is referenced within the main text. In the main text,
important equations are numbered sequentially and note the appendix from which they
derive. If an equation in an appendix is referenced in the main text, it is noted within the
appendix it derives.

...and replacing some of the small equation manipulations with written text describing the
goal of each derivation.

To increase clarity, we have taken the reviewer’s helpful suggestion, adding helper text in the
appendices were needed, and have bolded the equations of importance within the
Appendices (rather than removing equation manipulations making clear steps of derivation).

(10) I would suggest moving the table in Appendix 11 to the main text where
misestimation is referenced.

So moved. This appendix now appears in the main text as table 1 “Definitions of
misestimating global reward rate-enabling parameters”.

Reviewer #3 (Public review):

One broad issue with the paper is readability. Admittedly, this is a complicated analysis
involving many equations that are important to grasp to follow the analyses that
subsequently build on top of previous analyses.

But, what's missing is intuitive interpretations behind some of the terms introduced,
especially the apportionment cost without referencing the equations in the definition so
the reader gets a sense of how the decision-maker thinks of this time cost in contrast with
the opportunity cost of time.
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We thank the reviewer for encouraging us to formulate a succinct and intuitive statement as
to the nature of apportionment cost. We thank the reviewer for pressing for a succinct and
intuitive verbal description.

We added the following succinct verbal description of apportionment cost... “Apportionment
cost is the difference in reward that can be expected, on average, between a policy of taking
versus a policy of not taking the considered pursuit, over a time equal to its duration.” This
definition appears in a new paragraph (as below) describing apportionment cost in the
results section “Time’s cost: opportunity & apportionment costs determine a pursuit’s
subjective value”, and is accompanied by equations for apportionment cost, and a figure
giving its geometric depiction (Figure 5). We also expanded original figure 5 and its legend (so
as to illustrate the apportionment scaling factor and the apportionment cost), and its
accompanying main text, to further illustrate and clarify apportionment cost, and its
relationship to opportunity cost, and time’s cost.

“What, then, is the amount of reward by which the opportunity cost-subtracted reward is
scaled down to equal the sv of the pursuit? This amount is the apportionment cost of time.
The apportionment cost of time (height of the brown vertical bar, Figure 5F) is the global
reward rate after taking into account the opportunity cost (slope of the magenta-gold dashed
line in Figure 5F) times the time of the considered pursuit. Equally, the difference between
the inside and outside reward rates, times the time of the pursuit, is the apportionment cost
when scaled by the pursuit’s weight, i.e., the fraction that the considered pursuit is to the total
time to traverse the world (Equation 9, right hand side). From the perspective of decision-
making policies, apportionment cost is the difference in reward that can be expected, on
average, between a policy of taking versus a policy of not taking the considered pursuit, over
a time equal to its duration (Equation 9 center, Figure 5F).

T T I;
Apportionment Cost = t;, (py - p,mt) = tin (ﬂ . om)( in )
Tin Tout Lin + Lout

Equation 9. Apportionment Cost.

While this difference is the apportionment cost of time, the opportunity cost of time is the
amount that would be expected from a policy of not taking the considered pursuit over a time
equal to the considered pursuit’s duration. Together, they sum to Time’s Cost (Figure 5G).
Expressing a pursuit’s worth in terms of the global reward rate obtained under a policy of
accepting the pursuit type (Figure 5 left column), or from the perspective of the outside
reward and time (Figure 5 right column), are equivalent. However, the latter expresses sv in
terms that are independent of one another, conveys the constituents giving rise to global
reward rate, and provides the added insight that time’s cost comprises an apportionment as
well as an opportunity cost.”

The above definition of apportionment cost adds to other stated relationships of
apportionment cost found throughout the paper (original lines 434,435,447,450).

Re-analysis of some existing empirical data through the lens of their presented objective
functions, especially later when they describe sources of error in behavior.

Our objective was not to fit experimentally observed data, as is commonly the goal of
implementation/computational models. Rather, as a theory, our objective is to rationalize the
broad, curious, and well-established pattern of temporal decision-making behaviors under a
deeper understanding of reward-rate maximization, and from that understanding, identify
the nature of the error being committed by whatever learning algorithm and
representational architecture is actually being used by humans and animals. In doing so, we
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make a number of important contributions. By identifying and analyzing reward-rate-
maximizing equations, we 1) provide insight into what composes time’s cost and how the
temporal structure of the world in which it is embedded (its ‘context’) impacts the value of a
pursuit, 2) rationalize a diverse assortment of temporal decision-making behaviors (e.g.,
Hyperbolic discounting, the Magnitude Effect, the Sign Effect, and the Delay effect),
explaining them with no assumed free-fit parameter, and then, by analyzing error in
parameters enabling reward-rate maximization, 3) identify the likely source of error and
propose the Malapportionment Hypothesis. The Malapportionment Hypothesis identifies the
underweighting of a considered pursuit’s “outside”, and not error in pursuit’s reward rates,
as the source of error committed by humans and animals. It explains why animals and
humans can present as suboptimally ‘impatient’ in Choice, but as optimal in Forgo. At the
same time, it concords with numerous and diverse observations in decision making
regarding whether to initiate a pursuit. The nature of this error also, then, makes numerous
predictions. These insights inform future computational and experimental work by providing
strong constraints on the nature of the algorithm and representational architecture used to
learn and represent the values of pursuits. Rigorous test of the Malapportionment Hypothesis
will require wholly new experiments.

In the revision, we also now emphasize and add predictions of the Malapportionment
Hypothesis, augmenting its figure (Figure 21), its legend, and its paragraphs in the discussion.

“We term this reckoning of the source of error committed by animals and humans the
Malapportionment Hypothesis, which identifies the underweighting of the time spent outside
versus inside a considered pursuit but not the misestimation of pursuit rates, as the source of
error committed by animals and humans (Figure 21). This hypothesis therefore captures
previously published behavioral observations (Figure 21A) showing that animals can make
decisions to take or forgo reward options that optimize reward accumulation (Krebs et al,,
1977; Stephens and Krebs, 1986; Blanchard and Hayden, 2014), but make suboptimal
decisions when presented with simultaneous and mutually exclusive choices between
rewards of different delays (Logue et al., 1985; Blanchard and Hayden, 2015; Carter and
Redish, 2016; Kane et al., 2019). The Malapportionment Hypothesis further predicts that
apparent discounting functions will present with greater curvature than what a reward-rate-
maximizing agent would exhibit (Figure 21B). While experimentally observed temporal
discounting would have greater curvature, the Malapportionment Hypothesis also predicts
that the Magnitude (Figure 21C) and Sign effect (Figure 21D) would be less pronounced than
what a reward-rate-maximizing agent would exhibit, with these effects becoming less
pronounced the greater the underweighting. Finally, with regards to the Delay Effect (Figure
21E), the Malapportionment Hypothesis predicts that preference reversal would occur at
delays greater than that exhibited by a reward-rate-maximizing agent, with the delay
becoming more pronounced the greater the underweighting outside versus inside the
considered pursuit by the agent.”

Reviewer #3 Recommendations:

As mentioned above, the readability of this paper should be improved so that the readers
can follow the derivations and your analyses better. To this end, careful numbering of
equations, following consistent equation numbering formats, and differentiating
between appendix referencing and equation numbering would have gone a long way in
improving the readability of this paper. Some specific questions are noted below.

To increase clarity, in the revision we eliminated numbering of equations in the appendices
except where an equation occurs in an appendix that is referenced within the main text. In
the main text, important equations are thus numbered sequentially as they appear and note
the appendix from which they derive. If an equation in an appendix is referenced in the main
text, it is noted within the appendix it derives.
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(1) In general, it is unclear what the default pursuit is. From the schematic on the left
(forgo decision), it appears to be the time spent in between reward-giving pursuits.
However, this schematic also allows for smaller rewards to be attained during the default
pursuit as do subsequent equations that reference a default reward rate. Here is where
an example would have really benefited the authors in getting their point across as to
what the default pursuit is in practice in the forgo decisions and how the default reward
rate could be modulated.

(1) The description of the default pursuit has been modified in section “Forgo and Choice
decision topologies” to now read... “After either the conclusion of the pursuit, if accepted, or
immediately after rejection, the agent returns to a pursuit by default (the “default” pursuit).
This default pursuit effectively can be a waiting period over which reward could be received,
and reoccurs until the next pursuit opportunity becomes available.” (2) Additionally, helper
text has been added to Ap1 regarding the meaning of time and reward spent in the default
pursuit. Finally, (3) new figures concerning n-pursuits occurring at the same (Supplement 1)
or different (Supplement 2) frequencies from a default pursuit is now added, providing
examples as suggested by the reviewer.

(2) I want to clarify my understanding of the topologies in Figure 1. In the forgo, do they
roam in the "gold" pursuit indefinitely before they are faced with the purple pursuit? In
general, comparing the 2 topologies, it seems like in the forgo decision, they can roam
indefinitely in the gold topology or choose the purple but must return to the gold.

The reviewer’s understanding of the topology is correct. The agent loops across one unit time
in the default gold pursuit indefinitely, though the purple pursuit (or any pursuit that might
exist in that world) occurs on exit from gold at its frequency per unit time. The default gold
pursuit will then itself have an average duration in units of time spent in gold. As the
reviewer states, the agent can re-enter into gold from having exited gold, and can enter gold
from having exited purple, but cannot re-enter purple from having exited purple; rather, it
must enter into the default pursuit.

...Another point here is that this topology is highly simplified (only one considered pursuit).
So it may be helpful to either add a schematic for the full topology with multiple pursuits or
alternatively, provide the corresponding equations (at least in appendix 1 and 2) for the
simplified topology so you can drive home the intuition behind derived expressions in these
equations.

We understand the reviewer to be noting that, while, the illustrated example is of the simple
topology, the mathematical formulation handles the case of n-number pursuits, and that
illustrating a world in which there are a greater number of pursuits, corresponding to
original appendices 1&2, would assist readers in understanding the generality of these
equations.

An excellent suggestion. We have now n-pursuit world illustrations where each pursuit
occurs at the same (Supplemental Figure 1) and at different frequencies (Supplemental
Figure 2) to the manuscript, and have added text to assist in understanding the form of the
equation and its relationship to unit time in the default pursuit in the main and in the
appendices.

(3) In Equation and Appendix 1, there are a few things that are unclear. Particularly, why
is the expected time of the default option E(t_default )= 1/(3_(i=1)"n f_i )? Similarly, why is
the E(r_default )= p_d/(3_(i=1)"n f_i )? Looking at the expression for E(r_default ), it implies
that across all pursuits 1 through n, the default option is encountered only once.

Ultimately, in Equation 1.4, (and Equation 1), the units of the two terms in the numerator
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don't seem to match. One is a reward rate (p_d) and the other is a reward value. This is
the most important equation of the paper since the next several equations build upon
this. Therefore, the lack of clarity here makes the reader less likely to follow along with
the analysis in rigorous detail. Better explanations of the terms and better formatting will
help alleviate some of these issues.

The equation is formulated to calculate the average reward received and average time spent
per unit time spent in the default pursuit. So, f; is the encounter rate of pursuit i for one unit
of time spent in the default pursuit. Added to the summation in the numerator we have the
average reward obtained in the default pursuit per unit time () and in the denominator we
have the time spent in the default pursuit per unit time (1).

Text explaining the above equation has been added to Ap 1.

(4) In equation and appendix 2, I'm trying to relate the expressions for t out and r_out to
the definitions "average time spent outside the considered pursuit”. If I understand the
expression in Equation 2.4 on the right-hand side, the numerator is the total time spent
in all of the pursuits in the environment and the denominator refers to the number of
times the considered pursuit is encountered. It is unclear as to why this is the average
time spent outside the considered pursuit. In my mind, the expression for average time
spent outside the considered pursuit would look something like t out=1+3_(i#in) {p_i t_i
J =1+ (izin) [fi/(5_(j=1)"nfj) *ti ] .Itis unclear how these expressions are then
equivalent.

Regarding the following equation,

oo Dizinfiti +1
g =T
o fin

fi is the probability that pursuit i will be encountered during a single unit of time spent in the
default pursuit. The numerator of the expression is the average amount of time spent across
all pursuits, excepting the considered pursuit, per unit time spent in the default pursuit. Note
that the + 1 in the numerator is accounting for the unit of time spent in the default pursuit
and is added outside of the sum. Since f;, is the probability that the considered pursuit will be

encountered per unit of time spent in the default pursuit, fi is the average amount of time

in
spent in the default pursuit between encounters of the considered pursuit. By multiplying the
average time spent across all outside pursuits per unit of time in the default pursuit by the
average amount of time spent in the default pursuit between encounters of the considered
pursuit, we get the average amount of time spent outside the considered pursuit per
encounter of the considered pursuit. This is calculated as if the pursuit encounters are
mutually exclusive within a single unit of time spent within the default pursuit, as this is the
case as the length of our unit time (delta t) approaches zero.

The above text explaining the equation has been added to Ap 2.

(5) In Figure 3, one huge advantage of this separation into in-pursuit and out-of-pursuit
patches is that the optimal reward rate maximizing rule becomes one that compares
p_in and p_out. This contrasts with an optimal foraging rule which requires comparing to
the global reward rate and therefore a circularity in solution. In practice, however, it is
unclear how p_out will be estimated by the agent.
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How, in practice, a human or animal estimates the reward rates—be they the outside and/or
global reward rate under a policy of accepting a pursuit—is the crux of the matter. This work
identifies equations that would enable a reward-rate maximizing agent to calculate and
execute optimal policies and emphasizes that the effective reward rates and weights of
pursuits must be accurately appreciated for global reward rate optimization. In so doing, it
makes a reckoning of behaviors commonly but erroneously treated as suboptimal. Then, by
examining the consequences of misestimation of these enabling parameters, it identifies mis-
weighting pursuits as the nature of the error committed by whatever algorithm and
representational architecture is being used by humans and animals (the Malapportionment
Hypothesis). This curious pattern identified and analyzed in this work thus provides a clue
into the nature of the learning algorithm and means of representing the temporal structure
of the environment that is used by humans and animals—the subject of future work.

We note, however, that we do discuss existing models that grapple with how, in practice, how
a human or animal may estimate the outside reward rate. Of particular importance is the
TIMERR model, which estimates the outside reward rate from its past experience, and can
make an accounting of many qualitative features widely observed. However, while
appealing, it would mix prior ‘in’ and ‘outside’ experiences within that estimate, and so
would fail to perform forgo tasks optimally. Something is still amiss, as this work
demonstrates.

(6) The apportionment time cost needs to be explained a little bit more intuitively. For
instance, it is clear that the opportunity cost of time is the cost of not spending time in
the rest of the environment relative to the current pursuit. But given the definition of
apportionment cost here in lines 447- 448 "The apportionment cost relates to time's
allocation in the world: the time spent within a pursuit type relative to the time spent
outside that pursuit type, appearing in the denominator." The reference to the equation
(setting aside the confusion regarding which equation) within the definition makes it a
bit harder to form an intuitive interpretation of this cost. Please reference the equation
being referred to in lines 447-448, and again, an example may help the authors
communicate their point much better

We thank the reviewer for pressing on this critical point.

Action: We added the following succinct verbal description of apportionment cost...
“Apportionment cost is the difference in reward that can be expected, on average, between a
policy of taking versus a policy of not taking the considered pursuit, over a time equal to its
duration.” This definition appears in a new paragraph (as below) describing apportionment
cost in the results section “Time’s cost: opportunity & apportionment costs determine a
pursuit’s subjective value”, and is accompanied by equations for apportionment cost, and a
figure giving its geometric depiction (Figure 5).

“What, then, is the amount of reward by which the opportunity cost-subtracted reward is
scaled down to equal the sv of the pursuit? This amount is the apportionment cost of time.
The apportionment cost of time (height of the brown vertical bar, Figure 5F) is the global
reward rate after taking into account the opportunity cost (slope of the magenta-gold dashed
line in Figure 5F) times the time of the considered pursuit. Equally, the difference between
the inside and outside reward rates, times the time of the pursuit, is the apportionment cost
when scaled by the pursuit’s weight, i.e., the fraction that the considered pursuit is to the total
time to traverse the world (Equation 9, right hand side). From the perspective of decision-
making policies, apportionment cost is the difference in reward that can be expected, on
average, between a policy of taking versus a policy of not taking the considered pursuit, over
a time equal to its duration (Equation 9 center, Figure 5F).
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Equation 9. Apportionment Cost.

While this difference is the apportionment cost of time, the opportunity cost of time is the
amount that would be expected from a policy of not taking the considered pursuit over a time
equal to the considered pursuit’s duration. Together, they sum to Time’s Cost (Figure 5G).
Expressing a pursuit’s worth in terms of the global reward rate obtained under a policy of
accepting the pursuit type (Figure 5 left column), or from the perspective of the outside
reward and time (Figure 5 right column), are equivalent. However, the latter expresses sv in
terms that are independent of one another, conveys the constituents giving rise to global
reward rate, and provides the added insight that time’s cost comprises an apportionment as
well as an opportunity cost.”

(7) The analyses in Figures 6 and 7 give a nice visual representation of how the time costs
are distributed as a function of outside reward and time spent. However, without an
expression for apportionment cost it is hard to intuitively understand these
visualizations. This also relates to the previous point of requiring a more intuitive
explanation of apportionment costs in relation to the opportunity cost of time. Based on
my quick math, it seems that an expression for apportionment cost would be as follows:
(r_in- p_out*t_in)*(t_int_out )/(t_int_out +1 ). The condition described in Figure 7 seems
like the perfect place to compute the value of just apportionment cost when the
opportunity cost is zero. It would be helpful to introduce the equation here.

We designed original figure 7, as the reviewer appreciates, to emphasize that time has a cost
even when there is no opportunity cost, being due entirely to the apportionment cost of time.

We now provide the mathematical expression of apportionment cost and apportionment
scaling in Figure 5, the point in the main text of its first occurrence.

T T I;
Apportionment Cost = t;, (py - p,mt) = tin (ﬂ - om)( in )
Tin Tout Lin + Lout

...and have expanded original figure 5, its legend (so as to illustrate the apportionment
scaling factor and the apportionment cost), and its accompanying main text, to further
illustrate and clarify apportionment cost, and its relationship to opportunity cost, and time’s
cost.

(8) The analysis regarding choice decisions is relatively straightforward, pending the
concerns for the main equations listed above for the forgo decisions. Legends certainly
would have helped me grasp Figures 10-12 better.

We believe the reviewer is referring to missing labels for the Sooner Smaller pursuit, and the
Larger Later Pursuit in these figures? We used the same conventions as in Figure 9, but we
see now that adding these labels to these figures would be helpful, and add them in the
revision.

We have now added to the figures themselves figure legends indicating the Sooner Small
Pursuit and the Larger Later Pursuit. We have also added to the main text to emphasize the
points made in these figures regarding the impact of opportunity cost and apportionment
cost.
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(9) The derivation of the temporal discounting function from subjective reward rate is
much appreciated as it provides further evidence for potential equivalence between
reward rate optimization and hyperbolic discounting, which is known to explain a slew of
decision-making behaviors in the economics literature.

We thank and greatly appreciate the reviewer for this recognition.

In response to the reviewer’s comment, we have added text that further relates reward rate
optimization to hyperbolic discounting...

(1) We add discussion of how our normative derivation gives explanation to Mazur’s ad hoc
addition of 1 + k to Ainslie’s reward/time hyperbolic discounting conception. See new first
paragraph under “Hyperbolic Temporal Discounting Functions” for the historical origins of
the standard hyperbolic equation (which are decidedly not normatively derived). And then
see our discussion (new second paragraph in sections “The apparent discounting function of
global....”) of how our normative derivation gives explanation to “1”, “k”, and their
relationship to each other.

(2) We add explicit treatment of the Delay Effect in a new “The Delay Effect” section of the
results along with a figure, and in its corresponding Discussion section.

Minor comments:

(1) Typo in equation 2, should be t_i in the denominator within the summation, notr_i .
We thank the reviewer for catching this typo, and have corrected it in the revision.

(2) Before equation 6, typo when defining p_in=r_in/(t_in.). Should be t_in in the
denominator, not r_out.

We thank the reviewer for catching this typo, and have corrected it in the revision.

(3) Please be consistent with equation numbers, placement of equation references, and
the reason for placing appendix numbers. This will improve readability immensely.

To increase clarity, in the revision we eliminated numbering of equations in the appendices
except where an equation occurs in an appendix that is referenced within the main text. In
the main text, important equations are thus numbered sequentially and note the appendix
from which they derive. If an equation in an appendix is referenced in the main text, it is
noted within the appendix it derives.

| (4) Line 505 - "dominants" should be dominates.

Typo fixed as indicated

| (5) Figures 10-12: add legends to the figures.

Now so included.

(6) Lines 701-703: please rewrite the equation separately. It is highly unclear what rt is
here.

We thank the reviewer for bringing attention to this error. The error arose in converting
from Google Sheets to Microsoft Word.
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The equation has now been corrected.
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